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@ (Symmetric) Cauchy identity over rectangle shapes il
@ Non-symmetric Cauchy identities

e on staircases . HHHh

e on truncated staircases
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Symmetric Cauchy identity

(Symmetric ) Cauchy identity
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(i.j)E[K]x[m] i=1 j=1
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over all partitions v+ of length < min{k, m}.

Left hand side is symmetric in the variables x; and y; separately.
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Symmetric Cauchy identity

(Symmetric ) Cauchy identity

[T a-xm* = HH —Xiyj)~

(i.j)E[K]x[m] i=1 j=1

e Xi)Sut (Vs o5 Yim)
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over all partitions v+ of length < min{k, m}.

Left hand side is symmetric in the variables x; and y; separately.

Bijective proof: D. E. Knuth. Pacific J. Math, 1970.
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RSK: Robinson-Schensted-Knuth correspondence

@ RSK correspondence

{multisets of cells of B} — |4 SSYT(v*, k) x SSYT(v*, m)
vt eNk

(B b)) = (F.G)

ap - ar

@ The multivariate generating function for the multisets of cells in

(m")
H (1-xy)™ "t = Z Z xFy®
j )

(i.j)€(m* vtNK (F,G) €SSTY (vt ,k)xSSTY (v, m)
= g Sur (X1, ooy Xk)Sur (Vas - o3 Ym)
v TNk

@ RSK correspondence gives an expansion of the Cauchy kernel in the
basis of Schur polynomials.

Schur polynomial

SV+ = E XT

TESSYTH(vH)
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Non-symmetric Cauchy identity over staircases

Non-symmetric Cauchy identity over staircases A. Lascoux (2003)

H (1 _Xi)/j)_l = Z R (X)kwn (y)

i+j<n+1 veNn

The left hand side is no more symmetric on the variables x; and y;.

=

B

m

A. Lascoux (2003) RSK for bicrystals in type A.
A. M. Fu, A. Lascoux (2009) algebraic proof
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Bases for Z[x1, . . ., x,]

@ Linear bases for the ring of integer polynomials Z[xi, .. ., x,]

o Key polynomials {«, : v € N"} lift the Schur polynomials s,+
R(vp,...,;vn) = Sv+s Vn <...<n

o Demazure atoms {k, : v € N"}
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Bases for Z[x1, . . ., x,]

@ Linear bases for the ring of integer polynomials Z[xi, .. ., x,]

o Key polynomials {«, : v € N"} lift the Schur polynomials s,+

R(vp,...,;vn) = Sv+s Vn <...<n

o Demazure atoms {k, : v € N"}

Ry = E Eﬁ S+ = E /I%V

B<v veS, vt

The Bruhat ordering on G,v is defined to be the transitive closure of the
relations

Y1y s Vis ooy Uiy oy Wn) < (V1y ooy Vs ooy Vi ooy ), 1T 1) <
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Combinatorial structure of key polynomials

@ Combinatorial rules for monomial expansions of the linear bases
{ka :a €N"} and {Ry : @ € N"}

o Lascoux-Schiitzenberger (late 80's)

SSYT,(A) = 4 {T €SSYT,: K (T)= key(a)}
acEG A\

5
key(1,0,4,0,2) = 3 5
133 3
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Combinatorial structure of key polynomials

@ Combinatorial rules for monomial expansions of the linear bases
{ka :a €N"} and {Ry : @ € N"}

o Lascoux-Schiitzenberger (late 80's)

SSYT,(A) = 4 {T €SSYT,: K (T)= key(a)}

aeG,A

5
key(1,0,4,0,2) = 3 5

1 3 3 3

o Kashiwara crystal bases (early 90's); Haglund, Haiman, Loehr
(2005); Mason (2009)

Ra(x) = Z xT = Z Z xF

TEB, Ky (T)=key(a ) sh(F)=a
Ka(x) = Z xT = Z Z xF
TEDB, Ki(T)<key(a ) sh(F)<a
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SSAFs encode SSYTs with the right keys (Mason,2008)

P
v
7 reverse Schensted row insertion
F P
P
7
5
44
33
Ki(P) = key(sh(F)) = 1 13
7 1 _
5 3 12
34 _ 41 3[2]
P=22 p=252 F =111 [3]4]5] [7
113 732 234567
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A triangle of Robinson-Schensted-Knuth correspondences

WEEY)

reverse RSK RSK

(P, Q) (F.G) (P, Q)
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RSK analogue restricted to truncated staircases

@ RSK analogue for staircases

{multisets of cells of%ﬂ } = H-J { (F,G):sh(F)=v, sh(G)<wv }
veN”n
(58) = (F.G)

ap -+ ar

@ RSK analogue for truncated staircases

{multisets of cells of % J L—ij { (F,G):sh(F)=v, (sh(G),0"~™)<(0"*,wv) }
vENK
(578 ~ (F.O)

ap - ar
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Bijective proof

II

(1—xy)~"

= > > xFye
LENK F,G €SSAF,
sh(G)=BeN", sh(F)=v
(ﬁyon—m)g(on—k’wy)
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Bijective proof

11

(1-xy)™t = Z Z xFy¢

LENK F,G €SSAF,

sh(G)=BeN", sh(F)=v

(ﬂyon—m)g(on—k’wy)

PIRONED DR

veNK QEB gn—k 1))
entries <m

Z B (X)To(x,SE) K (wr,0n-k)(¥) (Lacoux,2003)
veNK

Z /FEV (X)H(O’"*" o) (y)

I/ENk

The action of Demazure operators 7; on key polynomials x, can be realised via
bubble sorting operators acting on v, swapping entries i and i + 1 in the weak
composition v, if v; > v;;1, and doing nothing, otherwise,

e — Kso i @f > i1
o — . .
ko ifai <ajp
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Z R (X)To(x,SE) K(wr,0n—+)(v) (Lascoux,2003)
veNK

s

n+m

A
W

1<k<m<nandn—k<m-1,

(A SE) = (sn—k---51) -+ (Sm—=2 " Sk—(ntm)—1)(Sm—1- - - Skpm) =+ (Sm—1- - Sk)
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Non-symmetric Cauchy identity over near staircases

We want to give a bijective proof for the identity:

I G = % mmmmnt)
EEL rveNn
(7)) <EEEEEER

immn
18 )

= Z 7%1/(X)7Tnfrp .. -anrlﬁwu(Y)

veNn
(Lascoux 2003)

@ Look at the biggest staircase contained inside the near
staircases
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Algebraic proof (Lascoux, 2003)

r+1

A1 =red shape U green box U blue box
A2 = red shape U green box
A3 =red shape

S=n—r+1

F)\3 — H (1 7Xi_yj)715 F)\Q - (1 7Xrys)71F)\3 - Z EV(X)va(y)'
(i./)€Xs veN?

7T’F)\Z - (ﬂ-f(l - XrYs)il)Fka = F)\z(l - Xr+1)/s)71 = F)\1
Fa= > mi()un(y) = 3 Fo(X)mn-rsicn(y).

veNn veNn

The operator m, reproduce cells.
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Biwords in a Ferrers shape

_ 1 1 2 2 3 3 4 5 6 7
YZ=\3 4 2 6 3 4 4 3 11 )
The biword w in the Ferrers shape A = (7,6,5,5,3,2,1) is represented

by putting a cross x in the cell (i,j) of A if ( J| > is a biletter of w.

><><|

A=(7,6,5,5,3,2,1)
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2
er
x| |Ix|x|x|] «<— [|X X
2
x| Ix| |x| T x| XS
(1133455) (1133455)
3 4 4 3 4 3 3 4 3 3

Apply the crystal operator e, as long as it is possible to the second
row of the biword w.

X X

%
X[ x] X [x]

11223345567 _, (11223345567
34263443411 (34263343 11)
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Growth diagram for the analogue of RSK
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The shape of SSAF changes

_)
X[ x] M

(F,G) «+— (F,G)
sh(F) = s,sh(IN-_) > sh(l:_)
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The shape of SSAF changes

_)
X[ x] M

(F,G) «+— (F,G)
sh(F) = s,sh(IN-_) > sh(l:_)

sh(G) < wsh(F) = ws,sh(F)
sh(G) ¢ wsh(F)
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RSK analogue restricted to near staircases

@ RSK analogue for near staircases

multisets of cells

sh(F)=v
with the sited boxes of u h(G)fws, &, -5, v,
955 — AP = (F.6): m:z1,2,,..":z 1
HH =l sh(G)Sws,iZ oS v
|

(rib) — (F,G)
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let0<p<nand0<n<n<---<rp<n

T3

i)

[ ]
p
H (1 o X"y-/')_1 = H (1 - Xl'yj)_l H(l - Xr;+1}/n—r;+l)_
(ij)ex i+j<nt1 =1
SR S ol Sl S
(F,G)eA z= 1H€[p]) (F,G)e AHZ
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> (B ()R (Y) =m0 [ D T R () (v)

S0 5 Sl D SRR S
z=0 . e(2A) | (F,G)eAl" (F,G)EAH%TI

Esqa + Ra if a > aypq1
TnRa = Ra if O = Qp 41
0 if O < Qpy1
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