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Abstract

Abstract

In this talk, we consider the combinatorial formula for the Schur
coefficients of the integral form of the Macdonald polynomials. As an
attempt to prove Haglund’s conjecture that <JA([1X%Z’)"”H, Su (X)> € N|q],
we have found explicit combinatorial formula for the Schur coefficients in
one row case, two column case and certain hook shape cases. A result of
Egge-Loehr-Warrington ('2010) gives a combinatorial way of getting Schur
expansion of symmetric functions when the expansion of the function in
terms of Gessel's fundamental quasi symmetric functions is known. We
apply this result to the combinatorial formula for the integral form
Macdonald polynomials of Haglund-Haiman-Loehr in quasisymmetric
functions to prove the Haglund’s conjecture in general cases.
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Preliminaries

Preliminaries

@ A partition A of n is a sequence of weakly decreasing positive integers

A=(A1>2A>- > A >0)

such that [A| = Y%, A; = n. (Notation: A F n).
@ We identify a partition with the corresponding Young diagram :

(Example A = (4,3,1,1) «—

)

e Dominance order : for A, u=n, A > u if

A4 A >+ -+, forall i

Yoo, Meesue (Universitat Wien) Schur coefficients of J,

Mar. 25, 2014

4/ 8



Preliminaries

Let A be a partition.

e A semi standard Young tableau (SSYT) T of shape A is a filling of
the diagram of A with positive integers which is weakly increasing in
every row and strictly increasing in every column.

o T has weight « = (a1, ap,...) if T has a; parts equal to /.

e A standard Young tableau (SYT) is a SSYT which contains each
number 1,2, ..., n exactly once, so that its weight is (1,1,...,1).
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Preliminaries

The combinatorial definition of Schur functions

A symmetric function is a polynomial f(xl, X2, ... ,xn) which is invariant
under the action of the symmetric group, i.e.,

F(Xo()r - Xo(n) = Xt xn),

or, of =f, foralloc €85,.
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Preliminaries

The combinatorial definition of Schur functions

A symmetric function is a polynomial f(xi, x2, ..., xp) which is invariant
under the action of the symmetric group, i.e.,

f(Xo(2) s Xo(n)) = F(x1, - xn),
or, of = f, forall o € §,.
Definition

The Schur function sy (X) of shape A is the formal power series

si(X)=Y_XT,
T

summed over all SSYT's T of shape A.
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Preliminaries

The combinatorial definition of Schur functions

A symmetric function is a polynomial f(xl, X2, ... ,xn) which is invariant
under the action of the symmetric group, i.e.,

f(Xr(1) 0 Xo(n)) = Fx, - Xn),
or, of =1, forall o € 5,.
Definition

The Schur function sy (X) of shape A is the formal power series

si(X)=Y_ X7,
T

summed over all SSYT's T of shape A.

Note. For any partition A, the Schur function s (X) is a symmetric
function.
Yoo, Meesue (Universitat Wien) Schur coefficients of J, Mar. 25, 2014 6 /41



Preliminaries

Let K, (called Kostka numbers) denote the number of SSYT's of shape
A with weight «.
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Preliminaries

Let Ky, (called Kostka numbers) denote the number of SSYT's of shape
A with weight a.

Note. By the symmetry of the Schur function, we have
Kia = Kaa,

where & is any rearrangement of «.
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Preliminaries

For any partition A, [A| =Y ; A; = n,

sy =) KuX® =) Kymu(X),
® u<a

where a ranges over all the weak compositions of n.
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Preliminaries

For any partition A, [A| =Y ;A; = n,

S\, — ZKM‘X“ = Z KM,my(X),
o <A

where a ranges over all the weak compositions of n.

Remark
Note that the Schur functions sy are characterized by the following two
properties :
(a) (triangularity) sy = my + Y, <p Kyumy
(b) (orthogonality) (sx,su) = day,
where ( , ) is the Hall scalar product.
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Macdonald Polynomials Definition

Macdonald Polynomials
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Macdonald Polynomials Definition

Macdonald Polynomials

Theorem ('88, Macdonald)

Given a partition A, there exists a unique symmetric polynomial
P)(X; q, t) characterized by the following two properties :

(@) PA=my + Ey<A ‘:Ay(Qv t)mu

(b) (Pa.Pu)qt =0 if A # u, where

(pa. Py>q,t = 5AyZA(q. t),

P ( _ - 1- q/\i _ imi(A) L m (!
/\q,t)—zAnl_t/\l_, z,\—H/ m;(A)!,
i=1 i>1

where m;(A) is the number of parts of A equal to i.
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Macdonald Polynomials Properties

Properties
@ g=1t: Py(X;t, t) = sy; Schur functions
e t=1: Py(X;q,1) = m, ; monomial symmetric functions
@ g=1: P\(X;1,t) = ey ; elementary symmetric functions
o A= (1"): Pun(X;q t) = en(X) = s1n(X)
e g=0: P\(X;0,t) = Py(X;t) ; Hall-Littlewood polynomials
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Macdonald Polynomials Properties

Integral form of Macdonald polynomials

Macdonald also defined the integral form
JM[X? q.t] = hu(q, t)Py[X? q, t]

where hy(q,t) = [Tee, (1 — q*¢/)*1) and for c € p, leg I(c), arm
a(c) (and coleg I'(c), coarm a’(c)) are defined as follows.

—
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Macdonald Polynomials Properties

Aside: g, t-Kostka polynomials

In terms of the modified Schur functions sy [X(1 — t)],

JlXiq.t] =) Kyl t)sa[X(1—1)],
Al

where K, (g, t) is the g, t-Kostka polynomials, and f[X(1 — t)] is the
image of f under the algebra homomorphism mapping px(X) to
(1 — %) pe(X).
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Macdonald Polynomials Properties

Aside: g, t-Kostka polynomials

In terms of the modified Schur functions sy [X(1 — t)],

J;t[X q. t Z K/\y q, t)s/\[X(l_ t)]'
A

where K, (g, t) is the g, t-Kostka polynomials, and f[X(1 — t)] is the
image of f under the algebra homomorphism mapping px(X) to
(1= t9)pu(X).

Macdonald’s Positivity Conjecture

K)\y(qx t) S N[q, t].
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Macdonald Polynomials Properties

Aside: g, t-Kostka polynomials

In terms of the modified Schur functions s [X (1 — t)],

WX, t] = Y Klg, t)si[X(1—1)],
A[ul

where K, (g, t) is the g, t-Kostka polynomials, and f[X(1 — t)] is the
image of f under the algebra homomorphism mapping px(X) to

(1= t9)pe(X).

Theorem ('02, Haiman ; '07 Assaf)

Kwu(q.t) € Niq, t].
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Schur coefficients conjecture

Schur Coefficients Conjecture

Conjecture [Haglund]

<J”([1X_qq)‘”u> € N[g
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Schur coefficients conjecture

Aside

When t = 0,

J;1<X; q, 0) X q, 0 Z KA’;{
Al

Sanderson('98) showed that K, (g) have positive coefficients by realizing
P.(X; q,0) as the character of the Demazure module E,, (Ay).
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Schur coefficients conjecture

Aside

When t = 0,

)\Fy

Sanderson('98) showed that K, (g) have positive coefficients by realizing
P.(X; q,0) as the character of the Demazure module E,, (Ay).

Since s, is a character of an irreducible s/(n)-module, the coefficient of ¢

in Ky, (q) is the multiplicity of the s/(n)-module of highest weight y — jo
in E,(Ao).
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Schur coefficients conjecture Combinatorial construction

Partial results from before

Theorem ('12, Y)

When p = (r), J, has the following Schur expansion

JnlXig.t] = Z[]_I(l—q""(c)"(c)t)]( Y qc’”)> si[X]
TESYT(A')

Abr [cea

Ky 1 (a)sa[X],

-y [l—[(l— g7 (€)1 ()

Abr [ ceA

where K, (q) is the Kostka-Foulkes polynomial.

Proof.
By using Ji)[X: g, t] = (t: q)rP()[Xi q. t] = (q:9)rgr(Xi g, ). O
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Schur coefficients conjecture Combinatorial construction

J(r.15) Formula

Theorem ('12, Y)
Fory = (r,1%),withn=r+s,s>r—3 (ie, r < 1 +1), we have
Jire)
= (@E)s ) [T 1-g"@ . J] @-qg@ "y
AA;L cel/() /1s+1 ceA/TM)
x  (1— qn—l(?\) t5+1) E qch(T) sy
TESSYT(A ')
Proof.
By showing the recursion formula. o
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Schur coefficients conjecture Combinatorial construction

Two Column Formula

Theorem (12, Y)

J2bla—b[x; q, t]
(t; t)a—b+k(t; t)b(q, t)a+1( — t)<q — t2) e (q — tk)} S2b—k]_a—b+2k(

b
- Z [ (t: ) k(a5 t)abrktr

t t it it t; t
a b+k( )b(q )a+1( )k 'qk:| 52b—klafb+2k(X).

b
a Z:: [ (t: 6)k(q t)abrkr1

Proof.
By using the Pieri rule of Macdonald polynomials.

Yoo, Meesue (Universitat Wien) Schur coefficients of J, Mar. 25, 2014 18 / 41



Schur coefficients conjecture Combinatorial construction

Remark

We can interpret the coefficient of s)[X| by assigning weights in each cell
of A.

q—1*

1—¢*7
1— ta7b+l

1— tuberk

1 _ q[zlfb+k+l 1 _ tk+l

1—qgt° =
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From Quasisymmetric expansion to Schur expansion

From Quasisymmetric expansion to Schur expansion

(Egge-Loehr-Warrington method)
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From Quasisymmetric expansion to Schur expansion Schur and quasisymmetric bases

The bases sy and Q,

@ o« E n: wisa composition of n

Definition
f € Q[[x1, x2,...]] is quasisymmetric if for any a1, ..., ax € P,
a o a
Dt - = gt eI

whenever i < --- < i and j1 < -+ < Ji.
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From Quasisymmetric expansion to Schur expansion Schur and quasisymmetric bases

The bases sy and Q,

@ &« E n: wisa composition of n

Definition
f € Q[[x1, x2,...]] is quasisymmetric if for any ay, ..., ax € P,

[Xfal e -X.ak]f = [Xﬁl .. ink]f

whenever i < - -+ < i and j1 < -+ < Ji.

Example
The monomial quasisymmetric function M, is defined by

_ X1 Xk
M, = 2 X Xi,

<<k
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From Quasisymmetric expansion to Schur expansion Schur and quasisymmetric bases

@ QSym,, is a vector space with a basis {F, : « F n} indexed by
compositions « of n : F, is called a fundamental quasisymmetric
function :

Fo = Y XiXp o X
i< <in

I'J'<I.j+1 if j€S,

where Sy = {a1, 01 +ap, ..., 01+ -+ a1}
@ Sym,, is a vector space with a basis {s) : A F n} indexed by partitions
A of n.

@ Sym,, is a subspace of QSym,,.
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From Quasisymmetric expansion to Schur expansion

Schur and quasisymmetric bases

Given T € SYT(A), the reading word rw(T) is the sequence of entries in
T, read in order from left to right in rows, from top to bottom.

@ Des(T) ={i€ [n—1]:i+1 appears to the left of i in rw(T)}.
(] DES,(T) = (il, f2 - fl, f3 - f2, e

Des(T) = {il << < ik}.

Example
For T € SYT(4,3,2),

8
3
T=I11

N|CT1 O

416]

rw(T) = 893571246, Des(T) = {2,4,6,7}, Des’(T) = (2,2,2,1,2)

n—ix) E n, for given

Theorem ('83, Gessel)
s(X)= ).

TeSYT(A)

FDes/(T)(X)'
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From Quasisymmetric expansion to Schur expansion Schur and quasisymmetric bases

The Kostka matrix

@ The Kostka matrix K, is a rectangular matrix of order p(n) x c(n)

with entries
Kn(A, &) = Kyg = |SSYT(A, &) |; Kostka numbers ,

for Abn, aF n.

Define
e M, as a p(n) x c(n) matrix with

My(A, &) = |{T € SYT (A):Des'(T) = a}|
e A, as a c(n) x c(n) matrix with
An(a, B) = x(PB is finer than «).

Lemma
For alln > 1, M,A, = K,.
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From Quasisymmetric expansion to Schur expansion Schur and quasisymmetric bases

The inverse Kostka matrix

@ The inverse Kostka matrix K, of order c(n) x p(n) is defined to be a
right inverse of K, with entries
K, (x, A)=the sum of the signs of the special rim-hook tableaux of
shape A that have nonzero rim-hook lengths in order from bottom to
top given by a1, - -+, &), where the sign of a rim-hook spanning r
rows is (—1) "%, and the sign of a rim-hook tableau is the product of
the signs of the rim-hooks in it.

Theorem ('90, Egecioglu, Remmel)
For alln > 1,
KKl = lo()
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From Quasisymmetric expansion to Schur expansion Schur and quasisymmetric bases

Example
For A = (5,5,3,2) and & = (4,3,8), we have K{;(a,A) = +1.

Hs 1]
ol | h

LT Tl :
H, '

sign(Hi)=(~1)' = 1, sign(Hy)=(~1)>"* = —1,
sign(Hz)=(-1)*"* = —1
= The sign of the rim-hook tableau is 1-(—1) - (—1) = 1.
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From Quasisymmetric expansion to Schur expansion Egge-Loehr-Warrington Result

Schur versus quasisymmetric expansions
Define K} to be a c¢(n) x p(n) matrix with

Ki@A) = Y KIBA).

B finer than «

Theorem ('10, Egge-Loehr-Warrington)

Suppose F is a field, and we have a symmetric function

f= XZXAS\::Z:thA

AFn aFEn

with x), yx € IF.
Then the row vectors x = (x) : A n) and'y = (y, : @ E n) satisfy

xM, =y and x=yK,.

Thus, x) = ¥ pen Ya K (a0, A) for all A = n.
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From Quasisymmetric expansion to Schur expansion Egge-Loehr-Warrington Result

The combinatorial meaning of K

We say that a rim-hook tableau S of shape A and content « is flat if each

rim-hook of S contains exactly one cell in the first column of the Ferrers
diagram of A.

Theorem ('10, Egge-Loehr-Warrington)
LetwE n, A& n. If (a,A) is flat, then

Ki(a,A) = K, (a,A) = +1.

Otherwise, Ky (a,A) = 0. In particular, K} (x,A) = x(« = A) when A is a
hook.
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From Quasisymmetric expansion to Schur expansion Egge-Loehr-Warrington Result

Back to Haglund's conjecture
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Back to Haglund's conjecture HHL formula for integral form Macdonald polynomials

Haglund's combinatorial formula

Theorem (Haglund '08)

Jy (X;q,t) Z FDes (X)

w ESn
prlmary

> H qinvs(w,y)tnondess(w,y) o qcoinvs(w,y)t1+majs(w,y)> ’

seu
where primary means that the entry i occurs in the first i rows of ,

if w(South(s))>w(s)
nondess(w, ]/l) = { leg(s) +1 and South(s)eu '

0, otherwise
, [ leg(s), ifw(North(s)) > w(s)
majs(w, p) = { 0, otherwise
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Schur coefficients of Jy

Schur coefficients of J,(X; g, t)

Let

D(w,y)(‘]y t) _ H <qinv5(u},y)tnondess(w,y) - qcoinvs(w,y)t1+maj5(w,y)> .

seu
Then,

Jy(X; q, t) = Z D(w,y)(qv t)FDes’(w)(X)

weS,
primary

=Y | ¥ Duwpla t)K)(Des'(w), A) | sy,
Abn u{ES,,
primary

where K!(Des'(w), A) is 1 up to the sign of the flat special rim-hook
tableau.
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Schur coefficients of Jy When A is a hook

(J,,s)) when A is a hook

Egge-Loehr-Warrington's theorem = K (a, A) = x(a = A) if A is a hook.
Say A = (k+1, 1’_"), forn=r-+1. Then

a=A=(k+1,17%) = Des(w) = {k+1,k+2,..., n—1}

Thus
w=1[(1,2....,k)w(nn=1,..., k+2)]||k+1,

where LUl denotes the shuffle product and || means the concatenation.
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Schur coefficients of Jy When A is a hook

Filling p with w

i

N=Hiu)
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Schur coefficients of Jy When A is a hook

<J 0 5(k+1'1n—k—1)>
Theorem

(S S(kg1,20-+-1) [Hq' D) (gD t)y{l]

x TT (1= g *1et) - (¢~ 01t g), - g2 { p—1 ] |
q

pui>1

where (a;q)x = (1 —a)(1 —aq)--- (1 —agk~1) and

o _ (@ hak
k [CE
q
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Schur coefficients of J, ~ When p has two rows

Further results on Jy, ) (X;q,t)

Proposition

(Jib.a) S(b—ka+k))

= (t:9)a(¢°"7t% 9)a(q "t @)i(t: @) b-a-kq" [ b_l‘j“ ] .
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Schur coefficients of Jy

When yu has two rows

Further results on Jy, ) (X;q,t)

Proposition

<J(b,a)v 5(bfk,a+k)>

= (t:q)a(a"?t%; q)a(q”

t: q)k(t: q)b—a—kq" [ P

b—a+1}
q

Idea of proof.

There are only two special flat rim-hook tableaux of shape

A= (b—k,a+k):
[—]

—

l

: l

Due to the primary condition and the previous lemma, the filling in the
first a-columns are fixed, and the difference in the tail part factors nicely.
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Schur coefficients of J, ~ When p has two rows

Proposition

_ s k+1 a—1
(Jib,a) S(b,a—k14)) = (4t 9)a(q” tz;q)a(t:q)b—a-q(”[ B ]
q
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Schur coefficients of J, ~ When p has two rows

Proposition

_ - k41 a—1
(J(b.a)r S(bar1)) = (4 t:)a(q” t2:q)a(t:q)b—a-q(2)[ B }
q

Idea of proof.

There are two special flat rim-hook tableaux of shape A = (b, a — k, 1¥) :

l

But over the fillings coming from the second tableau, D, (g, t) = 0 due
to the previous lemma. []
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Schur coefficients of J, ~ When p has two rows

Proposition

b—at2.

<J(b,a), 5(b-1,a—k,1k+l)> = (t; q_l)k+1(t; q)a—k-1(9q 1 q)a-1

_ L k+1 a
X (q 1t; q)bia(l_qb k 2t2)q( , )+l |: ot ]q[b—a+k]q

{(J(b,2) S(b—k—1,a+k1))

|

1—t)(t:q)a1(t: @)k-1(¢""2t% @) a=1(q  t: @) b-a—k[algq*

o e e

+q" N g—t)(1—q"*2P)b—a—k+1]4}
+(t:9)a(q°?t% @) a(t; Q)k—1(t: @) b—a—k—1(q — t)(¢° — t)q

[klg[b—a—2k]g [ b—a
M—a—k+ﬂq[k+1}q
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Schur coefficients of Iy Rectangular shape case

Rectangular Shape Case

Proposition

r

<J(b,b)v5(bfr,bfs,1f+5)> = Z {(t? qil)erk(t; q)b—s—k

k=1

X (P 1% q)s11(t% ) b-s—14

e 2 2]

+x(r+s>b)(t;q 1)p(t%9))b-s—1(¢" 1% q)s11

< qr+(g)+(r+s;b+l) b r—]_ [5—r+
r b—s—1 q s+1

r+(s+k)+(r712<+1)
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Schur coefficients of Jy Rectangular shape case

Proposition

<J(bm)(X; q, t). S(b_r’b_s’l(r+s+b(m—2)))>
m—2

_ i b
- H(q 1t q)p - g% (J(b,b)r S(b—rb—s,17+5)) fosgm-11

i=1 t2—tm

where -|,_,,m-1 means to replace a single t by t™ 1 and t> by t™.
t2—tm
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Schur coefficients of Jy Rectangular shape case

Proposition

<J(bm)(X? q, t). S(b,ryb,syl(r+s+b(m—2)))>

m—2

—b+1i. b
= H(q * f',CI)b'q(z) <J(b,b)15(b—r,b—s,1'+5)> oy pm—l
i=1 t2—t™m
where |, ,,m1 means to replace a single t by t™! and t? by t™.
t2—tm

Idea of proof.
The existence of the triple, for a < b < c,

makes the factor (qinva(w,y)tnondesa(w,y) _ qcoinva(w,y)t1+maja(w,y)> to be
0. O

v
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Remark

We can apply the same argument to the coefficient of
S(bta—r bt p—s,1(r+s+b(m-2)) in the expansion of J, when
= (b+a b+pB, b") and get

<J(b+a,b+ﬁ,b’") (X, q, t)! S(b+¢x_r'b+/3_s’1(r+s+bm))>

m a . B
= H(q rith, )b - q(z) <J(b+a,b+/3)v5(b+a—r,b+ﬁ—s,1f+5)> foymtl

i=1 2y pm+2
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