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Presentation

v Introduction

@ The commutative partial multivariate Bell polynomials have been
defined by E.T. Bell in 1934.

@ given by :

Bnk(ar, a,...) = Zﬁ'knl (%)’“ (%)kz... <%)kn

where k1 + ko +---kp=kand ky +2ko + 3k +---nk, = n

@ Applications :
e Combinatorics : set partitions
e Analysis, Algebra : Lagrange inversion theorem, Faa di Bruno’s
formula
e Probabilities : Gibbs distributions.
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Presentation

@ Some of the simplest formulae are related to the enumeration of
combinatorial objects

e Stirling numbers of the first kind s, x = [] (A008275)

e count the number of permutations according to their number of
cycles.

n
{k] = Bo(01,11,21,..)
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Presentation

@ Some of the simplest formulae are related to the enumeration of
combinatorial objects

e Stirling numbers of the first kind s, x = [] (A008275)

e count the number of permutations according to their number of
cycles.

H = Bok(01,11,21,..)

e 5(4,2) = 11 : the symmetric group on 4 objects has
e 3 permutations of the form (xx)(xx) : 2 orbits, each of size 2
e 8 permutations of the form (x  )(x) : 1 orbit of size 3 and 1 orbit of
size 3.
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Présentation

e Stirling numbers of the second kind S, x = {}/} (A106800)

@ count the number of ways to partition a set of n objects into k
non-empty subsets.
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Présentation

e Stirling numbers of the second kind S, x = {}/} (A106800)

@ count the number of ways to partition a set of n objects into k
non-empty subsets.

o 5(4,2)=7
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Présentation

e Stirling numbers of the second kind S, x = {}/} (A106800)

@ count the number of ways to partition a set of n objects into k
non-empty subsets.

o 5(4,2)=7

o Lahnumbers, : L(n, k) = (;~}) 2 (Sloane: A008297)

@ count the number of ways a set of n elements can be partitioned
into k nonempty linearly ordered subsets.

L(n, k) = Bny(11,21,....(n— k + 1)1)
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Motivation

@ Find the main identities from symmetric functions
@ Give analogues of these formulze in some Hopf algebras :

e The algebra of symmetric functions Sym
([33211] is a partition of the integer 10)

e The algebra of word symmetric functions WSym
({{1,3},{4} {2,5}} is a set partition of {1,2,3,4,5})

e The bi-indexed word algebra BWSym
whose bases are indexed by set partitions into lists which can be
constructed from a set partition by ordering each block.

{I3,1],[2]} ~ <{{1 :33?{2}}) set partitions into lists of {1,2,3}
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Presentation

@ The PhD thesis of M. Mihoubi present some applications of
these polynomials and several examples

@ Dominique Manchon et al. (Noncommutative Bell polynomials,
quasideterminants and incidence Hopf algebras - 2014)

e various descriptions, commutative and noncommutative Bell
polynomials

e construct commutative and noncommutative Bell polynomials and
explain how they give rise to Faa di Bruno’s Hopf algebras.
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Combinatorial Hopf algebras

Outline

0 Combinatorial Hopf algebras

7/42



Combinatorial Hopf algebras

v combinatorial objects :
@ words:C < A >

@ permutations : FQSym

integer partitions : Sym
compositions : QSym

binary trees : PBT

[*]
o
@ set compositions : WQSym
@ set partitions : WSym

o

set partitions in lists : BWSym

/42



Combinatorial Hopf algebras

How do we define a combinatorial Hopf algebra ?

Minimum requirements
@ bases indexed by a combinatorial object
@ has a product and a coproduct
@ graded
@ dimension of space of degree 0 is 1
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Combinatorial Hopf algebras

How do we define a combinatorial Hopf algebra ?

Minimum requirements
@ bases indexed by a combinatorial object
@ has a product and a coproduct
@ graded
@ dimension of space of degree 0 is 1

Additional conditions

@ can be realized as subalgebras of a polynomial algebra with an
infinite number of variables

@ has distinguished basis which has positive product and
coproduct structure coefficients

@ related to representation theory
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Combinatorial Hopf algebras

The algebra of symmetric functions : Sym

The algebra of symmetric functions

@ The algebra of symmetric functions, Sym(X), is the space of the
polynomials that are invariant under permutations of the variables

@ bases indexed by partitions A = (A1 > Ao > --- > A, > 0).
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Combinatorial Hopf algebras

The algebra of symmetric functions : Sym

The algebra of symmetric functions

@ The algebra of symmetric functions, Sym(X), is the space of the
polynomials that are invariant under permutations of the variables

@ bases indexed by partitions A = (A1 > Ao > --- > A, > 0).

@ Sym is generated by the monomials as a vector space
@ Sym is generated as an algebra by :

@ The power sum symmetric functions; pp(X) is defined by :

pn(X) = Z X'

i>1

@ The nth complete symmetric functions ; h,(X) the sum of all the
monomials of degree n
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Combinatorial Hopf algebras

The algebra of symmetric functions : Sym

@ for an alphabet X = {x1, X2, X3}

2 2 2 2
Moy = X2Xp + X2X3 + X5 X1 + X5 X3 + X5X1 + X3 X2

hs = mg + M1 + M1

=X+ X3+ X3 + ma1 + X1 XeX3.

P21 = P2pP4
= (X2 + X2+ x5) (X1 + X2 + X3)
= M3 + Moy.
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Combinatorial Hopf algebras

Newton formula

@ The generating function of the h,(X) is given by the Cauchy

function :
=Y (X" =T](1 - xt)”"

n>0 i1
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Combinatorial Hopf algebras

Newton formula

@ The generating function of the h,(X) is given by the Cauchy

function :
=Y (X" =T](1 - xt)”"

n>0 i1

Newton formula

These two free families of generators of Sym are linked by the

Newton formula : .

ou(%) = exp{ > pn()

n>1

where X = {x1, X2, ...} is an infinite set of commuting variables
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Transformations of alphabets

@ let X, Y be two alphabets and o« € C
@ the sum of two alphabets X + Y is defined by :

Pn(X +Y) = pn(X) + pa(Y)

or equivalently
O't(X + Y) = UT(X)U[(Y)
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Transformations of alphabets

@ let X, Y be two alphabets and o« € C
@ the sum of two alphabets X + Y is defined by :

pn(X + Y) = pn(X) + pn(Y)
or equivalently

O't(X + Y) = UT(X)U[(Y)

@ the product of two alphabets :

p,,(XY) = pn(X)pn(Y)

and
ot(aX) = [o+(X)]*

eq
Pn(aX) = apn(X)

13/42



Combinatorial Hopf algebras

The algebra of word symmetric functions

Definition of WSym

Let A be an alphabet.

v C < A > ={ linear combinations of words with the concatenation
product}

v The algebra of word symmetric functions is a way to construct a
noncommutative analogue of Sym.
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Combinatorial Hopf algebras

The algebra of word symmetric functions

Definition of WSym

Let A be an alphabet.

v C < A > ={ linear combinations of words with the concatenation
product}

v The algebra of word symmetric functions is a way to construct a
noncommutative analogue of Sym.

e its bases are indexed by set partitions
e power sum symmetric functions : ¢ := {®™} . :
O"(A) =), aa...anwherei,jc = a =g
e word monomial functions defined by ¢™ =5 __ , M,

{1.3}2} p{1.41{2.5.6}{3.7}{8) _ ¢{1.3}{2}{4.7}{5.8,9}{6,10} {11}

(1412568137} M{1,4}{2,5,6}{3,7} + M{1,2,4,5,6}{3,7} + M{1,3,4,7}{2,5,6}

+ M1 43123567 + Mi1234567)-
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Bell polynomials
Outline

e Bell polynomials
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Bell polynomials

Notations and background

v The Bell polynomials

@ The (complete) Bell polynomials are usually defined on an
infinite set of commuting variables {a, a, . ..} by the following
generating function

tn tm
> An(ar,az, ..., ap, .. )ﬁ_exp Zamml
n>=0 m>1

where A, is the number of partitions of a set of size n.

@ The partial Bell polynomials are defined by

ZBnk(a1,ag,..., s - - ' (Z

n>=0

where B,  counts the number of partitions of a n-set into k blocks.
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Bell polynomials

examples

@ Stirling number of :

the first kind :  Bpx(01,11,21,...) = [Z] (A008275)

n

the second kind : B x(1,1,...) = {k

}(A1 06800)

Bs (X1, X2, X3, Xa, X5) = 6X5X1 + 15Xa%2 + 10X5

@ 6 set partitions of 6 elements of the form 5 + 1
@ 15 set partitions of 6 elements of the form 4 4 2
@ 10 set partitions of 6 elements of the form 3+ 3
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Bell polynomials

Notations and background

n
An(at, @z, ..., 8-k, @n—ks1) = Y _ Bok(ai, @2, ..., 8n_k, Bn_k1)
P

is called the nth complete Bell polynomial

o Without loss of generality, we can assume a; = 1

e ifa; #£0,
a a
B,,7k(a1,a2,...,ap,...):aﬁ‘B,,yk(L—z,...,—p,...)
a a
@ ifag =0and k < n,
n!
Bn,k(O,ag,...,ap,...): (n_k)an,k(az, , Ap, )
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Bell polynomials

Observation

@ These polynomials are related to several combinatorial
sequences which involve set partitions.

Observation

it seems natural to investigate analogous formulze on Bell
polynomials which involve combinatorial objects :

@ partitions
@ permutations
@ set partitions in lists etc

in some combinatorial Hopf algebra with bases indexed by these
objects.
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Bell polynomials in combinatorial Hopf algebras
©000000000

Outline

e Bell polynomials in combinatorial Hopf algebras
@ Bell polynomials in Sym (sum and product)
@ Bell polynomials in the Faa di Bruno algebras
@ Bell polynomials in WSym algebras
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Bell polynomials in combinatorial Hopf algebras
0®00000000

Cauchy function

ot(X) is the generating function of the h,(X)

ot(X) = hy(X)t"

n=0

@ several equalities on Bell polynomials can be proved by
manipulating generating functions.

@ they are easily proved using symmetric functions and virtual
alphabets.
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Bell polynomials in combinatorial Hopf algebras
00®0000000

Bell polynomials and Cauchy function

@ Consider X a virtual alphabet satisfying a; = i'h;_4(X) for any
i > 1 and for simplicity, let hy(X) := nlhy(X).

@ One has :

n>0

k
otk aj

E Bnk (a1,a0,...)— = 2t
n - k! P il
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Bell polynomials in combinatorial Hopf algebras
000@000000

Bell polynomials in terms of Cauchy function

for each i, a; = i'h;_1(X)

n!
Bn7k(1,2!h1,.. . (m+ 1)!hm(X), .. ) = th_k(kX)

- <Z>En_k(kX)

where h,_x(kX) := (n — k)lh,_x(X)
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Bell polynomials in combinatorial Hopf algebras
000@000000

Bell polynomials in terms of Cauchy function

for each i, a; = i'h;_1(X)

n!
Bn7k(1,2!h1,.. . (m+ 1)!hm(X), .. ) = th_k(kX)

- <Z>En_k(kX)

where h,_x(kX) := (n — k)lh,_x(X)

In the sequel for any alphabet X, we will denote by B x the symmetric
function defined by :

i) 1= () Po-e(h).
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Bell polynomials in combinatorial Hopf algebras
0000800000

Examples

@ Lah numbers (number of ways a set of n elements can be
partitioned into k nonempty linearly ordered subsets) :
@ Specialization a; = i!, Vi
o ltimplies hi(X) =1, Vi
e The generating function is given by :

at(kX) = (D (X))

= () = ()

n=>0

@ with this specialization (a; = i!),

n—1\n
Box(11,21,....ml,...) = (k—1>k|_ank
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Bell polynomials in combinatorial Hopf algebras
00000@0000

Sums of alphabets

As a consequence of

we have

Bi((ks + k2)X) = (”) ik X)Po_i(koX)
=0

So that

n
n ~ ~
Bn ky+k, (X) = <k1 +k2) Ptk (K +ha)X) = > by i (ki X) Py g, —i(KX).
i=0

Hence

n

ki + ko n
( 1 K )Bn,k1+k2 =y ( ,.)Bf.,m Bnike-

i=0

D5/42



Bell polynomials in combinatorial Hopf algebras
0000008000

Sums of alphabets

@ for two alphabets X and Y, we deduce that

Bn k(X +Y) = (n ;,k)! hn—2k(k(X +Y))
n—2k
(” k) Z (KX)o (KY)
(n k Z hi ik (KX) Py (KY).

iy +ip=

Observation

B,,_k,k(x+\y):<z>_1 3 <Z>Bi1,k(X)B/2,k(Y)

i1+i=n
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Bell polynomials in combinatorial Hopf algebras
0000000800

Bell polynomials and binomial functions

@ The partial binomial polynomials are known to be involved in
interesting identities on binomial functions.

@ In this section we want to prove the equality :

Bell polynomials and binomial polynomials
. n
Bn,k(1 gooog Iﬂ',1 (a), 000 ) = (k) fn,k(ka)

vn < k < 1, where (f;)nen is @ binomial function satisfying
{ fo(X) =1
fo(@+b) = k_g (&) fi(8)fa—k (D)

v

@ This last identity is nothing but the sum of two alphabets stated in
terms of modified complete functions h,.
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Bell polynomials in combinatorial Hopf algebras
0000000080

Bell polynomials and binomial functions

@ With the specialization
hn(A) == f,(a) and hp(B) := f,(b)

@ the last equality is equivalent to the classical

n

ho(A+B) =) (Z) hi(A)hn_i(B)

k=0

@ which is a direct consequence of o;(A + B) = 0:(A)o¢(B)
As a direct consequence of

Bok(1,21h1, ... (m+ 1) An(X),...) = (Z)En_k(kX)

we obtain

Bus(t, . ifo(@)...) = Boa) = (0 stk = () (k)
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Bell polynomials in combinatorial Hopf algebras
000000000e

Product of two alphabets

@ Let (ay), and (bn), be two sequences of numbers such that
ai=by=1anda_,=b_,=0foreachne N, k = ki k.
@ the following identity seems laborious to prove :
ax\—itj+1 ‘ by, —iyjt1 ) _
(Ni—i+j+1)! Ni—i+j+1)7
By —itj+ki ki (@15 -) ‘ d ’ By —itjtho o (b1, .- .) ‘

Bk <...,n! > det
A= i+j+k) (i — i+ + k2)!

AFn—1

|
% 3 (Kitke!)™ det

" AFn—k

20Q/42



Bell polynomials in combinatorial Hopf algebras
000000000e

Product of two alphabets

@ Let (an)n and (b,), be two sequences of numbers such that
a=by=1anda_,=b_,=0foreachne N, k = kjko.

@ the following identity seems laborious to prove :

ax\—itj+1 by, —itji1
B ..., n det — — I
”’k< Ag; (A,—/+/+1)!‘ Ni—i+j+1) )
n! By —ivjrki b (@1, ) By —itjikoko(b1,---)
= kilko!)!™) det | St thuk AT d i—ltte fe
K! > (kitke!) N—i+j+k)! (N —i+J+ ko)

" AFn—k

Observation
But it looks rather simpler when we recognize

n!

and apply hy(kXY) = 3", , Sa(kiX)sx(k2Y), where s, = det |hy, i,
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Bell polynomials in combinatorial Hopf algebras
©00000000

Outline

e Bell polynomials in combinatorial Hopf algebras
@ Bell polynomials in Sym (sum and product)
@ Bell polynomials in the Faa di Bruno algebras
@ Bell polynomials in WSym algebras
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Bell polynomials in combinatorial Hopf algebras
0®0000000

specialization with the power sum functions p,

Bell polynomials in Sym again
tn
ot(X) =Y h(X)t" = exp{> pn(X)F}

n>0 n>1

tn iz
ZA,,(ahag,...,ap,...)ﬁ = exp Zamﬁ

n>0 m21

we can consider the complete Bell polynomials A, as the complete
functions hy(X). Here we define
AB(X) 1= hn(X) = An(01p1 (X), 11p2(X), ..., (N — 1)!pn(X), ....)

B2, = Bok(01 (%), 11pa(X). .. (1= 1)pn(X)...) =t 3 Lp(x)

where z, =[], m,-()\)!imf(k)_
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Bell polynomials in combinatorial Hopf algebras
00@000000

Arbogast(1800) - Faa di Bruno formula

@ Faa di Bruno formula can be expressed in terms of Bell
polynomials

I ko a(t
ECORD DD SR O) | f

k>0 A=(A1,..., k)N j=1 "

o)
@ for o,(X) = exp{Y s ¢ 0 xmy

@ in other words, ps(X) = 81(1)(1?;
We deduce

=B, k(X)
Akn

so that

dl'l
Zl(a(t) = S 19(g(1) B}, ().
k>0
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Bell polynomials in combinatorial Hopf algebras
000®00000

Operation on alphabets

(n+1)
@ set hy(X) = ﬁ
@ we obtain the equivalent expression
dn
g 9(0) = > (g 0 (g(1) Br(X)

k>0
@ we define a new operation on alphabets :
ot(XQY) := (0¢(X) o toy(Y)).
@ assuming that f(t) = 04(X) and g(t) = to(Y)

@ we obtain :

hn(XOY) = Z hk )Br k(YY)
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Bell polynomials in combinatorial Hopf algebras
0000@0000

Faa di Bruno’s algebra

@ the operation { does not define a coproduct which is compatible
with the classical product in Sym.

@ the relationship with Bell polynomials can be established by
observing that, from the Faa di Bruno’s composition given by :
ot(X oY) = 0(Y)o(XOY)

we have
n

—~~

k+1)!
< (n+1)!

hp(XoY) =
k=

hk(X)Bni1,k+1(Y)
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Bell polynomials in combinatorial Hopf algebras
000008000

Faa di Bruno’s algebra

@ We define for each alphabet X an alphabet X{~") satisfying
a(XoX1) =1
We have

. hn(*(”‘i’ 1)X) . n!
n+1 (@n+1D)I(n+1)

BZn+1,n(*X)-
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Bell polynomials in combinatorial Hopf algebras
000000@00

Lagrange-Blrmann’s formula

@ set w(t),w(0) = 0 and ¢(t) such that w(t) = te(fw(t))

@ the classical Lagrange-Birmann formula for any formal power
series F :

F(w( +Z$n ——— [F'(u)(6(u)) m], e

u=0 nl
n>0

Remark that if we suppose F(t) = o+(X) and w(t) = toy(Y) :
an-1 , 1 tn
o(XOY) =1+ — = lou(X)au(=nY " )ju=o -

n>1
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Bell polynomials in combinatorial Hopf algebras
000000000

Lagrange-Burmann formula

In other words,
ha(XQY) = :17 Zi+j:nf1 (i 4+ 1)hiq (X)hj(—nY<—1>)
= L3 kot kh(X)hp_(—nY=1)

so that
(k—1)!

A ]

By k(Y).
as a consequence,

(n—1)!

Box(1, h1(2X),...,mlhp((m+1)X),...) = K1)

hnfk(nX)
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Bell polynomials in combinatorial Hopf algebras
00000000e

Bell polynomials of compositions of alphabets

@ from the Cauchy series :
ot(X0Y) := (0¢(X) o tor(Y)).

@ we give formulas involving Bell polynomials and composition of

alphabets
m i+ k7!
Qo (k) By k(XQY) = Z( ; ) Bk k(X)Bn_k,i(Y),

i=1

o (nJrr, k) Bk (X oY) z_: (n N k) Bi ik k(XOY)Bp—i k (Y).
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Bell polynomials in combinatorial Hopf algebras
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Outline

e Bell polynomials in combinatorial Hopf algebras
@ Bell polynomials in Sym (sum and product)
@ Bell polynomials in the Faa di Bruno algebras
@ Bell polynomials in WSym algebras

20/42



Bell polynomials in combinatorial Hopf algebras
oce

Bell polynomials in other Hopf algebras

@ in the algebra of word symmetric functions, we obtain

Hm=k
N

@ the bi-indexed word algebra BWSym

Bn.k <d31,£;12 + 8oty ji: S,,.. .) = :E: Sh-

€Sy fill-n
#A=k
@ the Hopf algebra GQSym
@ denoting by C, the set of the cycles of size n
@ we obtain
Bnk(Miy, M2y, Mazy + Maya, . . ., Z Miti2,...myys---) = M,.
oeCp #‘76(6” X
supp(o)=
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Outline

0 Conclusion
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Conclusion

Conclusion

The algebra Sym can be used to encode equalities on Bell
polynomials
we inverstigate analogues of Bell polynomials in other
combinatorial Hopf algebras

e WSym

o BWSym
o the Faa di Bruno’s algebra

express the r— Bell polynomials in combinatorial Hopf algebras
(Sym).

we use properties of symmetric functions to prove known
identities about r—Bell polynomials as well as some new ones.

Link : (1402.2960)
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