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e vector space H
o with basis indexed by a combinatorial class
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e A :the coproduct disassembles elements
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Combinatorial Hopf Algebra (CHA)

e vector space H
o with basis indexed by a combinatorial class
e x :the product assembles elements

St e N e
+ '/;;/' + A + ‘G"o + 0’}\@ + "}
e A :the coproduct disassembles elements

A(.@):f%®1+.ﬂ.®o+‘o®ﬁ+m
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Improve the expressivity of formal series

Refine the size by the objects .




Improve the expressivity of formal series

Refine the size by the objects :

Se=> glnzw o +%<°\o + O/O)

n>0

+%(o\o\o+2d0\o+f+§o+o(;>
5 “'*"A*SJ‘{\“W{O“
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Improve the expressivity of formal series

Refine the size by the objects :
S o" 1
o= —r=1+0+5( %+
1
+§<O‘o\o+20}7\o+cf3’o+§3+<(2>
L 6 8 3

More information :

What is the coefficient of the free T ?
— The number of permutations giving T by binary search free
insertion
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Outline

Polynomial realization + “alphabet doubling frick”
o Define lots of Hopf algebras : FQSym, WQSym, PQSym, . ..

Mo (A) =3 wear W.
p(W)=c
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Outline

Polynomial realization + “alphabet doubling frick”
o Define lots of Hopf algebras : FQSym, WQSym, PQSym, . ..

Mo (A) =3 wear W.
p(W)=c

e Product = concatenation :
mf"(m)m#(m) - (Z(p(u)za U) : (ng(v):p. V)
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Polynomial realization + “alphabet doubling frick”
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Mo (A) =3 wear W.
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e Product = concatenation :
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Outline

Polynomial realization + “alphabet doubling frick”
o Define lots of Hopf algebras : FQSym, WQSym, PQSym, . ..

Mo (A) =3 wear W.
p(W)=c

e Product = concatenation :
m, (A)m,,(A) = (Zw(u):rf u) : (Zso(V):u V) =D p(u=o U- V.

p(V)=p

o Coproduct by specialization : *alphabet doubling frick” :

Mo (A) ~ Ms(2A & B) ~ M, (B).
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Outline

Polynomial realization + “alphabet doubling frick”:
o Define lots of Hopf algebras : FQSym, WQSym, PQSym, . ..
Mo (A) = - wear W.
p(W)=c
e Product = concatenation :

Mo (A)My(2A) = (Zp(u):g U) : (wa:u V) = Ziw)za e .

)=H

o Coproduct by specialization : *alphabet doubling trick” :

my(2) ~ My (2 & B) ~ m,(B) and
do=m (Ms (A @ B)).
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Outline

Polynomial realization + “alphabet doubling frick”:
o Define lots of Hopf algebras : FQSym, WQSym, PQSym, . ..

My (A) = 3 wear W
p(W)=c

e Product = concatenation :

Mo @Mu() = (T U) - (Coen V) = Tt

p(V)=p
o Coproduct by specialization : *alphabet doubling frick” :
Mo () ~ my(2A d B) ~ m,(B) and
do=n (My (U & B)) Z da= (

p(w)=
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Polynomial realization + “alphabet doubling frick”:
o Define lots of Hopf algebras : FQSym, WQSym, PQSym, . ..

My (A) = 3 wear W.
p(W)=c

e Product = concatenation :

Mo @)Mu(@) = (e U) - (Zpmen V) = o U V.

p(V)=p
o Coproduct by specialization : *alphabet doubling frick” :
Mo (2) ~ me(2 @ B) ~ m,(B) and

Samm(Me(ADB)) = > dumm(W)= > ® Wi -
p(W)=c
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Outline

Polynomial realization + “alphabet doubling frick”:
o Define lots of Hopf algebras : FQSym, WQSym, PQSym, . ..

My (A) = 3 wear W
p(W)=c

e Product = concatenation :

Mo @Mu() = (T U) - (Coen V) = Tt

p(V)=p
o Coproduct by specialization : *alphabet doubling frick” :
My () ~ My (A & B) ~ m, (%) and

Samn(Me(ADB)) = D Summ(W) =D My(A) @ Myu(B).
p(W)=o
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Outline

Polynomial realization + “alphabet doubling frick”:
¢ Define lots of Hopf algebras : FQSym, WQSym, PQSym, . ..
Mo (A) =3 wear W
p(W)=c
e Product = concatenation :
Ma@M(2) = (Lo ) - (Zorn ¥) = Lot

p(V)=p

o Coproduct by specialization : *alphabet doubling trick” :

Mg (2A) =~ my( @%)~mg(%) and
Samm(Me(ADB)) = D Summ(W) =D My (2A) @ Myu(B).

p(w)=c

Question: What are the constraints on o and 21 ?
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Outline

Polynomial realization + “alphabet doubling frick”:
¢ Define lots of Hopf algebras : FQSym, WQSym, PQSym, . ..
Mo (A) =3 wear W
p(W)=c
e Product = concatenation :
Ma@M(2) = (Lo ) - (Zorn ¥) = Lot

p(V)=p

o Coproduct by specialization : *alphabet doubling trick” :

Mg (2A) =~ my( @%)~mg(%) and
Samm(Me(ADB)) = D Summ(W) =D My (2A) @ Myu(B).

p(w)=c

Question: What are the constraints on o and 21 ?
o Partitioning mayps
e Type of alphabet
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Partitioning maps and Hopf algebras
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Partitioning maps (Condition 1/3)

Let o : A* = C.

Definition (Condition 1)

p is graded and surjective.
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Partitioning maps (Condition 1/3)

Let o : A* = C.

Definition (Condition 1)

p is graded and surjective.

Occ : A" — S : identifying position of repeated letters
— word to set partition

Occ(jgezoinobgzegio) = {
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Partitioning maps (Condition 1/3)

Let o : A* = C.

Definition (Condition 1)

p is graded and surjective.

Occ : A" — S : identifying position of repeated letters
— word to set partition

Occ(jgezoinobgzegio) = {{1}
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Partitioning maps (Condition 1/3)

Let o : A* = C.

Definition (Condition 1)

p is graded and surjective.

Occ : A" — S : identifying position of repeated letters
— word to set partition

Occ(jgezoinobgzegZio) = {{1}, {2, 10,13}
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Partitioning maps (Condition 1/3)

Let o : A* = C.

Definition (Condition 1)

p is graded and surjective.

Occ : A" — S : identifying position of repeated letters
— word to set partition

Occ(jgezoinobgzegio) = {{1}, {2, 10, 13}.{3, 12}
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Partitioning maps (Condition 1/3)

Let o : A* = C.

Definition (Condition 1)

p is graded and surjective.

Occ : A" — S : identifying position of repeated letters
— word to set partition

Occ(jgeZoinobgZegio) = {{1}, {2, 10,13} ,{3,12}.{4, 11}
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Partitioning maps (Condition 1/3)

Let o : A* = C.

Definition (Condition 1)

p is graded and surjective.

Occ : A" — S : identifying position of repeated letters
— word to set partition

Occ(jgez0inObgzegiO) = {{1}, {2, 10, 13}.{3, 12} {4, 11}, {5, 8, 15}
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Partitioning maps (Condition 1/3)

Let o : A* = C.

Definition (Condition 1)

p is graded and surjective.

Occ : A" — S : identifying position of repeated letters
— word to set partition

Occ(jgezolnobgzegio) = {{1}.{2.10, 13} {3, 12}.{4, 11}, {5, 8, 15} {6, 14}
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Partitioning maps (Condition 1/3)

Let o : A* = C.

Definition (Condition 1)

p is graded and surjective.

Occ : A" — S : identifying position of repeated letters
— word to set partition

Occ(jgezoinobgzegio) = {{1},{2.10, 13} {3, 12},{4, 11}, {5, 8, 15} {6, 14} {7}
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Partitioning maps (Condition 1/3)

Let o : A* = C.

Definition (Condition 1)

p is graded and surjective.

Occ : A" — S : identifying position of repeated letters
— word to set partition

Occ(jgezoinobgzegio) = {{1},{2, 10, 13}.{3, 12} {4, 11}, {5. 8, 15}.{6, 14} {7} {9}
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Partitioning maps (Condition 1/3)

Let o : A* = C.

Definition (Condition 1)

p is graded and surjective.

Occ : A" — S : identifying position of repeated letters
— word to set partition

Occ(jgezoinobgzegio) = {{1}, {2, 10,13}.{3, 12}.{4, 11}, {5, 8, 15} {6, 14} {7} {9}}
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Partitioning maps (Condition 1/3)

Let o : A* = C.

Definition (Condition 1)

p is graded and surjective.

Occ : A" — S : identifying position of repeated letters
— word to set partition

Occ(jgezoinobgzegio) = {{1}, {2, 10,13}.{3, 12}.{4, 11}, {5, 8, 15} {6, 14} {7} {9}}

e graded: word w of size k — =« set partition of size k,
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Partitioning maps (Condition 1/3)

Let o : A* = C.

Definition (Condition 1)

p is graded and surjective.

Occ : A" — S : identifying position of repeated letters
— word to set partition

Occ(jgezoinobgzegio) = {{1}, {2, 10,13}.{3, 12}.{4, 11}, {5, 8, 15} {6, 14} {7} {9}}

e graded: word w of size k — =« set partition of size k,
o surjective: if A infinite.
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Partitioning maps (Condition 1/3) - 2

Sp(2A) := <m,, | m, == Z@(W):a’ w> has bases indexed by C.
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Partitioning maps (Condition 1/3) - 2

Sp(2A) := <m,, | m, == Z@(W):a’ w> has bases indexed by C.

M 3},423) = > w
Occ(w)={{1,3},{2}}
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Partitioning maps (Condition 1/3) - 2

Sp(2A) := <mg | Mo =3 o(w)=o w> has bases indexed by C.

Myp,8y,{23) = Z W= Z aba.
Occ(w)={{1,3},{2}} abent
a;é[’)

HIVERT - PRIEZ (LRI) Partitioning maps and Hopf algebras SLC'72 8/20



Partitioning maps (Condition 1/3) - 2

Sp(2A) := <mg | Mo =3 o(w)=o w> has bases indexed by C.

M3y .423y = Z w = Z aba
Oce(w)={{1,3},{2}} abe
a#[})

= aba t+aca+:---+bab+ bcb+ bdb + - --
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Partitioning maps (Condition 1/3) - 2

o 1= D p(w)=o W> has bases indexed by C.

M,8y,423 = Z w= Z aba.
Oce(w)={{1,3},{2}} abex
a#@;

= aba+aca+:--+bab+bcb+bdb +---

— (Mx)res : basis indexed by set parfition.
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Partitioning maps (Condition 2/3)

Definition (Condition 2) S

I p(uv) = p(UVv') then {%iﬁ%f

(for |u| = |U'| et |v] = |V'])
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Partitioning maps (Condition 2/3)

Definition (Condition 2) S

I p(uv) = p(UVv') then {%iﬁ%f

(for |u| = |U'| et |v] = |V'])

Occ(jgezoi - nobgzegio) = OcC(okfipg - npbkifkgp)
= {{1},{2,10,13} {3, 12}.{4, 11}, {5, 8, 15} {6, 14}.{7}.{9}}
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Partitioning maps (Condition 2/3)

Definition (Condition 2) S

I p(uv) = p(UVv') then {%iﬁ%f

(for |u| = |U'| et |v] = |V'])

Occ(jgezoi - nobgzegio) = OcC(okfipg - npbkifkgp)
= {{1},{2,10,13} {3, 12}.{4, 11}, {5, 8, 15} {6, 14}.{7}.{9}}

Occ(jgezoi) = Occ(okfipg)?
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Partitioning maps (Condition 2/3)

Definition (Condition 2)

If p(uv) =pU'V) then {

(for |u| = |U'| et |v] = |V']

p(u) = p(U),
p(V) = (V).

Occ(jgezoi - nobgzegio) = Occ(okfipg - npbkifkgp)

= {{1},{2.10,13}.{3, 12} {4, 11}, {5, 8, 16} {6, 14} {7} {9} }

Occ(jgezoi) = Occ(okfipg)

{{11,42,00709}, {3,114,/ }. {5,846} . {6, i} 113497}

HIVERT - PRIEZ (LRI Partitioning maps and Hopf algebras

SLC'72

9/20



Partitioning maps (Condition 2/3)

Definition (Condition 2) -

If o(uv)=e(U'V') then {zgggzﬁ%’

(for |u| = |U| et |v| = |V']

Occ(jgezoi - nobgzegio) = Occ(okfipg - npbkifkgp)
= {{1}.{2.10, 13} {3, 12}.{4. 11}, {5. 8, 16}.{6, 14} {7} {9} }

Occ(jgezoi) = Occ(okfipg)

{1342} 48}.{4}.{5} . {6} }
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Partitioning maps (Condition 2/3)

Definition (Condition 2) -

If o(uv)=e(U'V') then {zgggzﬁ%’

(for |u| = |U| et |v| = |V']

Occ(jgezoi - nobgzegio) = Occ(okfipg - npbkifkgp)
= {{1}.{2.10, 13} {3, 12}.{4. 11}, {5. 8, 16}.{6, 14} {7} {9} }

Occ(jgezoi) = Occ(okfipg) and

{1342}, {3}, {4} . {5} .{6}}
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Partitioning maps (Condition 2/3)

Definition (Condition 2) -

If  e(uv) = p(U'v') then {z(u)zw(u’)i

(for |u| = |U| et |v| = |V']

Occ(jgezoi - nobgzegio) = Occ(okfipg - npbkifkgp)
= {{1}.{2.10, 13} {3, 12}.{4. 11}, {5. 8, 16}.{6, 14} {7} {9} }

Occ(jgezoi) = Occ(okfipg) and Occ(nobgzegio) = OcC(npbkifkgp)

{1342}, {3} {4} .{5} .{6}} {41013}, {123 {11}, {8,15},{14} {7}, {9} }[-0]
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Partitioning maps (Condition 2/3)

Definition (Condition 2) -

If  e(uv) = p(U'v') then {z(u)zw(u’)i

(for |u| = |U| et |v| = |V']

Occ(jgezoi - nobgzegio) = Occ(okfipg - npbkifkgp)
= {{1}.{2.10, 13} {3, 12}.{4. 11}, {5. 8, 16}.{6, 14} {7} {9} }

Occ(jgezoi) = Occ(okfipg) and Occ(nobgzegio) = OcC(npbkifkgp)

{1342}, {3} {4} .{5} .{6}} {{13.{2,9},{3}.{4.7},{5} . {6} .{8} }
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Partitioning maps (Condition 2/3)

Definition (Condition 2) -

If  e(uv) = p(U'v') then {z(u)zw(u’)i

(for |u| = |U| et |v| = |V']

Occ(jgezoi - nobgzegio) = Occ(okfipg - npbkifkgp)
= {{1}.{2.10, 13} {3, 12}.{4. 11}, {5. 8, 16}.{6, 14} {7} {9} }

Occ(jgezoi) = Occ(okfipg) and Occ(nobgzegio) = OcC(npbkifkgp) .

1/2/3/4/5/6 1/29/3/47/5/6/8
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Partitioning maps (Condition 2/3) - 2

S, () is a sub-algebra of K(A).
m,m,, = Z m, for 7eC.

Juvep (1)
p(U)=0; @(V)=p
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Partitioning maps (Condition 2/3) - 2

S, () is a sub-algebra of K(A).
m,m,, = > m, for TeC.

Juvep (1)
p(U)=0; @(V)=p

= (£)-( £,

a,@EQ{ c,deA
a#ﬁ c#d
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Partitioning maps (Condition 2/3) - 2

S,(2) is a sub-algebra of K(A).

m,m, = > m, for TeC.

Suvep™ (1)

p(U)=0; @(V)=p

= (£ ) () - 5 o

a,ﬁé?l c,deu a,l?»,c,ié%l
a#Qy cAd A#Q;L#i
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Partitioning maps (Condition 2/3) - 2
@ lemma_ ~

S,(20) is a sub-algebra of K(2().

m,m,, = > m, for TeC.

Juvep™ (1)
p(U)=0; e(V)=p

m13/2'm1/2:(za@a)-(2d): Z abaced
abent c,det ab.ec,dent
a#]l cAd a#g);c#d
= Z apsaui S Z KJ,Q)LLCCL aF Z aﬂ»aui dFooo
a,ﬂ,c,ieﬁ a,E,c,dEQl a,ﬂ;,c,iei’l
a#ﬂ»#c#d a#ﬂ»;a:a;ﬂ:d a#ﬂ;u:d;ﬂ:c
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Partitioning maps (Condition 2/3) - 2
@ lemma_ ~

S,(20) is a sub-algebra of K(2().

m,m,, = > m, for TeC.

Juvep™ (1)
p(U)=0; e(V)=p

m13/2'm1/2:(za@a)-(2d): Z abaced
abent c,det ab.ec,dent
a#]l cAd a#g);c#d
= Z apsaui S Z KJ,Q)LLCCL aF Z aﬂ»aui dFooo
a,ﬂ,c,ieﬁ a,E,c,dEQl a,ﬂ;,c,iei’l
a#ﬂ»#c#d a#ﬂ»;a:a;ﬂ:d a#ﬂ;u:d;ﬂ:c

= M3/2/4/5 + Mr34/25 + M35 24 + Mizas2/s + Mizje4/5 + - -
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Partitioning maps (Condition 2/3) - 2
@ lemma

S, () is a sub-algebra of K(A).

m,m,, = > m, for TeC.

Juvep (1)
p(U)=0; @(V)=p

m13/2~m1/2:<2aﬂa>~<2cd): Z O.Q?Llcd.
a,bex c,deA a,be,deu
a#ﬂ cAd a#]’é;c#d
= Z apmui + Z a@aﬁd + Z anu:cL + -
a,ﬂ,c,dGﬂ a,E,c,dGQl a,@,c,dGQ{
a#@#c#d a#ﬁ;;a:c;@:d a#@;a:d;@:c

= M3/2/4/5 + Mh3a/25 + M35 24 + Mi3ay2/5 + Mi3j24/5 + - -

— ~ WSym as algebra.
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Type of alphabet Alph

For example :
red integers (N, <) and integers (IV, <) ;
such that vx, v €
¢(x) <<¢(y) whenever
and 2 := N @ N endowed with the order structure < :

x<y withx,y e N,
XLy <— x<y withx,y e N, or
xeN and ye
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Type of alphabet Alph

For example :
red integers (N, <) and integers (I, <) ;
such that Vx, y €

¢(x) <<¢(y) whenever

and 2 := N @ N endowed with the order structure < :

x<y withx,y e N,
XLy <— x<y withx,y e N, or
xeN and ye

Ingredients:
Formally : category of sets with injective maps and &.

A——ADB

|~

B
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Partitioning maps (3/3)

Let 2 .= 5 & ¢ be an alphabet,

Definition (Condition 3) N

For any € andany ¢, ¢’ € ¢”,

p(C) = ()

force 1T---m @ 1---n.

I'f{ (D) = (0) then ¢((bc)o) = ((b'c’)o)
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Partitioning maps (3/3)

Let 2 .= 5 & ¢ be an alphabet,

Definition (Condition 3) N

For any € andany ¢, ¢’ € ¢”,

if{ chgzzgc’; then ¢((bc)a) = p((b'c’)o)

force 1T---m @ 1---n.

. J

Exercise : show that Occ satisfies Condition 3.
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Partitioning maps (3/3)

Let 2 .= 5 & ¢ be an alphabet,

Definition (Condition 3)

For any € andany ¢, ¢’ € ¢”,

p(C) = ()

force 1T---m @ 1---n.

.

if{ (D) = (0) then ¢((bc)o) = ((b'c’)o)

Exercise : show that Occ satisfies Condition 3.
Hint : define 7 - o such that o(wo) = ¢(w)o.
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Partitioning maps (Condition 3/3) - 2

g /heorem «

S,(20) is endowed with a Hopf algebra structure.

Alphabet doubling trick : for 2 .= 5 & ¢,

A(mg)za\pﬂ( 3 ) Y Ws®We.

p(W)=0c p(W)=0c
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Partitioning maps (Condition 3/3) - 2

M h

S,(20) is endowed with a Hopf algebra structure.

Alphabet doubling trick : for 2 .= 5 & ¢,

A(mg)za\pm( > ) > We®We.

p(W)=0c p(W)=0c

A(Mz)0) ~ 5~1=ac< Z W)
Occ(w)=13/2
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Partitioning maps (Condition 3/3) - 2

Fm h

S,() is endowed with a Hopf algebra structure.

Alphabet doubling trick : for 2 .= B @ €

A(m,) ~ 5\3:@( Z ) Z Wi ® We -

o(w)=o o(w)=o

A(Mzy0) ~ dn=e (

Z W) = 5\5:@(2 alha + uﬂm + a(‘»a —|—aﬂa>
(w)=13/2

a#ﬂ

Occ
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Partitioning maps (Condition 3/3) - 2

S,() is endowed with a Hopf algebra structure.

Alphabet doubling trick : for 2 .= B @ €

A(m,) ~ 5\3:@( Z ) Z Wi ® We -

o(w)=o o(w)=o

A(m13/2) ol 5@::@( Z W) = 5\1&:@(2 (Jﬂ + uQm + OV(‘»OL —|—QP)CL>
13/2 ard

Occ(w)=

>~ Mz @1 +Me®@M + M @ M+ 1® Mz
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Partitioning maps (Condition 3/3) - 2

S, () is endowed with a Hopf algebra structure.

Alphabet doubling trick : for .= B & ¢,

A(ma):&g:@( > ) > We @ We.

p(W)=0c o(W)=0c

A(m13/2) ~ dp=e ( Z W) = dne=e ( Z u[?& - uﬂm - a(La =+ aﬂ;a)

Occ(w)=13/2 a7l

~Mzp®@l+mMpm +m @M+ 10 M

— ~ WSym as Hopf algebra.



Some examples

p-map | structure on 2A Hopf algebra
Occ none WSym

Std totally ordered FQSym

BST totally ordered PBT

Pack totally ordered waQSym

Park totally ordered + successor

HIVERT - PRIEZ (LRI)
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Generalized Parking Functions and (ap)-parkization
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(ap)-Parking Functions
Let (an)nen be an increasing positive sequence with a; = 1.
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(ap)-Parking Functions
Let (an)nen be an increasing positive sequence with a; = 1.

12
For example : for n > 0, }é
° = 9
O[’) . nl 8
7
6
5
4
K}
2
1
1234567 89101112
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(ap)-Parking Functions
Let (an)nen be an increasing positive sequence with a; = 1.

12
For example : for n > 0, e
° = 9
On o n, 8
O [6f i= n?, (7)
5
4
K}
2
1
1234567 89101112
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(ap)-Parking Functions
Let (an)nen be an increasing positive sequence with a; = 1.

12
For example : for n > 0, e
e Onh:=Dn, Z
° bn::DQ, (7)
® Chi=Ch1+2, i
=2(n-=-1)+1, 3
2
1

1234567 89101112

HIVERT - PRIEZ (LRI) Generalized Parking Functions and (an)-parkization SLC'72 16 /20



(ap)-Parking Functions
Let (an)nen be an increasing positive sequence with a; = 1.

12

For example : for n > 0, :é

e On:=n, ?

o b, :=nr?, (7)

® Ch:=Ch1+2, j

=2(n—-1)+1, 3

2

e dy:=[log ((n+1)%)]. 1
1234567 89101112
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(ap)-Parking Functions
Let (an)nen be an increasing positive sequence with a; = 1.

For example : for n > 0, iz
e Onh:=n, Z

o by:=n?, 2

® Cp:i=Cph1+2, S
=2(n—=1)+1, 3

o dy:= [log ((n+1)?)]. :

1234567 89101112

Definition (PITMAN-STANLEY, 99) N

Let f be a word on Ny g of size k.
Let T be the non-decreasing arrangment of f.

The word f is an (ap)-parking function (f € PF,)) if

vie[k], fl<a.

. J
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(ap)-Parking Functions
Let (an)nen be an increasing positive sequence with a; = 1.

For example : for n > 0, o e - ii

e Onh:=n, Z

o by:=n?, 2

® Ch:=Ch1+2, j

=2(n—=1)+1, 3

o dy:= [log ((n+1)?)]. :
1234567 89101112

Definition (PITMAN-STANLEY, 99) N

Let f be a word on Ny g of size k.
Let T be the non-decreasing arrangment of f.

The word f is an (an)-parking function (f € PF,)) if

vielk], f'<aq.

i

. J
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(ap)-Parking Functions

Let (an)nen be an increasing positive sequence with a; = 1.

For example : for n > 0, It

.

Qn
bn
Cn

ah

Definition (PITMAN-STANLEY, 99)

f:=3161: 10

=N,

 f¢PFa,.

=,

=Gy 2,

=2(n—1)+1,

— N wh oo N ®O

= llog ((n+ 1)) .

1234567 89101112

Let f be a word on Ny g of size k.
Let T be the non-decreasing arrangment of f.

The word f is an (an)-parking function (f € PF,)) if

vielk], f'<aq.

i
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(ap)-Parking Functions

Let (an)nen be an increasing positive sequence with a; = 1.

12

For example : for n > 0, fo— 3161 i
=N :

; [ ] f¢ PF(OH)I o

. 7

=n, o fcPFp,. o

‘= Cn_1+ 2, i
=2(n=-1)+1, ;

2

= |log ((n+1)?). 1

.

Qn
bn
Cn

ah

Definition (PITMAN-STANLEY, 99)

1234567 89101112

Let f be a word on Ny g of size k.
Let T be the non-decreasing arrangment of f.

The word f is an (an)-parking function (f € PF,)) if

vielk], f'<aq.

i
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(ap)-Parking Functions
Let (an)nen be an increasing positive sequence with a; = 1.

For example : for n > 0, o e - ii

Coen o (PR 3

o by:=r?, . fePu), é

Tz E{;‘jf; 1 o f P, s

e dh:=llog ((n+1)?)). f
1234567891011

Definition (PITMAN-STANLEY, 99) N

Let f be a word on Ny g of size k.
Let T be the non-decreasing arrangment of f.

The word f is an (ap)-parking function (f € PF,)) if

vie[k], fl<a.

. J
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(ap)-Parking Functions
Let (an)nen be an increasing positive sequence with a; = 1.

For example : for n > 0, o e - ii

Coen o (PR 3

o by:=r?, . fePu), é

T _ gf;f@; 1 o f€PFe,. ‘

e dy:=[log ((n+1)%)]. * ¢ PFay. ;
1234567891011

Definition (PITMAN-STANLEY, 99) N

Let f be a word on Ny g of size k.
Let T be the non-decreasing arrangment of f.

The word f is an (ap)-parking function (f € PF,)) if

vie[k], fl<a.

. J
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(an)-Parkization
Algorithm park :
Input: f € NZ ; a word,

(an) an increasing sequence with a; = 1.
Result: € PF, )

1 while 3k such that f] > a, do
2 L k < min(k | f > ay):;

3 decrement f all letters [ > gy of f;
4 return 1
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(an)-Parkization
Algorithm park :

Input: f € NZ ; a word,
(an) an increasing sequence with a; = 1.
Result: € PF, )

1 while 3k such that f] > a, do

2 | k<min(k | fl > o)

3 L decrement f all letters [ > qy of f;
4 return f

Le‘rf::4-7-9-8-23-1-72-22-7-8-11%)eoword.
] G =1,
Let (c) be a sequel defined by{ Ch—Cn1+2.

park(f,(cn)) =
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(an)-Parkization

Algorithm park :

Input: f € NZ ; a word,
(an) an increasing sequence with a; = 1.

Result: € PF, )

1 while 3k such that f] > a, do
2 | k<min(k | fl > o)
decrement f all letters [ > a of f;

3
4 return 1

letf:=4.7.-9.8-23-1.72.22-7-8-11 be aword.

Let (c) be a sequel defined by {

C]:],

Cn:Cnf] +2.

park(f,(c,)) =4-7-9-8-23-1-72-22-7-8-11
i 1112|3456 |7 8] 9 |10]11
fTl1lal7]7]s] 8|9 ]11]22]23]7
G| 1131857911 1315|1719 21
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(an)-Parkization
Algorithm park :

Input: f € NZ ; a word,
(an) an increasing sequence with a; = 1.
Result: € PF, )

1 while 3k such that f] > a, do

2 | k<min(k | fl > o)

3 L decrement f all letters [ > qy of f;
4 return f

Le‘rf::4-7-9-8-23-1-72-22-7-8-11%)eoword.

- Ci =1,

Let (c) be a sequel defined by{ Cr= Coq+2.
park(f,(cn)) =4-7-9-8-23-1-72.22-7-8-11

i 1112131456 |7 |89 ]10]|11
11 71718 8|9 [11|22]23]72
ci |1 5171911131517 |19 |21

HIVERT - PRIEZ (LRI) Generalized Parking Functions and (an)-parkization SLC'72

17/20



(an)-Parkization
Algorithm park :

Input: f € NZ ; a word,
(an) an increasing sequence with a; = 1.
Result: € PF, )

1 while 3k such that f] > a, do

2 | k<min(k | fl > o)

3 L decrement f all letters [ > qy of f;
4 return f

Le‘rf::4-7-9-8-23-1-72-22-7-8-11%)eoword.

- Ci =1,

Let (c) be a sequel defined by{ Cr= Coq+2.
park(f,(cn)) =3-6-8-7-22-1-71-21-6-7-10

i 1112131456 |7 |89 ]10]|11
T11]3 67|78 |10]21]22]71
c|1]3 71911111315 [17 (19|21
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(an)-Parkization

Algorithm park :

Input: f € NZ ; a word,
(an) an increasing sequence with a; = 1.
Result: € PF, )

1 while 3k such that f] > a, do
2 | k<min(k | fl > o)
decrement f all letters [ > a of f;

3
4 return 1

letf:=4.7.-9.8-23-1.72.22-7-8-11 be aword.

Let (c) be a sequel defined by {

(&3] :]7
Cn:Cnf]‘i_Q.

park(f,(cn)) =3-5-7-6-21-1-70-20-5-6-9

1112134656 |7 |8]|9]|10]|11
fTl1]3]s5]s]6] 6|79 21 | 70
113|579 11]13][15 19| 21

HIVERT - PRIEZ (LRI)

Generalized Parking Functions and (an)-parkization SLC'72

17/20



(an)-Parkization

Algorithm park :

Input: f € NZ ; a word,
(an) an increasing sequence with a; = 1.
Result: € PF, )

1 while 3k such that f] > a, do
2 | k<min(k | fl > o)
decrement f all letters [ > a of f;

3
4 return 1

letf:=4.7.-9.8-23-1.72.22-7-8-11 be aword.

Let (c) be a sequel defined by {

(&3] :]7
Cn:Cnf]‘i_Q.

park(f,(cn)) =3-5-7-6-18-1-67-17-5-6-9

1112134656 |7 |8]|9]|10]|11
fTl1]3]s5]s|6] 6|7 [9]17]18
(13|85 7[Q9[11[13|15]17 |19
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(an)-Parkization

Algorithm park :

Input: f € NZ ; a word,
(an) an increasing sequence with a; = 1.
Result: € PF, )

1 while 3k such that f] > a, do
2 | k<min(k | fl > o)
decrement f all letters [ > a of f;

3
4 return 1

letf:=4.7.-9.8-23-1.72.22-7-8-11 be aword.

Let (c) be a sequel defined by {

(&3] :]7
Cn:Cnf]‘i_Q.

park(f,(cn)) =3-5-7-6-18-1-21-17-5-6-9

1112134656 |7 |8]|9]|10]|11
fTl1]3]s5]s]6] 6|7 ]9 ]17]18]21
G135 7[Q[11[13[15]17 |19 |21
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(an)-Parkization (2)

The (an)-parkization is a partitioning map
if and only if

(On)i—{ O = Gy + b for k > 1 with b e N.

Special case

For ax = k, one obtains PQSym.
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Concluding pitch

Formalism:

3 condifions on words,
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Concluding pitch

Formalism:

3 condifions on words,
+ I operation on alphabets,

combinatorial Hopf algebra! !l

(versus 6 complicated mathematical axioms.)
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Concluding pitch

Formalism:

3 condifions on words,
+ I operation on alphabets,

combinatorial Hopf algebra! !l

(versus 6 complicated mathematical axioms.)

Application:
e New family of Hopf algebras indexed by PF ).
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Perspectives

Plactic like monoids:
eb-w-a=a-w-b ifa, bhavethe same breakpoint :

S(1) = 1+ 1+ 312 4+ 1413 4 871 4 6741° + 62601° + ...
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Perspectives

Plactic like monoids:
eb-w-a=a-w-b ifa, bhavethe same breakpoint :

S(1) = 1+ 1+ 312 4+ 1413 4 871 4 6741° + 62601° + ...

Formalize some others specializations ?:
o Difference, product of alphabets, ...
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Perspectives

Plactic like monoids:
eb-w-a=a-w-b ifa, bhavethe same breakpoint :

S(1) = 1+ 1+ 312 4+ 1413 4 871 4 6741° + 62601° + ...

Formalize some others specializations ?:
o Difference, product of alphabets, ...
Links with Bérénice OGER work ?:

® 3.5.7-6-18:1:21.17-5-6-9 € PR3 ¢ m € boxed trees.

J
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