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Gandhi polynomials

@ Definition of (Cp,)p>1:

{ Cl(X) =1
Cor1(x) = A(Co(x)-x2) ifn>1,

where A(f(x)) = f(x+ 1)—f(x), for any function f.
@ Examples:
G(x)= 1
C2(X) = 2x+1
G(x) = 6x%>+8x+3

Their coefficients are positive integers. Is their a “natural” combinatorial
interpretation of these polynomials 7
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Surjective pistols of Dumont

Yes, and it is the surjective pistols of Dumont.
e A surjective pistol p of size 2n is a surjective map from {1,--- ,2n}
onto {2,---,2n} such that for each i in {1,--- ,2n}, p(i) > i. The
set of surjective pistols of size 2n is denoted by Pa,.

@ Examples:

Pr= {22}

Py = {2444, 1244, 2244}

Ps = {246666, 264666, 266466, 426666, 624666, 626466,
244666, 246466, 264466, 624466, 424666, 426466,
224666, 226466, 244466, 424466, 224466}

Cl(X) =1
G(x)= 2x+1
G(x)= 6x2+8x+3
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Non commutative polynomials

Let A be an alphabet.

R<A> = Free algebra generated by the letter of A,
Linear basis = Finite words over A.

From now on, our alphabet is A = {a;, for i € N*} [ J{a.,}.

Example:

arar + asa,, + apan.

There is a natural projection 1 from R<A> onto R[x]:

M(a;) = 1, for i € N*,
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Non commutative finite difference operator

@ The operator T;:

Ti(aw) = ay+aj,
Ti(aj)) = aj, for j in N*.
For each positive integer i, we have indeed T o1 =110 T;.
o the operator A;: A; =T, — ldpeas.
o Example: w = arara,asza,a,.
De(w) = ararasasana, + a282a,34364, + a2323,344,36

+ a2araeasaga, + a»a»a,asaesae
+ararapdsa,ae + 328236343636

Note that for a word w, the terms in A;(w) are exactly the words
obtained by replacing at least one of the a, of w by an a;.
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Non commutative Gandhi polynomials

Let us define the non-commutative Gandhi polynomials as follows:

. = 1,
Cn+1 = Ag,,(C,,awaw), if n>1.

In particular, we have:

C> = aa+ aza, + avan,

C3 = apapagas + apana,as + ararasad, + a»2a4a434 + a»a,,asaa
+ anasay,as + apasasa,, + arasayay, + a2awasay
+ a28,a8wa4 + asarasas + ay,arasas + asara, as
+ agarasa,, + azara,a,, + awarasa, + auarayas.

Gx)= 1
G(x)= 2x+1
G(x)= 6x2+8x+3
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Bijection between words in C,, and Py,

A simple bijection

Pan «— C,
22846688 <+— asara,,a4asae

| N\

A way to split the set of Papio

For a surjective pistol of size 2n, we set

Dp = {p' € Pant2|p; = pi, if pi < 2n,p: > 2n, otherwise}.
For example,

for p = 226466, we have:

D, = {22846688, 22648688, 22646888, 22848688,
22846888, 2264888, 22646638} ’

We have:
Pant2 = U Dp.

pePZn
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Proof of Py, = J

p€P2n DP

o If p# p/, then D, N Dy =

pL*PitP2n
Pll"'Pf"‘Pén
Let g be in Dp, and ¢’ be in D,y. Then:

7pl<p:§2n

qi = pi, p; < q; = qi < q..
o Let p’ bein Po,io:

pP= - (2n42) ---pi---p5(2n+2)(2n+2)

H /
By construction, p’ € D,.
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Correspondance between words and surjective pistols

Surjective pistols Words

P = 226466 w = apaoayas

D, = {22846688, 22643688, Ag(waya,) = 2»a23a,343636
22646888, 22848688, +arapragasa,ae + araragasaea.
22846888, 2264388, +asara,asa,as  + araragasa,a.
22646688} +aza2a,asagd, -+ a2a2a6a436436

For surjective pistols we have:

Pany2 = U Dy,
pGPZn

and for words, we have:

Cn+1 - Z A2n+2(Waw3w)-
WECn
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The Dumont-Foata polynomials

The classical version
The Dumont-Foata polynomials are defined by induction as follows:

DFi(x,y,z) = 1,
DFn+1(X7y72) = DF"(X+ 1,y7z)(X+Z)(X—|—y) - DFn(vaaz)sz

Since DF,(1,1,1) = #Pa,, the different variables x, y and z record some
statistics on surjective pistols.

The non commutative version

DF1 =il
DFpi1 = Ton(DF,)(aw + zazn)(aw + yazn) — DF pagaw, if n> 1.
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Dumont-Foata polynomials

The first polynomials are:

DFy, =
DF3 =

V. Vong (LIGM)

yz-apar+z-aza, +y-aya

v22% - maragas + y?z - apapauas + yz° - ararasa,,
+ yz® - apagasas + yz* - apa,asas + yz - 3asauas
+Z2 +d2a4a4dy + Z - aragayay + z2. a2dy,,a4ay
+yz - davavas + y?z - asarasas + y’z - a,arasay
+y? - a4323,,34 + yZ - 34323430, Y 3432343,

+yz - ayaraza, + y2 - a,3a2a,34.
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The Dumont-Foata polynomials

Definitions
Let p be a surjective pistol of size 2n. A position i < 2n—2 is:

e a fixed point if p(i) =i,

e a surfixed point if p(i) =i+ 1,

e a max point if p(i) > p(j) Vj € {1,--- ,2n}.
For example:

p = 42468688, 2 and 6 are fixed points, 3 is a surfixed point, and 5 is a
max point. And we have: fix(p) = 2, surfix(p) = 1, and max(p) = 1.

Combinatorial interpretations

DF,(x,y,z) = Z xmax(p), fix(p) jsurfix(p)
pE’Pz,,
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1 if n=20,
Dn+1(X) = A (D ( 2 .
q(Dn(x)x?) ifn>1,

X f(x
where Aq(f)(x) = H3arlortx)

| A

Examples

D2 :(q-|-1)X-|-1,
Ds =(q®+2¢>+2q+1)x>+ (2¢> +4qg +2)x + q + 2.

In order to obtain a combinatorial interpretation of this g-analog, we have
to find a linear map Mg such that (Mg(C,)) satisfies the same recurrence
as (Dp).
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A linear map for g-analog

One way, is to find I, satisfying the following conditions for w
corresponding to a surjective pistol p of size 2n:

o My o0 Asy(wa,ay) = Ag(Mg(w)x?),
Y I—Iq(W) = qs(P)XmaX(P)'

o My(waya,) = Mg(w)x2.

v

Examples on the first cases

forn=2, Dy =(q+1)x+1:

[x |1 [x |1
1| 2444 [ 2244 or 1 | 4244 | 2244 .
q | 4244 q | 2444
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A linear map for g-analog

Forn=3, D3 = (¢ +2¢> +2q + 1)x> + (2¢*> + 4q + 2)x + g + 2:

x2 X 1

Dooga 224666 | 224466
226466
Dosgs | 246666 | 244666 | 244466
264666 | 246466
264466

266466
Daoas | 426666 | 424666 | 424466
624666 | 426466
624466

QwQQQQQQ = =

626466
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A linear map for g-analog

Special inversions

A special inversion is a pair (i, /) such that i > j, pi < p;, and i is the
rightmost position corresponding to the value p;. We denote by sinv(p)
the number of special inversions of a surjective pistol p.

A definition of I,

Let w be in C,;, and p be the corresponding surjective pistol.
We define:

| \

My(w) = g™ PI(w).

| A\

Combinatorial interpretation of D,

Dn(X): Z qsinv(p)xmax(p)'
pPEP2,

A\
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