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Main results

Let 1,JC S, uec!W’ and v,w e (W;)!"e " then

Jx  _ plnu1Jux
Ru\’/,UW - Rv w "
J,x _ plnu=tJux
PLI\’/,LIW — Pv w .

Paolo Sentinelli 2/26



Main results

Theorem

Let J C S; then there exists a Coxeter system (W', S U{s" }), where
s’ &S, such that
REaIW] = R, W]

and
PlxIW] = P2 I,

s'v,s’

for all viw € W,
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Coxeter groups

Let S be a finite set and m: S xS — {1,2,...,00 } be a map such that
m(s,t) =1, if s=t,

m(s,t) = m(t,s),

for every s, t € S.
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Let S be a finite set and m: S xS — {1,2,...,00 } be a map such that
m(s,t) =1, if s=t,
m(s,t) = m(t,s),

for every s, t € S.

We define the Coxeter group W relative to the Coxeter matrix m by the
presentation

(st)™(st) = ¢,

for every s, t € S, where e is the identity of the group and S is its generator
set.
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Coxeter groups

Let S be a finite set and m: S xS — {1,2,...,00 } be a map such that
m(s,t) =1, if s=t,
m(s,t) = m(t,s),
for every s, t € S.

We define the Coxeter group W relative to the Coxeter matrix m by the
presentation

(st)™(st) = ¢,

for every s, t € S, where e is the identity of the group and S is its generator
set.

We call (W, S) a Coxeter system.



Coxeter groups - Bruhat order

Given a Coxeter system (W, S), an element w € W is a word in the
alphabet S and we indicate with ¢(w) the length of w.
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Coxeter groups - Bruhat order

Given a Coxeter system (W, S), an element w € W is a word in the
alphabet S and we indicate with ¢(w) the length of w.

We define a partial order on W, and we call it the Bruhat order of W, in the
following way: given u,v € W and v = s15,...54 a reduced expression for v,

u < v & there exists a reduced expression

u=sj...Sj, 1<ih<...<ik<q.
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Coxeter groups - Descent sets and quotients

A right descent of w € W is an element s € S such that /(ws) < ¢(w).

Dr(w) :={se S |l(ws) <lw)}.

Analogously we define the left descent set of w, Dy (w).
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Coxeter groups - Descent sets and quotients

A right descent of w € W is an element s € S such that /(ws) < ¢(w).

Dr(w) :={seS|lws) <lw)}.

Analogously we define the left descent set of w, Dy (w).
For any J C S we define

Wo={weW|lsw)>lw)VsecJ},
IW.={weW|lws)>lw)Vsel}.
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Coxeter groups - Descent sets and quotients

A right descent of w € W is an element s € S such that /(ws) < ¢(w).

Dr(w) :={seS|lws) <lw)}.

Analogously we define the left descent set of w, Dy (w).
For any J C S we define
Wo={weW|lsw)>lw)VsecJ},
IW.={weW|lws)>lw)Vsel}.
For J C S, each element w € W has a unique expression
w=ww’,

where w/ € WY and w; € W), and the subgroup W, C W is the group
with J C S as generator set. In particular Ws = W and Wy = { e }.
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Coxeter groups - Quotients and projections

On WY we consider the induced order. With [u, v]? we denote an interval in
W, ie., if v,w e W/,

[v,W]J::{ZE WJ’vgzgw}.

Paolo Sentinelli 7/ 26



Coxeter groups - Quotients and projections

On WY we consider the induced order. With [u, v]? we denote an interval in
W, ie., if v,w e W/,

[v,W]J::{ZE WJ’vgzgw}.

Define the canonical projection P?: W — W by
P (w) = w,

and analogously Q7 : W — JW.
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Coxeter groups - Projections

P7 and Q7 are morphisms of posets, i.e.

u<v= P/ (u) <P(v)

and

u<v= Q(uv) < Q(v)
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Coxeter groups - Projections

P7 and Q7 are morphisms of posets, i.e.

u<v= P/ (u) <P(v)

and

u<v= Q(uv) < Q(v)

Moreover, for any I, J C S,

Plo@ =Q' 0P
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Hecke algebras

Let A:= Z[g~'/2, q'/?] be the ring of Laurent polynomials in the
indeterminate g/2. Recall that the Hecke algebra H(W) is the free
A-module generated by the set { T,, | w € W } with product defined by

T T _ TWS, Ifsg DR(W)'
e qTws + (g —1)Ty, otherwise,

forall we W and s € S.
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Hecke algebras

Let A:= Z[g~'/2, q'/?] be the ring of Laurent polynomials in the
indeterminate g/2. Recall that the Hecke algebra H(W) is the free
A-module generated by the set { T,, | w € W } with product defined by

T T _ TWS, Ifsg DR(W)'
e qTws + (g —1)Ty, otherwise,

forall we W and s € S.

For s € S we can easily see that
Toh=(a " —)Te+q ' Ts

and then use this to invert all the elements T,,, where w € W.
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Hecke algebras - Involution

On H(W) there is an involution ¢ such that

N

1 —
L(qi) =dq ) L( TW) = Twilv

for all w e W.
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Hecke algebras - Involution

On H(W) there is an involution ¢ such that

N

1 _
L(qz) =4q 2, L(Tw) = Twilv
for all w € W. Furthermore this map is a ring automorphism, i.e.

(TyTw)=uT)(Tw) Yv,we W.

Paolo Sentinelli 10 / 26



Hecke algebras - Kazhdan-Lusztig polynomials

The expansion of ¢( T, ) in terms of the basis { T, | w € W } and the
introduction of a c-invariant basis { Cy, },,c\y of H(W) have lead to the
definition of two families of polynomials { Ry } C Z|q] and

y,weW
{ Py ty wew € Zlg] such that

UTw) =q M (1) O"R, W(q) Ty,

ysw

Z (_1)€(y,w)q—£(y) Py,W(qil) Ty,

ysw

£{(w)

CW:q2

for all w e W.
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Parabolic Kazhdan-Lusztig and R-polynomials

Theorem (V. Deodhar)

Let (W,S) a Coxeter system, and J C S. Then, for each x € { —1,q },
there is a unique family of polynomials { Rdﬁ } , < Z|q] such that,
for all v,w € W/:

(1) RJZVXV:O ifv£w,

5 Ry = 1

@ ifv<w ands e Dg(w) then

v,weW

Rds{ws, ifse DR(V),
RYY = < qRiws + (9 — 1)RY s, if s & Dr(v) and vs € W,
(g—1— X)R\',I:xs, if s & Dr(v) and vs ¢ W.
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Parabolic Kazhdan-Lusztig and R-polynomials

Theorem (V. Deodhar)
Let (W,S) a Coxeter system, and J C S. Then, for each x € { —1,q },
there is a unique family of polynomials { Pdﬁ, } C Z|q] such that,
v,weWw
for all v,w € W:
(1] Pd.)f., =0 ifvLw,

@ P =1
o deg(P\f”x) < %, ifv<w;
o
g MPI(a ) = Y RIZ(@)PN(a),
z€[v,w]/
ifv <w.
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The Hecke modules MJ_”

[,JC Sand ue!W!, where ' W/ :='wnw/
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The Hecke modules MJ_”

[,JC Sand ue!W!, where ' W/ :='wnw/

woh .= w’nuw,.

WD’J _ u( Wl)lﬂuflJu.
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The Hecke modules MJ_”

[,JC Sand ue!W!, where ' W/ :='wnw/

woh .= w’nuw,.
WJ’I — u(WI)lﬁuflJu
- .

Wl;l,l ~ (Wl)lﬂuflJu'
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The Hecke modules MJ_”

[,JC Sand ue!W!, where ' W/ :='wnw/

woh .= w’nuw,.
WD’J _ u(Wl)lﬁuflJu.
Wl;l,l ~ (Wl)lﬂuflJu'

M2 = span, { m!

v

v E Wqu}
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The Hecke module Mj)ﬁ

For all w € W, there is an A-module morphism ¢ﬁ’x CH(W) — Mj’l
defined by

X w J,1

0w (Tw) = "BV,

where x is any element of the ring A.
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The Hecke module Mj)i

For all w € W, there is an A-module morphism (bﬁ’x CH(W) — Mj’l
defined by

() = EADml]

where x is any element of the ring A.

Definition (P. Sentinelli)

IfFI,JCS, ue'W’andxec {—-1,q}, we call /\/Ij!( the right
H(W,)-module with A-basis indexed by the set W;"' and with
H(W))-action defined by

mi‘,/l Ty = d’ﬁ’x( TvTw)

o o —1
where s; - - - s is a reduced expression of w € W, and v € (W,)/"v™ v,
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The Hecke module Mj)ﬁ

The isomorphism W' ~ (W})/Mu™ 4 induces an isomorphism of
A-modules o : MZh — MDY 94! defined by

-1
G(my)) = my el

for all v e (Wy)nu ",
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The Hecke module Mj)i

The isomorphism W' ~ (W})/Mu™ 4 induces an isomorphism of
A-modules o : MZh — MDY 94! defined by

() = mie
for all v e (Wy)nu ",

Theorem (P. Sentinelli)

. . _1 . . .
The isomorphism of A-modules ) : Mj!( — Még(" Jul is an isomorphism of

right H(W))-modules, for x € { —1,q }. Moreover there is an isomorphism
of H(W))-modules

1S Inv=1Jv,I
Me,x — @ Me,x 5
velw/

forxe{-1,q}.
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The Hecke module Mj;/ - An involution

We define a map ¢~ : Mlﬂ — Mji by
K(m)) = ¢ (U(Ty))

for all v e (Wy)inu="u,
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The Hecke module Mj)ﬁ - An involution

We define a map ¢~ : Mﬂ — Mji by
K(m)) = ¢ (U(Ty))
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o gy =gy o
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The Hecke module M7l - An involution

u,x

We define a map * : Mﬂ — Mj!( by

K(myy) = oy ((Ty))

for all v e (Wy)inu="u,

o gy =gy o

Moreover ¢* is an involution and
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The Hecke module M7l - An involution

u,x

We define a map ¢~ : Mﬂ — Mji by
K(my)) = ¢y ((TV))
for all v e (Wy)inu="u,
Vo gu = gu o
Moreover ¢* is an involution and

(i Tw) = X (m )u(Tw),

uv

for all w € Wy, v e (W)/nu"Ju,
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Polynomials

IF1,J C S and u € "W we define, for each v,w € (W;)'"“ " elements
Rilni € A by

Lx(mjd) _ q—E(v) Z (_l)é(w,v)Ru,J,l,me,l

uw,uv "uw:
we(W,)inu= 1
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Polynomials

If1,JC S and u € "W we define, for each v, w € (W) "4 elements
Rivini € A by

[’X(mi;/l) _ q—E(v) Z (_l)é(w,v)Ru,J,l,me,l

uw,uv "Muw:*

we(W,)inu= 1

Theorem (P. Sentinelli)

Let1,JC S, ue!'W/ andv,w e (W,)m“_lJ”; then

Ru,J,I,X _ RJ,X _ Rlﬂu_lJu,x
— v,w .

uv,uw uv,uw
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Polynomials

Let I,J C S and v,w € W7 be such that Q'(v) = Q'(w) = u. Then

Jx _ INu=1Ju,x
Pow = Pg,v),ai(w)
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Polynomials

Theorem (P. Sentinelli)

Let J C S; then there exists a Coxeter system (W', SU{ s’ }), where

s' &€ S, such that .
R\;l,,f/(V[W] = Rs’:j(,s’w[W/]

and
PIXIW] = P2, W,

s'v,s’

for all v,w € W.
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Polynomials

Dimostrazione.

Let m be the Coxeter matrix of (W, S) and let (W', SU{ s’ }) be the
Coxeter system defined by the following Coxeter matrix m’:

m(s,t), ifs,tes,
m'(s,t) =< 2, ifs=sand t e J,
3, ifs=s andte S\ J.

Now take u=s'. Then u e SW'> and SNuSu=SNs'Ss = J.
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Corollaries

Definition

Let (W', S) be an irreducible and nearly finite Coxeter system. We let

Sri={seS|(W,S5\{s}) is irreducible and finite } .

Paolo Sentinelli 22 /26



Corollaries

Let (W', S) be an irreducible and nearly finite Coxeter system. We let

Sri={seS|(W,S5\{s}) is irreducible and finite } .

4

Let (W', S) be an affine Coxeter system with Coxeter matrix m. Let s € S¢
and J={t eS| m(s,t)=2}. The quotient W/ of the finite Coxeter
system (W, S\ { s }) is then called quasi-minuscule.
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Corollaries

Let WY be a quasi-minuscule quotient of a finite Coxeter system (W, S).
Then

PrulWl = Po¥ ouW,

for all v,w € W, where (W', S U { sy }) is the affine Coxeter system of W .
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Corollaries

Corollary (from results of P. Mongelli)

Let (W,S) be an affine Coxeter system and s € S¢. Then the polynomial

va\};}"’ is either zero or a monic power of q, for all v,w € Ws\ (.
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Corollaries

Corollary

Take the Coxeter system A, with generators S = { s1,...,sp } and Bp11
with generators S' = SU{ sy }. Then, forallj € {2,....n},

Pl ] =PI (B, ),

uv,uw

S\{ 51,Sj }

for all viw € A, , where u = sj_15;_>...515.
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THE END
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