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COMPARING ESTIMATES ON THE NUMBER OF ZEROS OF
IRREDUCIBLE CHARACTERS IN SYMMETRIC GROUPS

F. PETENYI

To the memory of Professor David Chillag

ABSTRACT. We compare lower estimates of Gallagher, Chillag and Wilde on the num-
ber of zeros of irreducible characters of finite groups. We formulate each estimate both
for group elements and for conjugacy classes. We compare for each pair of estimates,
if there are infinitely many symmetric groups where one of them is better than the
other.

1. INTRODUCTION

In the literature zeros of characters are widely investigated, see e.g. [2], 3], |4], [5],
61, 171, {81, [9], [12], [14], [17], [18], [19] [21], [25], [26], [27], and [2].

In this paper we investigate lower estimates on the number of zeros of irreducible
complex characters of finite groups.

The paper consists of two parts. In the first part we reformulate the lower estimate
of Gallagher for the case of conjugacy classes, and the lower estimate of Chillag for the
case of group elements. We also formulate estimates of Wilde.

We introduce for these estimates the following notation: the upper index (G or C')
indicates if the estimate is for group elements or for conjugacy classes, respectively. The
lower index Ga, Ch, W refers to the name of the person whose estimate is used.

We give the smallest finite groups for each ordered pair of the above mentioned
estimates where the first one is better than the second for some irreducible character.

In the second part of the paper we consider symmetric groups. We examine, which
estimate is better than the other for irreducible, non-linear characters of symmetric
groups, namely which of them is bigger than the other for all but finitely many char-
acters. In the paper we use standard notations; for example, CI(G) denotes the set of
conjugacy classes of G, and Cg(g) denotes the centralizer of ¢ in G.

2. SOME LOWER ESTIMATES FOR THE NUMBER OF ZEROS OF IRREDUCIBLE
CHARACTERS OF FINITE GROUPS

Let G be a finite group and x one of its complex irreducible characters. We say that
an element g is vanishing with respect to x, if x(¢g) = 0. Our aim is to investigate and
compare lower estimates for the number of vanishing conjugacy classes or elements.
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The first well-known result is due to Burnside (see [11, Thm. 3.15]), which states that
every nonlinear irreducible character of a finite group vanishes on some element of the
group. We will use the results of Gallagher |8, Thm. 4|, Chillag [4, Thm. 1.1], and
Wilde [25, Thm. 2.1] to construct three different lower bounds.

We introduce the following notations. Denote by n“(x) and n®(x) the number of
vanishing group elements and conjugacy classes of y, respectively, i.e.,

n“(x) =Hg € G| x(g9) =0} and n“(x) = {C' € CUG) | xlc =0}/
Gallagher improved the result of Burnside as follows; see [11, Thm. 3.15].

Theorem 2.1 (GALLAGHER [8|). For every irreducible character x of a finite group,
we have

n%(x) = (x(1)* = DIZ(x)],
where Z(x) is the center of x. If |x| takes only the values 0, 1, and x (1), then equality
holds.

Let us introduce the notation €&, (x) = (x(1)* — 1)|Z(x)|.

Remark 2.2. There are infinitely many groups where n%(y) = €%_ () for some nonlinear
irreducible character y. An example is the case of groups of nilpotency class 2, see [11,
Cor. 2.30, Thm. 2.31].

Let us recall the following result.

Theorem 2.3 (CHILLAG [4]). Let G be a finite non-abelian group such that G # G’
and x a non-linear irreducible character of G. Then one of the following holds:

(i) G has an element x such that |Cq(x)] < 2n%(x). In fact, one can choose such
an x from any conjugacy class of maximal size among the classes on which x
vanishes.

(i) ¢ = xo € Irr(G') and ¢¢ = xS {N | A € Irr(GQ), A(1) = 1}. Furthermore the
set {x\ | A € Lin(G)} consists of exactly |G : G'| extensions of ¢, which are all
the extensions of ¢. In particular, ¢ is not linear and G" # 1.

We can use this theorem to give a lower bound for n®(y). This lower bound will be
denoted by €%, (x), which is given by

0, if y linear,
¢S, (x) = Mingeq | v@)=0} | |Cal(®)|/2], if G# G and xo ¢ Irr(G),
1, otherwise.

Let us consider the case where €5, (x) = 1.

Proposition 2.4. Let G be a finite group with G # G', and let x € Irr(G) be nonlinear
and xor ¢ Irr(G"). Let €5, (x) = 1. Then n%(x) = @ and n(x) = 1. Moreover, G is
a Frobenius group with a complement of order 2.

Proof. If €5, (x) = 1, then ming,,(»=0} |Cc(g)| is 1 or 2. Suppose the minimum is
obtained at some element gj.
If |Cg(go)| = 1, then the group is the one-element group, which is a contradiction.

Otherwise, we have |Cq(go)| = 2, s0 | Cl(go)| = & < n(x).
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Consider the subgroup H = {1, go}. This is a trivial intersection set, i.e., H (| H* =1
for all x € G\ H. Therefore G is a Frobenius group with H as complement. In G every
irreducible character is either linear or is induced from the Frobenius kernel N. Since
x has at least one vanishing conjugacy class, it cannot be linear. Furthermore, y = v/,
where v € Irr(N). Since |H]| is even, the kernel N is abelian, see e.g. [11, Thm. 7.21].

Therefore v is linear. Let n € N such that x(n) = 0. Then

1 0 L “1y _ 1 -1
X(n):mZV(mm )—WZV(ZEHZ‘ )=v(n)+ — Z v(znx ™).

zeG z€G |N| zeG\N

However, every g € G\ N is inverting the elements of N. Hence x(n) = v(n)+v(n) = 0.
This holds exactly when v(n) = i or —i. Thus 4 divides the order of n, and also
|N|. This is a contradiction. This means that exactly the elements in G\ N are the
vanishing elements, and this is the only vanishing conjugacy class. Thus n®(y) = 1 and

n(x) = % O

Suppose we know the sizes of the conjugacy classes of G. Then, using €& (y), we
can construct another lower bound for n“(x). This lower bound will be denoted by

¢S,00 =min{lJ] | 7T, SIC)1 > €6,00},
jeJ
where CI(G) = {C; }icr-
Similarly, from €5, () we can construct a lower estimate €5, () of n%(x). If we use
the result of Proposition 2.4, as well as the fact that x cannot vanish on Z(G), then we
obtain

(0, if y is linear,
%7 if ngh(X) = 17 G 7& Gl;
¢g, (x) = and ¢ ¢ Irr(G'),

minycr{d e, Cil |
| ¢, € Q@) C; ¢ 2(G) and | 7] = €5, (x)},  otherwise.

We remark that, if xor € Irr(G'), then €5, (x) is the size of the smallest non-central
conjugacy class.
Before formulating the lower bound by Wilde, we mention the following fact.

Theorem 2.5 (BRAUER, NESBITT [11, Thm. 8.17|). Let x € Irr(G) and suppose
f 5 ' Th =0 wh
P15 for some prime p. Then x(g) whenever p | o(g).

This is equivalent to saying that, whenever x(g) # 0, then the squarefree part o(g)o

.. G|
of o(g) divides Ok

In [25, Conj. 1.1], Wilde proposed the following conjecture.

Conjecture 2.6 (WILDE). Let G be a finite group. Furthermore, let x € Irr(G) and

g € G, and suppose that x(g) # 0. Then o(g) divides %

Wilde proved in [25] that Conjecture 2.6 holds for solvable groups, and he mentioned
that it is true also for S,,, which we prove later for the sake of selfcontainedness, see
Lemma 3.10. In |25, Thm. 2.1] the following partial result was proved.
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Theorem 2.7 (WILDE). Let x be an irreducible character of G and g € G a group

. 3
element with x(g) # 0. Then o(g)o(g)o | (%)2 and o(g)? | iﬁ|)2‘

We use Theorem 2.7 and Burnside’s theorem, see [11, Thm. 3.15], to give lower
estimates for n%(y) and n%(x), which we will denote by €%, (x), €5, (x), respectively:

2 3

e 00 =mox {[{o € & oot t 105 or ot 1 TR min i1},

€00 = max {[{ ¢ € UG [otgpotgnnt 0 o oot 15 1}
x(1)? x(1)?

We know that Conjecture 2.6 is true for p-groups. In fact one can prove more.

Proposition 2.8. If G is a p-group, then for every g € G and for every x € Irr(G),

we have o(g) | % In particular, for every x € Irr(G), we have €5, (x) = 1 and

¢ (x) = mincecia), gz 1C)-

for allgGC}

Proof. We use induction on the order of the group. We may suppose that x(1) > 1.
Then (g) # G.

Let M be a maximal subgroup in GG containing g. Then x,, is either irreducible or it
is the sum of p irreducible characters. If xp = 1 + - - - + 1, where ¢); € Irr(M), then
Y& = x, and so x(1) = p;(1). Since M is a smaller p-group, by induction hypothesis

we have o )|M:ﬁ
I s = sy
If xar = %, where ¥ € Irr(M), then by induction hypothesis we have

| M| _ M| | G|
(1) x(1) " x(1)

o(g)
0

For both n%(x) and n®(x) we have the following results on the above lower bounds.
We checked the examples with the help of the GAP system [10], see the used programs
in [22].

Theorem 2.9. For each ordered pair of the above estimates on conjugacy classes
{€5, (), €5,(),€5( )} and group elements {€S,( ), €5.( ), €5 ( )}, there exists
a group and an irreducible character of that group such that the first estimate is better
than the second.

We demonstrate the result using the following diagrams:

___ Ds (2 —Ds (2)
Qfgh( ) &ngQg (2)__? QE%a( ) egh( ) <\D180 (1)_: ega( )

2 9, N
%\50\%31) /?i/x(g)“é ‘\Dﬁgm@ /];Dfﬁ)g
&)

€5 ()

Here, an arrow points to the estimate which is better on some irreducible character of
the group corresponding to it. We labelled the arrows with the smallest possible groups
having suitable character. When the semidirect product is not unique, we included
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the group ID of the GAP system. In brackets you can find the size of the centre of
the character. With this data, the group and set of suitable characters are uniquely
determined.

3. ESTIMATES FOR SYMMETRIC GROUPS

Let consider the estimates of the previous section for symmetric groups.

Lemma 3.1. Let x be an irreducible character of the symmetric group S, for n > 5.
Then €%, (x) = x(1)® — 1. Thus n%(x) > x(1)? — 1.

Proof. If x is linear, then the statement is true. Otherwise ker(x) = 1, and Z(x) =
Z(S,) =1 O

Lemma 3.2. Let x € Irr(S,,) be the character corresponding to the partition \. Then
€S, (x) = 1 if and only if X is not symmetric and x is not linear, or n = 3 and x is
corresponding to the partition (2,1).

Proof. According to [20, Sec. 6.7|, the character x4, is an irreducible character in
A, if and only if the diagram corresponding to y is not symmetric. We then use
Proposition 2.4 to conclude. O

We will need the following well-known result.

Lemma 3.3. The largest conjugacy class in S,, corresponds to the partition (n —1,1),
and the second largest is (n).

Proof. The idea of the proof is that, if we replace one of the largest cycles and another
cycle by a cycle of length equal to the sum of lengths of the two cycles, then the
corresponding conjugacy class is bigger, unless we had just a 1-cycle and an (n — 1)-
cycle.
The size of the conjugacy class (171,272, ... kJ¥), which contains exactly j; cycles of
length [, is
n!

Hf;ii# ii g+ gy - ke gl
and the size of the conjugacy class (171,27 ... [t k=l (k + 1)°0 ...
(k+1-1)°(k+DY)is

)

n!
TT o - 10D G~ D KOG — - (k)
The second one is always larger, unless j; = j,—1 = 1, and for the other indices k we

have j, = 0 or j, = 1. Thus the largest conjugacy class is (n — 1,1), and the second
largest is (n). O

Now we can compute €&, (y,) for symmetric A as well.

Lemma 3.4. If x is an irreducible character of S, corresponding to a symmetric par-

tition, then €%, (x) = [251].
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Proof. Since X is symmetric, y is induced from an irreducible character of A,. Thus
X vanishes on the conjugacy classes of odd permutations. If n is odd, then the largest
conjugacy class Cl(n — 1, 1) is vanishing. Thus

€C,(x) = min POGQ(Q)W _ [n;ﬂ |

x(g)=0

Let n be even. In Lemma 3.3 we have seen that the largest conjugacy class is the class
Cl(n —1,1), and the second largest is Cl(n). Since n is even, the conjugacy class Cl(n)
is vanishing. Therefore, we have

egh(X) = Xr(Igl)iIzlo IV‘CGQ(Q)’—‘ - {(%2‘ — (”*1—‘ , N even.

Lemma 3.5. If x € Irr(S,) and n > 851, then €5, (x) < 1.

Proof. 1If x is an irreducible character of S, then we know by [24] that

\(1) < e OVl

This implies that

KAL) — 1= €F, (x) < e OBy
Let f(n) := e 0233Vinl/(n(n—2)!). Since f(n) < 1forn = 851 and f(n) is a decreasing
function for n > 851, for n > 851 the bound €&, () is less than n(n — 2)!, which is the
size of the largest conjugacy class of S,. Thus €5, (x) < 1 for n > 851. O

Moreover, we have the following conjecture.

Conjecture 3.6. Let x be a non-linear irreducible character of a symmetric group. The
above defined €¢,_ () is two exactly if x corresponds to one of the following partitions:

(3,19, 3:2,1), (3,2,1°), (4,2,1), (4,2,1%), (4,2°1), (4,3,1%),
(4,3,2,1), (4,3,2,12), (5,3,2,1), (5,3,2,1,1), (6,4,3,2,1,1).
In all other cases, €5, () is exactly 1.

Remark 3.7. Using results of McKay in [16], we can see that this conjecture is true
if n < 75. Tt is easy to check (for example with the help of GAP [10]) that the
conjecture holds for 2-part and 3-part partitions. One can also prove by induction
that the conjecture is true for hook-partitions. The conjecture shows for symmetric
groups that Gallagher’s estimate for conjugacy classes (€5, ( )) is not really better than
Burnside’s, see [11, Thm. 3.15]|.

Proposition 3.8. (i) The minimal degrees of non-linear irreducible characters of
Sp aren —1, if n > 4.
(ii) The minimal degrees of those non-linear irreducible characters of S,, which cor-
respond to symmetric partitions are at least 2"*.

Proof. (i). The proof can be found in [13, Thm. 4.10].
(ii). We can easily check the statement for n = 3,...,7 directly. Let n be at least 8.
We will prove by induction that, if A = (\,...,\;) is a partition not necessarily
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symmetric, and A\; > k > 2, then x,(1) > )\12$. Since xa(1) = xar(1), in
this way we can estimate the degree of every non-linear irreducible character. Every
partition not corresponding to a linear character contains a (A;, 1) subdiagram. Let i
be the number of the boxes outside of this subdiagram, and denote the n-partition A
by A(n,7). Rephrasing the statement for a function of i, we have

xa(1) > (n—i—1)272. (3.1)

We will prove this by double induction on n and i. We checked the statement for
n=8,9 by GAP [10]. For i =0 and ¢ = 1 it follows from this table that (3.1) holds.

i | diagram of A filled by hook-lengths xx(1) (n—i—1)2/?
0 Tan—an—?)[...[l] n—1 n—1
1 noifn-2[n-d].. [1] n(n —3)/2 (n—2)v2

o3| |
S
|
w
3
|
W~
—

(n=Dn—-2)/2| (n-2)v2

L1

Let us suppose n > 9, ¢ > 1, and that we know the statement (3.1) for ny, iy,
where either ny = nand 0 < i3 <ior 8 < ny <n. If X # (A\,..., A1), then there
exist two rows each of them bigger than the one following it. Using the branching
rule (see [23, Thm. 2.8.3|), xuls,_, is the sum of at least two irreducible characters
corresponding to (n — 1)-partitions. At most one deleted box could be in the first row.
Therefore we have to check both options: xx(1) > Xum-1,-1)(1) + Xpum-1,-1)(1) or
XA(1) > Xom—1,i-1)(1) + Xumn-1,)(1). We illustrate this by two examples:

By the induction hypothesis, we get
xa(1) > min{(n —i — 1)20°9/2.2 (n — i — 1)207-D/2 4 (n —§ — 2)27/2}. (3.2)
In the other case, we have A = (A1,..., A;). For computing x,(1) we use the branching

rule (see |23, Thm. 2.8.3]) twice. In the first step we cannot delete a box from the first
row. In the second step, the integer ¢ decreases by 2 or 1:

Xa(1) = Xom-1,i-1) = Xom—-2,i-2)(1) + Xun-2,-2)(1)
or

A1) = Xom-1,i-1)(1) = Xo(n—2i-2)(1) + Xpm—2i-1)(1),
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respectively. Here are again two examples for the sake of illustration:

(1) = (1) = (1) + (1),

(1) = (1) = (1) + (1).
Thus we know by induction that
xa(1) > min{(n —i — 1)2072/2.2 (n —i —1)2072/2 4 (n —j — 2)20-D/2} (3.3)

Since n > 9, by the assumption on k we have n—i—1 = A\; > 3. Therefore v/2(n—i—2) >
(n—i—1). Now the inequalities (3.2) and (3.3) imply that xx(1) > (n—i—1)2/2. The
minimum of the function f(i) = (n —i— 1)2"/2 on the interval [0,n — 4] is at i = 0. (In
this way, we also have an alternative proof of the first part of the proposition.) Since
the function f(4) is increasing on the interval [0,n — 4], if we want to compute a lower
bound of the degrees of irreducible characters corresponding to symmetric partitions,
then by inequality (3.1) it is enough to find the symmetric partition where i is minimal.
This minimum is either (k, 1*71) if n is 2k — 1, or (k,2,1%72) if n is 2k. Consequently,
min{x,(1)|\ symmetric} > 22n=3/4 > 2n/% for n > 4. O

Corollary 3.9. If x is a non-linear, irreducible character of S, for n > 4, then
€% (x) > (n—1)2 — 1 and, if x corresponds to a symmetric partition, then QEGQ(X/\)
22 1 forn > 2.

Here we give a proof of Conjecture 2.6 for S,,.

Lemma 3.10. If x is an irreducible character of S, and the order of g does not divide

Sn|
)|<(1)’ then x(g) = 0.

Proof. Let A be a partition of n and y € Irr(S,) the character corresponding to A.
Consider a permutation g € S,. We know, by the hook-length formula (see [23,
Thm. 3.10.2|), that |S ‘ = [Lhem(n I, where H(X) is the multi-set of the hook-lengths
of A. Then there ex1sts a prime p and an exponent a with p* | o(g) and p* { HheH(/\) h
Let us choose « to be maximal. Then g has a cycle of length divisible by p®, however

no hook-length in A is divisible by p®. Thus there is no rim-hook of length divisible by
p%, either. Hence, by the Murnaghan—Nakayama rule (see |23, Thm. 4.10.2]), we have

x(g) = 0. 0

Consequently we can use Burnside’s Theorem (see [11, Thm. 3.15]) and Lemma 3.10
to give two other lower estimates for n“(y) and n®(x), for a nonlinear, irreducible
character y of 5,,:

et = {[{g € G Lot T win i1},

Qfgo(x):max{'{OECI( )|o()f|(‘)forallgeC}' }

For linear characters, we define €% (x) = €5 (x) = 0.
Of course, the inequalities €& (y) > €% (x) and €& (x) > €5 (x) always hold. Thus
we use €S (), €% () instead of €5 ( ), €5 ( ) for symmetric groups.
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4. COMPARING ESTIMATES FOR SYMMETRIC GROUPS

Theorem 4.1. For each ordered pair of elements of the set {€S,, €5, €5}, except for
the pairs (€5, €S.), (€5, €5,), and (€5, €5,), there are infinitely many symmelric
groups having a non-linear, irreducible character, with the property that the first es-
timate 1s better then the second. In the remaining cases, there are just finitely many
symmetric groups with this property.

We illustrate the theorem in the following diagram. The broken arrow notation means
that there are just finitely many symmetric groups where either €5, (x) > €% (x) or
€S, (x) > €5, (x) or €5, (x) > €5 (x) for some irreducible character y. Each ordered
pair of estimates is handled in a separate proposition below.

C (\_ _ _ _ _ _ pe C
Con()===3 Somit o S QjGa( )
»
SP‘>2 (\p712) 77 2
p>3_prime Sp2 (p1%)
N p>§ prime

/4

&, ()

We prove the theorem in Propositions 4.2-4.7.
Since for each nonlinear irreducible character y € Irr(S,) the estimates €& () and
€S, (x) are at least 1, by Lemma 3.5, we obtain the following fact.

Proposition 4.2. There are just finitely many symmetric groups having an irreducible
character x such that €5, (x) > €5, (x) or €5, (x) > €&, (x).

Despite of this, we show that there are infinitely many symmetric groups having an
irreducible character x such that €5, (x) = €5,(x) = €5,(x). For example, if n > 5
with n— 1 being not prime, and, if in addition y corresponds to the partition (n—1,1),
then we get €5, (v) = €5,(x) = €5,(x) = 1 (see Lemma 3.2, Proposition 4.6). However
this value is smaller than n%(y).

Proposition 4.3. Let p be a prime larger than 3. Then the symmetric group Spio
possesses an irreducible character x with €5, (x) > €5, (x) and €&, (x) > €&, (x).
Proof. Let x € Irr(Sp4+2) be the irreducible character corresponding to the partition

|Sp+2|
x(1) -

(p,1%). Since (p, 1%) does not contain a hook of length divisible by p, we have p {
Thus
€S, (x) > {C € CI(S,s2) | p divides o(g) for all g € C'}|.

The set on the right-hand side contains the conjugacy classes corresponding to the
partitions (p,2) and (p,12), respectively. Hence we have €S (x) > 2. Since (p,1?)
is not symmetric, by Lemma 3.2 we have €%, (x) = 1, and €5, (x) is the size of a
minimal noncentral conjugacy class. Thus the size of the conjugacy class (p, 1?) is at
least €&, (x). Therefore the second statement is trivially true. O

Proposition 4.4. Forn > 2, the symmetric group Sa,1 possesses an irreducible char-
acter x with €5,(x) < €5, (x).
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Proof. Let x € Irr(Sa,41) be the character corresponding to the partition (n + 1,1").

Then we have €& () = (27:‘)2 — 1. By induction on n we can prove that, for n > 2, the
latter quantity is at most (2n+1)(2n — 1)!. Thus €5, (x) = 1. By Lemma 3.4, we have
€%, (x) = n. So we are done. O

Proposition 4.5. Let p be a prime larger than 3. Then the symmetric group Spio
possesses an irreducible character x with €S, (x) > €&, (x) and €& (x) > €&, ().

Proof. Let y € Irr(S,,2) correspond to the partition (p, 1?). Since €&, (x) = (p;rl)Q—l <
(p + 2)p! for p > 3, we have €5, () = 1.
On the other hand, we have seen in Proposition 4.3 that

{C’ECI( Spt2) | o(g) 1 ‘(’) forallgeC'}D{p, . (p,2)}.

Thus we have €5 () > 2. So we are done with the first part.
X 2 |
We can easily check that x*(1) — 1 = L@J —1<|Clp,2)| +|Cl(p,1%)| = %.
This implies that €&, (y) < €&, (x). O

Proposition 4.6. Let n be an integer such that n — 1 is not a prime and n > 5. Then

the symmetric group S, possesses an irreducible character x, with €5 (x) = €5, (x) =1
and €¢,(x) > €&,(X)-

Proof. Let x be the irreducible character of degree n — 1 corresponding to the partition
(n—1,1). We will prove that, for every group element g, o(g) divides a ‘) =n-(n—2).
Let us fix a prime p, and compute the exponents of p in the prime factorizations of o(g)
and n-(n—2)!. Let [ denote the exponent of p in 0(g). We have | < k = max{j | p’ < n}.
We will prove that k is at most the exponent of p in n - (n — 2)!. In order to that, we
distinguish between three cases depending on the relative sizes of n and p*.

If n = p*, then the exponent of pin n-(n —2)!is k + L J 4ot L%J, which is
at least k.

If n — 1 = p*, then k > 1 by our assumption, thus L”T?QJ + -+ U[_%J > (ph ! -
1) +---+ (p—1), and we can easily see by induction that k < p*~! — 1, since k = 2
and p = 2 cannot hold at the same time.

If n — 2 > p* then the exponent of pin n - (n—2)!is larger than k.

Therefore €5, (x) = 1 and €¢, () = miny; | Cl(g)| = 221,

Furthermore, we have €& (y) = x?(1) — 1= (n —1)% — 1 = n(n — 2). Since the size
of the largest conjugacy class is n(n — 2)! (see Lemma 3.3), we know that &5 () = 1.
This concludes the proof. O

Theorem 4.7. There exist only finitely many symmetric groups having a non-linear,
irreducible character x with €%, (x) > €&, (x) or €&, (x) > €5, (x).

Proof. Let us consider a symmetric group S, with n > 3, and let x be an irreducible
character of S,. If y corresponds to a nonsymmetric partition, then €%, () is 1 by
Lemma 3.2 and €% (y) > 1. Therefore

€&, (x) < €&, (x) and €g,(x) < €&, (x)-
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So at least one of €&, (y) > €5, (x) and €5, (x) > €& (x) cannot hold.

Thus we may assume that the partition A = (Ay,..., \,) corresponding to x is sym-
metric, so, by Lemma 3.4, we have €%, (y) = PLT_W We prove the result in several
steps.

Step 1. If there is a prime p with p ¢ %, then
€S, (x) > [{conjugacy classes containing a p-cycle}| = p(n — p).
(Here, p(n) is the number of n-partitions.)
Step 2. If n > 16, then 7(3n) — 7(2n) > 4. (Here, m(n) is the number of prime

numbers, which are at most n.)

Proof of Step 2. We used a GAP program to check 7(3n)—m(2n) > 3 for 16 < n < 1216,
see [22].

Using [1] we will now prove that, if n > 1216, then 7(3n) — 7(2n) > 4.

Let T3 be the product of primes in the interval (2n, 3n]. By the proof of [1, Thm. 1.3],
we have

Ty > ( 00 )n ! t(n)
= n).
TA\VRT) (3n)VEn2
It is enough to prove that t(n) > (3n)3, since then we know that T3 has at least 4 prime
divisors, which means that 7(3n) —7(2n) > 4. By taking the logarithm, we get what we

6.5 @+3 . @4»3 . .
ave to prove, namely that log == > —2—1og(3n). Since 0g(3n) is a decreasing
have t ly that 1 m>2n1(3)s 2—log(3n) d
function for n > 16 and, if n = 1217, it is smaller than log %, we are done. 0

Step 3. If (ﬂ > 16 (equivalently, n > 61), we have
4<m@3[3]) -7 2[1]) <7 B[5]) -7 ([5])-

Step 4. We have 3 > Hp prime | p > (%W and p | % = HheH(/\) h}‘ .
Proof of Step 4. We count the number of hook-lengths that are at least [%1

Denote the hook-length of the i-th row and j-th column by h;;()A). Thus h;;(\) =
h;i(A) = \i +Aj —i—j+ 1. Let ig := max{k | \y > k}. Given this notation, a
hook-length which is at least [%W occurs only in the first ¢y rows and first iy columns.

The number of cells in the diagram is n =277 | \; — io?. Consider this sum as a
function in ¢, and write f(7) := 2 - E;‘=1 A\j —i®. Then it easy see that,

if i <, then f(i) < f(i +1).

Ifhiao(A) =M+ —2< (ﬂ, then only the hook-length Ay 1(A) could be at least

5]

Assume that hys(A) = A + Xy —2 > (%W This means that i is at least 2 and, if

19 > 2, the above monotonicity of f implies

20 ‘ n
n:Q-Z;Aj—ZU2>2()\1+/\2)—422’7§—‘.
]:
This is a contradiction. Thus 7y < 2, and consequently there are at most 3 different
hook-lengths that are at least {%W Clearly, there cannot be more prime divisors with
the desired properties. O
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Step 5. We know by Steps 3 and 4 that, if n > 61, there exists a prime p €
n n ||
([2],3[2]] such that p{ N6

e, =pn—p) =p(n=3[5]) =r([7] -2)-
According to [15, Cor. 3.1|, we have p(k) eg\f. Therefore

|2 oV/n—11
&S, (x) TR for n > 61.
Step 6. Since €5 (x) > ¢ ;ZH and €2, (x) = [%52] < 2, it is enough to prove that
5 < S " This inequality holds for n > 44.

Thus, for n > 61, we have
€, () = €6, (0.
Since in €%, () we summed up the sizes of the €5, (y) smallest different non-central
conjugacy Classes and in €5 we summed up the sizes of €§ () different non-central
conjugacy classes, the inequality €5, (x) < €& (x) holds as well for n > 61. OJ

Theorem 4.8. There exist only finitely many symmetric groups having a non-linear,
irreducible character x, with €%, (y) > €&, (x).

Proof. If n < 4, then €%, (x) < €%, (x). Let x be an irreducible character of S,
corresponding to a symmetric partition. Then, by Lemma 3.4, we have €5, (y) = {"glw
Hence €5, () is less than the sum of the sizes of { W +1< ”*2 different conjugacy

classes. Let k be the smallest number having at least ”*2 partltlons
According to [15, Cor. 3.1, we have p(k) >

log?(7n + 14)
4

k< + 1.

Let P(k) denote the set of partitions of k. For every A € P(k), consider the conjugacy
class (A, 1"7%). Let C1(S,) = {C; | i € I}. Then we have

€g,(x) = miﬂ(L_l” {Z |Cj|} —1<  min_ ) "|Cy,

— —nt2
{JcI| |J|= Y I =242} 4=

€%,(x) < min Z| Cil< Y |Clg, (A1)

et Vl=p(k} 4 Nt

Using the inequality | Clg, (A, 1”"“)] < k,(n ) | Clg, (A)], we get

n!
¢S, (x) < Z | Clg, (A = < nP.
)\EP(k

['hus |
2
n! log (74n+ 14) 1

€g, (y) < — 5 —1l<n

(n —k)!
O, 2 n
Furthermore, in Corollary 3.9 we have seen that 27/2—1 < €%, (x). Since n 1+l _

1 < 27/2 — 1 holds for n > 230, the inequality €%, (x) > €&, (x) holds for x € Irr(S,)

-1



ESTIMATES ON ZEROS OF CHARACTERS IN S, 13

and n > 230. If y does not correspond to a symmetric partition, then by Lemma 3.2
we have €5, (y) = 1. Thus €5, (x) < |Cl(2,1"72)| = @ By Proposition 3.9, we
conclude €5 (x) > n(n — 2). Therefore we are done. O

By the above results concerning the vanishing group elements, we have the following
fact.

Remark 4.9. There are infinitely many symmetric groups which have a non-linear,
irreducible character such that €5, (y) < €&, (x). For example, let n > 4 and x be the
irreducible character of Sy, corresponding to (2n,1). Then €& (x) = (2n)? — 1 and
€&, (x) < [CL2,1 Y] = (2n + 1)n.

Theorem 4.10. For each ordered pair from {€S,, €5, €S Y there are infinitely many
groups, having an irreducible character, for which the second estimate is better then the
first, except for the pairs (€5, €5,), (€5, , €5,).

M.

\ 2
Spp2 (p,17)

\y

p >\3\prime
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