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POLARIZATIONS IN CLASSICAL INVARIANT THEORY

MARK Losik, PETER W. MICHOR, VLADIMIR L. Porov

ABSTRACT. We give a weak version of the first main theorem of invariant theory,
namely, we describe a class of representations of a reductive algebraic group on a

vector space V such that C[V9]€ is the integral closure of (C[Vq]gol, the subring gen-

erated by all generalized polarizations, in C[V4]. For finite groups we have stronger
results.

1. INTRODUCTION

Let G be a reductive complex algebraic group, V a finite dimensional complex
vector space, and p : G — GL(V) aregular representation (later called a representa-
tion of a reductive group for shortness’ sake). Consider the corresponding diagonal
action of G on the product V¢ and the algebra C[V4]¢ of G-invariant polynomials
on V2. The problem of finding a finite system of generators for the algebra C[V 9]¢
is called the first main theorem of invariant theory. This theorem was proved for
the standard representations of all classical groups and for the standard represen-
tation of the symmetric group S, in C"™ by Weyl (see [7]), for the Weyl groups of
the types By, = C,, (see [2] and [4]) and the dihedral groups (see [4]). For the above
finite groups the algebra C[V9]¢ is generated by the polarizations of a system of
basic invariants of C[V]“. However Wallach (see [6]) proved that this is not true
for the Weyl group D,, (n > 4) and ¢ = 2. Then Wallach and Hunziker (see [6] and
[4]) introduced generalized polarizations and proved the first main theorem for D,,
using the usual and the generalized polarizations of the basic invariants of C[V]?~.
But for other Weyl groups the above problem is open till now.

The aim of this paper is to indicate the representations for which there is a
close relationship between the algebra C[V9)¢ and its subalgebra generated by
polarizations of basic invariants of C[V]%. We consider this problem in the following
more general setting.

Let G be a reductive group and X an affine G-variety, i.e., an affine variety X
with an action of G by regular automorphisms of X. Let Y be an affine variety
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and let Z be a G-stable affine variety of regular morphisms from Y to X with
the natural action of G. We define generalized polarizations (distinct from the
generalized polarizations of Wallach and Hunziker) of a regular G-invariant function
on X which are regular G-invariant functions on Z. In particular, for the linear
case, i.e. when X = V is a vector space, G is a subgroup of GL(V), and Z is
the affine variety (isomorphic to V?) of linear morphisms from ¥ = C? to V, the
generalized polarizations are the usual polarizations of homogeneous G-invariant
polynomials on V.

Let Z//G be a categorical quotient, i.e. the affine variety with coordinate ring
C[Z]¢. Under some assumptions on Z the coordinate ring C[Z]“ contains C[X]®.
Let (Z//G)pol be an affine variety whose coordinate ring is the subring (C[Z]gol
of C[Z]¢ generated by C[X]“ and the generalized polarizations of generators of
C[X]¢.

The aim of this paper is to find the cases when the morphism p, 7 : Z//G —
(Z//G)por induced by the inclusion (C[Z}gol C C[Z]€ is finite, i.e. the ring C[Z]¢
is integral over (C[Z}gol.

In particular, we indicate when this is true in the linear case Z = V9, where
p: G — GL(V) is a representation. Moreover, in this case the ring C[Z]¢ = C[V9]¢
is the integral closure of (C[Z]gol in C[V'?] whenever the group G is connected, see
corollary 3.5.

For the linear case and a finite group G we prove that the morphism p, 7z is
a bijective normalization of (V9//G)p01, in particular, for each f € C[V9]¢ there
are F € C[V9S, and an integer k > 0 such that f = F*, see 4.2. Moreover, a
generalization of the above constructions shows that for ¢ > 2 the same is true for
a subset of polarizations of a system of homogeneous generators of C[V]%, see 4.5
and 4.6.

Throughout the paper an affine variety means a complex affine variety endowed
with the Zarisky topology. We shall deal only algebraic groups and varieties over C.
But note that by Lefschetz’ principle all results remain true over any algebraically
closed field of characteristic 0.

2. GENERALIZED POLARIZATIONS

2.1. Generalized polarizations. Let G be a reductive group and X an affine
G-variety. Consider the set F(C?, X) of regular morphisms from C? to X and the
pointwise action of G on §(C?, X): (gf)(z) = g(f(2)) for g € G and f € F(CY, X)).

Let Z be a G-stable subset of F(C?, X) equipped with the structure of an affine
variety such that the restriction of the action of each g € G to Z is an automorphism
of Z and the evaluation map evy : Z x C? — X (i.e. for f € Z and y € C¢
evz(f,y) = f(y)) is a regular morphism). The group G acts on Z x CY in the
following way: ¢(f,y) = (¢9f,y). By definition the map evy is G-equivariant. By
the Hilbert-Nagata theorem (see, for example, [5]) the algebras C[X ], C[Z], and
C[Z x C9)% are finitely generated. Then the categorical quotients X//G, Z//G,
and (Z x C?)//G = (Z//G) x C? are affine varieties.

Denote by mx the projection X — X//G. For later needs we recall the fol-
lowing interpretation of the categorical quotient X//G and the projection wx. Let
o1, ...,0m, be asystem of generators of the algebra C[X]¢ and let o = (01, ...,0m) :
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X — C™ the corresponding morphism. Then it is known (see, for example [5]) that
o(X) is an irreducible closed subset of C™ and one can identify o(X) as an affine
variety with X//G and the morphism X — o(X) induced by o (and denoted again
by o) with the projection mx.

The morphism evz induces a morphism &vy : (Z//G) x C? — X//G and the
corresponding homomorphism of algebras evy, : C[X//G] — C[Z//G] ® C[CY].

Let 7 € C[X]¢. Since C[CY] equals the polynomial ring C[t1,...,t,] in the vari-
ables t1,...,t,, and since the powers tzf .. .tf{l for iy,...,i, =0,1,... form a basis
of C[CP] as a complex vector space, we have the following unique decomposition

(1) FY(T) = > Tirg ® (. tie),
i1 5eeig

where 7, i, € (C[Z]G and only finitely many of the 7;, . ;, are nonzero. The nonzero
G-invariant regular functions 7;,. ;, on Z are called the generalized polarizations of
T with respect to Z.

2.2. Affine varieties with graded coordinate rings. In the sequel we shall
consider generalized polarizations in the following special case when the structure
of affine variety on Z can be defined in a canonical way.
Let X be an irreducible affine variety such that the coordinate ring C[X] is
graded:
CIX] = @i0C'[X]

and C°(X) = C. Let G be a reductive group acting on X by automorphisms of
X preserving the above grading of C[X]. Then the algebra C[X]“ has a natural
grading: C[X]9 = @,.,(Ci[X] N C[X]Y).

2.3. Example. Consider the linear case, i.e. X =V is a finite dimensional vector
space and G C GL(V). We have the natural grading of C[V] of a polynomial ring.
It is clear that the G-variety V satisfies the above conditions.

2.4. Example. Let V be a finite dimensional vector space, let G be a reductive
subgroup of GL(V'), and let H be an algebraic normal subgroup of G. Then the
quotient group G/H is reductive. Since the group H is reductive, the categorical
quotient X = V//H is an affine variety and the group G/H acts on X by automor-
phisms. It is clear that the algebra C[X] = C[V] is a graded subalgebra of the
graded algebra C[V] and the induced action of the group G/H on C[X] preserves
the structure of graded algebra of C[X].

In particular, one can take for the normal subgroup H the component Gy of the
identity of G. Then the quotient group G/Gj is finite.

2.5. The affine G-variety F(C?, X). Let first X = C" with a fixed grading
on its coordinate ring C[C"] = Cluy,...,uy] so that deg(u;) = d; € N. For ex-
ample, the u; might correspond to homogeneous generators of an algebra C[V]%
of invariant polynomials on a G-module V. For each h € C[C"] we have a map
h: §(C?,C") — C[C,C] = C[CY) = Clty,..., 1], given by h(f) = ho f. For each
polynomial P € Clty,...,t,] we write P = Zil’wiq Pil___iqtzf ...tg. Then for each
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= irin Pt wl' ... uir € C[C"] we have a set of complex valued functions

hiy...i, on §(CY, X) such that for f = (f',..., f*) € C[C?,C"] with

>

kE_ § : k lk,1 lk,q
f = flk,lu‘lk,qtl N .tq

we have

hof=h(f)= > hi i, (. th=
i15ee0yiq >0
q

Jk
S SR | (D SRR SIS

Jiseesdn 20 k=1 “g,1,.5lk,q20

Note that each izil,,,iq (f) is a polynomial in the coefficients fl]fc,l»»»lk,q of f of degree
deg h in terms of the grading fixed above.

Let now X be an irreducible affine variety such that the coordinate ring C[X]
is graded: We consider X as closed subset of C™ with a fixed grading on C[C"]
as above, such that C[X] = C[C"]/Ix where Ix is a graded ideal. Then F(C?, X)
is the set of all f in F(C?,C") such that i(f) = 0 for all h € Ix. Thus for each
h € C[X] we have a map h : F(C4, X) — C[CY] given by h(f) = ho f and a set of
complex valued functions flil___iq on §(C?, X) such that izil,,,iq (f)= iz(f)il,,,iq. Let
4 be a minimal number such that the ideal Ix is generated by functions g1, ..., gm
of degree < p in C[C"] in the grading from above. We have seen that F(C?, X)) is the
common zero set of the finitely many polarized functions functions (g;), ...;, which
are homeogeneous. Thus the ideal Ix of C[F(C?,C")] generated by the functions
(Gi)is,...,i, is a graded ideal in the induced grading. By Hilbert’s Nullstellensatz the

g

ideal of all functions vanishing on F(C?, X) is the radical of the ideal Ix and is thus
also a graded ideal; only finitely many of the coordinates fl]fc,l»»»lk,q of C[§(C?,C™)]
are involved at the same time in the application of Hilbert’s Nullstellensatz.

For any d > u, denote by §4(C%, X) the set of all morphisms f € F(C?, X) such
that for all h € C[X] of degree < p the degree of h(f) does not exceed d. It follows
from the argument above that §4(C?, X) is an affine subvariety of §4(C?, C™) with
graded coordinate ring.

Proposition. In this situation we have:

(1) Fa(C2,C™) is an affine variety with grading on C[F4(C%,C™)] induced from
the grading of C[C™].

(2) The polynomials flil___iq for h € Ix C C[C"] form a graded ideal Ix in
C[84(Ca,C™)]. Its radical is the ideal Ig (ca, x) which describes §4(C7, X)
as affine variety with graded coordinate ring.

(3) If G is a reductive group of automorphisms of X preserving the graded struc-
ture of C[X] then §4(C?, X) is a G-stable subset of F(C?, X). The group G
induces an action of G on F4(C?, X) by automorphisms of §4(C9, X) and
the corresponding evaluation map Fq(C% X) x C1 — X is regular.
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Proof. (1) and (2) are clear from the discussion above.

(3) We can find an equivariant embedding X — C™ of X into an affine G-space
C™ with induced G-invariant grading: Take for example the complex dual of the
G-invariant subspace @, C'[X], where  is as above. Then all assertions are an
easy consequence of the definitions. [

2.6. The zero fiber. In the situation of 2.2, let Z be an irreducible G-stable closed
subset of C[§4(CY, X)] defined by an ideal of C[F4(C?, X)] which is homogeneous
with respect to the grading described above. The structures on §4(C?, X) induce
on Z a structure of an affine variety, a grading of C[Z], and an action of the group
G by automorphisms of Z preserving the grading.

Let 0x be the point of X corresponding to the maximal ideal mg = @;~0C;[X].
and mx : X — X/G the projection. The zero fiber of 7 is X0 = 77)_(1 omx(0x).

Similarly, let O4 x : C? — X be the morphism given by O, x(t) = Ox for each
t € C% Clearly Og,x € §4(C?, X) for each d and the maximal ideal corresponding
to Og4,x consists of all elements of C[Fy(C?, X)] of positive degrees. By definition
the point O, x belongs to each irreducible G-stable closed subset Z of C[§4(C?, X))
defined by a homogeneous ideal C[§4(C?, X)]. Denote by 7z the projection Z —
Z//G. Then the zero fiber of 7z is Z° = 7' o mz(Ox).

Examples. In the following examples we consider an n-dimensional vector space
V with the natural action of a reductive subgroup G of GL(V') and the standard
graded algebra structure on the coordinate ring C[V]. By definition the algebra
C[V] is generated by homogeneous elements of degree 1, i.e. = 1. Then we can
take for the basis h; the coordinates z; in V' with respect to some basis ey, ..., e,
of V. Since the algebra C[V] is free, for each d the affine variety §4(C?,V) is an
affine space CY with standard grading on C(F4(C?,V)) = C[C"] and with a linear
action of the group G.

2.7. Example. Consider the set §1(C¢~1, V). For each f € F1(C4~ 1, V) and
t=(t1,...,tg—1) we have f(t) = vi+> ¢, t;v;, where vy, ..., v, are uniquely given
vectors in V. This mapping f — (v1,...,v,) is an isomorphism §; (CL V) — Ve
of affine varieties which is G-equivariant for the natural action of G on F1(C4=1, V)
and the diagonal action of G on V4. We can identify F1(C4~1, V) with V9 via
this map. It is easily checked that, for Z = §;(C971, V) and a homogeneous
polynomial 7 € C[V]%, the generalized polarizations of 7 coincide with the standard
polarizations of 7 on V9.

2.8. Example. Let Z = L(C?,V) be the set of linear morphisms from C? to V9.
It is clear that Z is a closed G-stable subset of F1(C9, V) = VL Tt is identified
with the subspace V4 of V@+! defined by the equation vy = 0. It is easily seen that,
for Z = L(V?,V) and for each homogeneous polynomial 7 € C[V]¥, the generalized
polarizations of ¢ coincide with the standard polarizations of ¢ on V4. It is easily
checked that, if deg o = p, the number of distinct polarizations of 7 equals (p +;’;1).

Remark that, for Z = §1(C?, V) and Z = L(C?, V), the generalized polarizations
are multi-homogeneous functions on V9! and V¢ respectively.

2.9. Example. Consider the set §,—1(C,V). For each f € §,—1(C,V) and t € C
we have f(t) = 3:1 t*~Ly;, where vy, ... ,Vq are uniquely given vectors in V. It is
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easily checked that the map f — (v1,...,vq) is an isomorphism F,—1(C,V) — V¢
of affine varieties, which again is G-equivariant for the natural action of G on
§q—1(C,V) and the diagonal action of G on V9. Then we can identify §,—1(C,V)
with V¢ via this map.

Consider the morphism j,—1 : C — C%7! defined as follows:

jqfl(t):(tatQa”-atqil) (tG(C)

and the corresponding homomorphism jr_; : C[C9™!] — C[C]. Then f — fo j, 1
is an isomorphism F(j,—1,V) : F1(CT1, V) — F,-1(C, V) of affine varieties. We
consider the evaluation mappings evq : §1(C771, V) x CI7! — V and by evy_1 :
§q-1(C,V) x C — V. Then we have the following commutative diagram

c[ve — C[v1©

* *
evll evq—ll

Clg(c, V) e S o (c V) e cla).

Let 7 € C[V]% be a homogeneous polynomial, 7/ the generalized polar-

Tyeeeylg—1
ization of 7 for Z = F1(C?71,V), and 7" the generalized polarization of 7 for
Z =F4-1(C, V). Since ji_, (1" ... t,7) = tirt2iz++(a—1ia—1 applying the above
commutative diagram we have

"o_ ’
T, = E T

i14+2ia4-+(g—1)ig—1=1

If deg 7 = p, the number of distinct generalized polarizations of 7/’ equals p(¢—1)+1.

Remark that the difference (p +gfl) —p(q—1)—1 between numbers of the standard
polarizations of 7 (dego = p > 1) and the above generalized polarizations of 7
vanishes for ¢ = 1,2 and is strictly positive for ¢ > 2.

Consider, for example, the action of the group G = Z3 on V = C generated by
the morphism z — —z for z € C. Then C[V]¢ = C[2?].

Let ¢ = 3 and 7 = 22. Then for Z = F1(C?,V) we have the polarizations
Tho = 28, o = 22021, Th = 22022, Thy = 2%, The = 23, and T{; = 22129. For
Z =F2(C,V) we have 7 = 7y, 1/ = T10, T8 = To1 + Thg» T3 = 711, and 74 = To2.
2.10. The algebra (C[Z]gol. We assume that we have the following data: an
irreducible affine G-variety X, where G is a reductive group, such that algebra
C[X] is graded and the action of the group G preserves this grading, and a G-
stable irreducible closed subset Z of §4(C?, X).

Consider the map myz : Z — X given by mz(f) = f(0) for each f € Z. It
is easily seen that the map myz is a G-equivariant morphism of affine varieties.
Then the ring homomorphism m% : C[X] — C[Z] induces the homomorphism
C[X]¢ — C[Z]C.

Consider the subalgebra C[Z] gol of the algebra C[Z]% generated by the subalge-

bra m}(C[X]¥) and all generalized polarizations of a system of generators for the
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algebra C[X]“. Since the algebra C[X]¢ is finitely generated, the algebra C[Z ]gol is
also finitely generated. Let (Z//G)pol be the affine variety with the coordinate ring
C[Z]S,)- Denote by p, z the dominant morphism from Z//G to (Z//G)por induced
by the inclusion C[Z]Icfo1 c C[Z)°.

Our aim is to find the cases when the morphism p, 7 establishes a close relation-
ship between Z//G and (Z//G)pol, or, equivalently, a close relationship between

the algebra C[Z]¢ and its subalgebra C[Z]¢

pol*

Lemma. Let the morphism mz : Z — X be dominant. Then the algebra C[X]¢
is a subalgebra of C[Z]C and the algebra (C[Z]gol is generated by the generalized po-
larizations of the basic invariants of C[X|%. Moreover, each homogeneous element
T € C[X]9 defines uniquely the indexed set of the generalized polarizations Tiv ..

of T.

Proof. If the morphism my : Z — X is dominant it defines the inclusion C[X]¢ C
C[Z]% which identify each homogeneous element 7 € C[X]% of degree p with the
generalized polarization m¥(7) = 74..0. This proves the first statement of the
lemma. The last statement follows from the definition of generalized polarizations
since by the above assumptions the algebra C[X]% is given as a subalgebra of the
algebra C[Z]. O

2.11. Note that, for Z = F4(C?,X), the morphism my is surjective and thus
dominant. Recall Examples 2.7 and 2.9 where we have Z = §(C471, V) = V4
and Z = §4—1(C,V) = V9. In both cases the morphism my coincides with the
projection of V¥ onto its first factor V. Therefore, the algebra C[V]% is identified
with the subalgebra of C[V 9]¢ consisting of polynomials f(v1,...,v,) € C[V4]“
(where v1,...,v, € V) which do not depend on vs,...,v,. Considering a basic
invariant o; € C[X]¢ as an element of the algebra C[V9] we can construct the

indexed set 0y ;... i, of its generalized polarizations. Thus the algebra C[Z] gol is

q
generated by the generalized polarizations of basic invariants of C[X]“ and these

polarizations are naturally indexed.

Now we prove the following simple generalization of a theorem due to Hilbert
(see [1], Kap. 1, §4).

2.12. Theorem. Let G be a reductive group and let X be an irreducible affine G-
variety such that the coordinate ring C[X]| is graded and the action of G preserves
the grading. Assume that f1,..., fs are homogeneous G-invariant reqular functions
on X such that the ideal I(f1,..., fs) generated by fi,..., fs defines the zero fiber
X°. Then we have:

(1) The algebra C[X]C is integral over its subalgebra C[f1,. .., fs] generated by

f17 AR fs;
(2) If the group G is connected, the algebra C[X]% is the integral closure of
Clf1,.--, fs] in the algebra C[X].

Proof. (1) It suffices to prove that R = C[X]% is a finitely generated module over
Clfr, -, fs)

Since the group G preserves the grading of C[X], the algebra C[X]¢ is graded
as well. Let R := @®;>0R; be the corresponding grading of R = (C[X]G and m :=
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®;>0R;. By Hilbert’s Nullstellen Satz for affine varieties we have

\/ =1 RS =m.

Then there is a positive integer N such that m"v C @©i_ 1 Rfj. Therefore, for n > N
we have
Rn - @jzlijn—dj7

where d; = deg f;. Thus, for the finite dimensional vector space B := @iVZBIRZ- and
for any n > N, by induction we get

R, C C[f1,..., [s]B.

(2) Let the group G be connected and let f be a root of a polynomial x* +
ag_12*"1 + .- + ag whose coefficients ay_1,...,ao belong to C[f1,..., fs]. Then
the set of roots of this polynomial is G-invariant and, since the group G is connected,
it acts trivially on this set. Thus f € C[X]¢. O

3. POLARIZATIONS IN INVARIANT THEORY FOR REDUCTIVE GROUPS

3.1. The class of representations R, ,01(G). Let G be a reductive group and
p: G — GL(V) a representation of G in a finite dimensional complex vector space
V. Applying the constructions of Section 2 to X = V|, the group p(G) C GL(V),
and Z = §1(C971, V) = V4 we get the algebras C[V]¥, C[V9]¢, and (C[Vq]gol, the
affine varieties V4//G, (V1//G)pol1, and the morphisms myq : V? — V?//G and
pg—1,va : VI//G — (Vi//G)par. Tt is clear that the zero fiber (V9)° from 2.6 equals
the usual zero fiber of the G-module V7 with the diagonal action of G. Remark
that in this case the morphism myq : V¢ — V| the projection onto the first factor,
is surjective.

The aim of this section is to define a class of representations of reductive groups
such that the polarizations of the basic invariants define the zero fiber (V)? and
one can apply Theorem 2.12.

Let 01,...,0., be a system of generators of the algebra C[V]. Recall that the
morphism ¢ = (01,...,0,) : V — o(V) can be considered as the projection mx :
X - X//G.

Consider the map P, v : §1(C17 1, V) — F1(C971,V//G) defined by P, v (f) =
nx o f. For f=wv1+ > L, t;v; the value P,y (f) is uniquely defined by the values
of the polarizations of the basic invariants o; at (v, ...,v,). Thus Py v (§1(C%,V))
may be identified with (V¢//G)po1 naturally. Denote also by P, v the defined by
P, v map from L(C9,V) onto P, v(L(C9,V)). Then by definition P, is equal
to the composition of the projection myye : V¢ — V7//G and the morphism
pgva V|G — (VI//G)pol.

Let G be a reductive group. Let us denote by

Rq,pol(G)

the set of isomorphism classes of representations p : G — GL(V') such that the
ideal Ipo generated by the polarizations of the basic invariants defines the zero
fiber (V4)°.
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3.2. Theorem.

(1) The trivial representation of G in a vector space V' belongs to Ry poi(G) for
any q.

(2) The standard representations of the classical groups G = GL,,, O,,, and SO,
in V =C" and the group G = Sp,, in V = C?" belong to the corresponding
classes Rq pol(G) for any q.

(3) The standard representation of SL,, in C™ belongs to Rq poi(SLy) for ¢ <n
and does not belong to Ry ,o1(SLy,) for ¢ > n.

Proof. (1) is evident. (2) follows from the classical results of Weyl (see [7]).
(3) It is clear that, for the standard representation p of SL,, in C”,

el = ¢

for g = 1,...,n — 1 since we have a dense orbit. The diagonal action of SL,, in
(C™)™ coincides with the action of SL,, on the space M,, of n x n matrices by the
left multiplication. Thus we have a nontrivial invariant of this action, namely, the
determinant of the matrix. Thus the zero fiber ((C")")? equals the set of matrices
with zero determinant, whereas the set of polarizations of basic invariants is empty
and the ideal I, defines the whole of M,,. [

3.3. Lemma. Let G be a reductive group and let Go be the component of the
identity of G. Let p: G — GL(V) be a representation of G and pg : Go — GL(V)
the restriction of p to Go. Then the zero fiber of p coincides with the zero fiber of
Po-

Proof. Let my :' V — V//G and py,g : V — V//Gy be the projections. Consider the
natural action of the finite group G/Gg on V//Gg and the corresponding projection
Tv : V//Go — (V//Go)/(G/Go) = V//G. 1t is evident that my = Ty o my.
Since the affine variety V//G is normal and the projection 7y is a finite morphism
(see, for example, [5]), the ring C[V//Gy] is integral over its subring 7y, C[V//G].
Thus the zero fiber of the action of G/Gy on V//Gy coincides with my(0) and
VO = 7T‘7,10 (@) 7TV70(0). U

3.4. Theorem. A representation G — GL(V') belongs to Ry pol(G) iff the follow-
ing condition is satisfied: Whenever the linear span L(v1,...,vq) of v1,...,04 € V
is contained in the zero fiber VO, then the vector (vi,... ,Vq) € V9 belongs to the
zero fiber (V)0 for the diagonal action of G on V4.

Proof. By definition (V) = P o P, v(0).

Let Pq_"l/ o Py (0) = (V9)° and L(vy,...,vy) C VO Then my o f(t) = 0, i.e.,
fe P(;‘}, o P, v (0), for each t = (t1,...,tq) and f(t) = Y1, tiv;.

Let the condition of the theorem be satisfied and (v1, .. .,v,) € (V9)". By Lemma
3.3 it suffices to assume that the group G is connected. By the Hilbert-Mumford
criterion for the zero fiber (see, for example, [5]) there is a one-parameter subgroup
A (C*,) — G such that lim; o A(¢)(vi,...,v4) = 0. Then, for each ¢ =1,...,q,
lim;_o A(t)v; = 0. Thus for each (¢1,...,t;) € C? we have lim¢_o A\(£) D7 tiv; =0
and consequently Y7 t;v; € VO, O

Theorems 2.12 and 3.4 imply immediately the following three corollaries.
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3.5. Corollary. For each representation p : G — GL(V) in Rqpol(G) the mor-
phism pq : V)]G — (V1//G)pal is finite. Moreover, if the group G is connected,
the ring C[V//G] = C[V9Y is the integral closure of (C[Vq]go1 in C[V1].

3.6. Corollary. If p € Ry poi(G) then p € Ry—1 p01(G).

3.7. Corollary. If all orbits of a representation p : G — GL(V') are closed then
p € p € Rypol(GQ) for each q. In particular, this is true for a finite group G.

3.8.. Now we indicate several representations belonging to Rgpoi1(G). The space
R,, of homogeneous polynomials in two variables z and y of degree n is called the
space of binary forms of degree n.

Theorem. The canonical representation of the group SLo on the space R, of binary
forms of degree n belongs to Ry poi1(SL2) for n # 1 and any q. The representation
of SLa on Ry belongs to Rg pol(SL2) for ¢ < n and does not belong to Rq poi(SL2)
for g >n.

Proof. Recall that the representation of SLs on R,, and the contragradient repre-
sentation of SLy on R are isomorphic (see, for example, [5]). The representation
of SLy on Ry = C is trivial and the representation of SLy on R; is isomorphic to the
standard representation of SLy on C2, so by Theorem 3.2 they belong Ry pol(SL2).
Thus it suffices to consider the case n > 1.

It is known (see, for example, [5]) that a form f € R,, belongs to the zero fiber
RY iff the decomposition of f into the product of linear forms contains a factor of
multiplicity > ¢ or if f = 0. Consider the subspace R?Rl of R, consisting of all
forms of type {"h, where r = [%} +1, 1 € R; is anonzero linear form, and h € R,,_,.

By a linear transformation of variables  and y one can assume that [ = . Then,
for the one-parameter subgroup
t 0
so=(5 )

of SL2, we have lim;_.q )\(t)ngl = 0. By the Hilbert-Mumford criterion for the
zero fiber this implies R} ; C R, and by 3.4 we have (f1,..., fy) € (R%)° for any
fio--fq € R%q. Moreover, RY is the union of the subspaces R?Rl for distinct
linearly independent . Then by Theorem 3.4 the proof of the theorem follows from

the following lemma.

3.9. Lemma. If the linear span of f1,..., fq is contained in RY then there is a
linear form | such that fi,..., fq € Rg,l.

Proof. Tt suffices to consider the case ¢ = 2.

Assume that f; ={7h1 and fo = [5hy, where r = [%} + 1, I, are linear forms,
hi,hs € Ry, and t1f1 +tafs € R% for any t1,t2 € C. One need to prove that the
forms [y and Iy are linearly dependent.

For contradiction suppose that /1 and [y are linearly independent. By a coor-
dinate change one can assume that [; = = and [ = y. By assumption, for any
t1,ty € C there is a linear form | = ax + By («, 5 € C) and h € R,,_, such that

(1) t12"hy + tay"ha = (ax + By)"h
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where «, 8 and h depend on ¢; and t2. We may assume also that hi, he # 0 and,
for any t1,t 7é 0, a, B, and h are nonzero.
(2) Remark: 5 cannot be constant in t1,ty. Namely, if % is constant in ¢1,t2 € C\0,
by continuity of both sides of (1) it is constant in ¢1,te € C. Thus, for t; = 0 and
to # 0, y" divides h which contradicts the degree assumptions. In particular, this
is true if % is a root of a polynomial whose coefficients do not depend on t¢1, t5.
First consider the case when n = 2m. Then the equality (1) has the following
form

(3) 12y oy hy = (a4 By)™ A,

where h,hi,ho € Ry 1.
Let hy = 221_01 a;x™ "1yt for a; € C. Differentiating the equality (3) m times
with respect to x, putting y = —%x for B # 0, and dividing by t1z™ we get

iy 2m—z)' <a)i
—a; | = =0.
z:O )' ﬁ

Since the coefficients a; do not vanish simultaneously we have a contradiction by
remark (2).

Consider now the case when n = 2m — 1. Then the equality has the following
form

(4) t12™hy + t2y™he = (ax + By)"h,

where h,hi,he € Ry,—1. We assume till the end of the proof that ¢1,t2 # 0 and
then a.8 # 0.

Let hy = Z?lgl a;x™ 1yt and hy = Z;nz_ol bjz'y™ 71 for (a;,b; € C). We
differentiate equality (4) m — 1 times with respect to z, and put y = —%x, and
divide by =™ to get:

Next we differentiate equality (4) m — 1 times with respect to y, put y = 7%1’, and
divide by ™ to get:

— a m_l_ m—jw (e m_j:
(6) (m 1)' t1am—1 + 12 Jz:%( 1) (mf‘])' b] (6) v

m—1

m
Multiply (6) by by,—1 (%) , replace by, 1 (%) by its value from (5), and divide

the result by t; we get
m—1
@
@ =Dt (5) 4
m—1

1 yiejo1@m —j+1)! (Qm—z'—i—l)!al‘ a m—j+z’—1_
(m —1)! =1 (m —j)! (m —i)! i (5) =0

7,1=0
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Consider the left side of (7) as a polynomial in §. By remark (2) all coefficients
of this polynomial and, in particular, the constant term and the coefficient of

2(m—1)
(%) , vanish. Thus we have

agbm—1 = am—1bg = 0.

If b,,—1 = 0, by remark (2) equation (5) implies that a; =0 fori =0,...,m—1, a
contradiction. Similarly, if a,;,—1 = 0thenb; = 0for¢=0,...,m—1, a contradiction
again. Thus a;,—1,bm—1 # 0, ag = bp = 0, and (4) has the following form

m—1

m—1
(8) (mw’“ > @™y Tty Y bxym> 2y = (@ + By)"h.
i=1

i=1

Since a, 8 # 0, xy divides h, and dividing (8) by zy we get
m—2 m—2

9) tizm ! Z Aip12™ T TRy ™ Z bip12'y™ 2 = (ax + By)™ R,
=0 i=0

where b/ = (o‘xiﬂ € Ry—2. Equality (9) is similar to (4) but for n = 2m — 3.
Proceeding this way we reduce our condition to the case m = 2. In this case either
x or y divide ax + By, a contradiction.

This concludes the proof. 0O

3.10. Corollary. Each representation of the group SLs in a vector space V. whose
decomposition into irreducible representations does not contain a term isomorphic
to Ry belongs to Rq poi(SLa) for any q.

Proof. Recall that each irreducible representation of SLsy is isomorphic to one of
the canonical representations of SLy in R,, (n =0,1,...).

Let p : SLy — GL(V') be a representation satisfying the condition of the corollary
and let V = @k_, V; be a decomposition of V into the sum of SLa-invariant subspaces
such that the induced representation of SLy on each V; is irreducible and thus
isomorphic to one of the canonical representations in R,,, (n; # 1). Suppose that
the linear span of v1,...,v, € V is contained in V0. Then by the Hilbert-Mumford
criterion for zero fiber there is a one-parameter subgroup A : C* — SLs such that

tliné A) (v + - +tgvg) =0 forallty,...,t, € C.

Denote by v;; the component of the vector v; in V;. Then we have
}in’é)\(t)(tlvl’i+"'+tq'l)q’i) =0 (Z = ].,,k)

By Lemma 3.9 there is a linear form /; on C? such that the linear span of vy ;, ..., vq;
is contained in R ; .
Claim: Alll; are linearly dependent. Suppose for contradiction that some {3 and

l2, say, are linearly independent. One can take x = [; and y = [ for the coordinates
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in C? so that vi,1 = 2"t h; and v 2 = y™ho where d; := degh; < r;. We have
lims 0 A(¢) (2™ hy) = 0 = limy—,0 A(¢)(y"2he). The one-parameter subgroup is given
by

(N0 a b
1 —
At)=A (0 t)\)A, where A e N, A= (c d) for ad — be = 1.

Since A(Z) = (zzidbz) we have

dy
Ahy = Zhl,jﬂﬁjydtj
=0

o—tim (0 O Y aemn) —tim (500 ((ax + by) (Ah))
o\ 0t S0\ 0 A

T dl
T 71 alb iy Zhl ,xjydl—jt/\(2i—r1+2j—d1)
t—0 ’[, J

i=0 =0

Let hy # 0 for minimal k and consider the term with minimal degree in x

b’rl hlykxky’r‘lerl7k‘t)\(77“1+2k7d1) .

Since this converges to 0 for t — 0 but 2k — 1 — d; < 0, we get b = 0.

Similarly lim;—g A(t)(y"2h2) = 0 implies d = 0. But ad —be = 1, a contradiction,
and the claim follows.

Therefore, all [; are linearly dependent. Choosing again one of [; for the coordi-
nate x in C? we have for the diagonal action of SLy in V¢ and

)\(t):(é tE’l),

that lim; ,o(v1,...,vq) = 0. Thus by the Hilbert-Mumford criterion for the zero
fiber and Theorem 3.4 the representation p is in Ry poi1(SL2). O

3.11. Theorem. Each representation p of the (complex) torus T™ in a vector
space V' belongs to Ry poi(T™).

Proof. Tt is known that each representation of T™ is a sum of one-dimensional
representations. Denote by ¢; the standard i-th character of the standard represen-
tation of 7™ in C". Then each character of T™ has a form y = 2?21 vi€;, where
v; are integers. Let x; (j = 1,...,m) be the weights of the representation p and
let V= @&7.,Vy, be the weight decomposition of V. Let A : C* — T™ be a one
parameter subgroup and let v = Zj v; € V for v; € Vy,. Then

At)v = Z XX
J

where (x;.)\) is an integer.
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Suppose that the linear span L(v1,...,vq) of v1,...,v4 € V is contained in the
zero fiber V9. Let vy, = Z;n:1 vk,; be the weight decomposition, with vy ; € V, ;.

For each k = 1,...,q let J, := {j € {1,....m} : vp; # 0}. Put J = UpJs.
Evidently, the set of ¢ = (t1,...,%,) € C? such that the component v; € V, ) of the
vector V = Zgzl t;v; vanishes for some j € J, has a codimension > 1. Thus there
exists w = >0 w; € L(vi,...,v) with (w; € Vi) such that w; # 0 for each
7 € UrdJi. By the Hilbert-Mumford criterion there is a one-parameter subgroup
A : C* — T" such that lim;_o A(t)w = 0. This implies that (x;.A) > 0 for each
J € UrJg. But then limy_o A()(v1,...,vy) = 0, so that (v1,...,v,) € (V9)°. Thus
by Theorem 3.4 we may conclude that p € Ry po(T"). O

4. POLARIZATIONS IN INVARIANT THEORY FOR FINITE GROUPS

In this section we show that for finite groups the above results can be generalized
and strengthened.

4.1. Let G be a finite group and let X be an irreducible affine G-variety. Then
the categorical quotient X//G is the geometric one, i.e., X//G = X/G is the orbit
space. Consider the projection 7x : X — X/G. Let Y be another irreducible
affine variety, let §(Y, X) be the set of regular morphisms from Y to X, and let
(Y, X/G) be the set of regular morphisms from Y to X/G. Recall from 3.1 the
map Py x : §(Y, X) — §(Y, X/G) given by Py, x(f) =mx o f for f € (¥, X), and
the pointwise action (gf)(y) = g(f(y)) of the group G on F(Y, X).

Theorem. The map Py x induces an injective map of the set F(Y,X)/G of orbits
of G on F(Y, X) to the set (Y, X/G).

Proof. It suffices to prove that, if f, f' € F(Y,X) and P(f) = P(f’), there exists
g € G with f' = gf. For each morphism h : Y — X the graphv(h) = {(y, h(y))|y €
Y} of h is an irreducible closed subset of Y x X which is isomorphic to Y.

PutT'={(y,z) € Y x X|mo f(y) = n(x)}. It is evident that T is a closed subset
of Y x X and that I" decomposes into irreducible components:

(1) r=|J~(9f)

geG

Since the graph (f’) of the morphism f’ is an irreducible component of T', there
exists g € G such that v(f') =~v(g9f), i.e. f/=gf. O

4.2. Let 0y,...,0,, be a minimal system of generators of the algebra C[X]“ and
let
o=(01,...,0m): X - C™

Recall from 2.1 that the map o as a morphism of X to o(X) can be considered as
the projection 7x : X — X/G. By definition, for f € F(Y, X) its image Py x(f)
is uniquely defined by the functions o; o f (¢ = 1,...,m). Then by Theorem 4.1
the functions &; : F(Y,X) — C[Y] for ¢ = 1,...,m have as level set of the values
6i(f) = 0; 0 f exactly the orbit Gf of f.

4.3. Consider the case when the algebra C[X] is graded, the action of the group G
preserves this grading, the generators o1, ..., o0, are homogeneous functions, and
Z is a G-stable irreducible closed subset of §4(C?, X).
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Theorem. Let Z be a G-stable irreducible closed subset of F4(C?, X) and let the
morphism mz be dominant. Then the morphism pg.z @ Z//G — (Z//G)pol is
finite and birational. If the variety Z is normal, the morphism pq z s a bijective
normalization of (Z//G)por and then, in particular, the algebra C[Z]% is the integral
closure of the subalgebra C[Z)C pol 0 its field of fractions.

Proof. Let Z = §4(C%,X). Then the values of the generalized polarizations of
O1y...,0m at f € F4(CY, X) are exactly the coefficients of the polynomials o; o f
with respect to ¢1,...,t;. Thus by Theorem 4.1 the orbit G f is uniquely described
by the values of the indexed generalized polarizations (o;);,...;, at f. The same
statement is true for each G-stable irreducible closed subset of F4(C?, X).

Since the morphism my is dominant, by Lemma 2.10 the algebra C[Z], is gen-
erated by any minimal system of homogeneous generators o; and their generalized
polarizations which are naturally indexed. By the above arguments, for each point
x € (Z//G)pol, there is a unique orbit z € Z/G such that p, z(z) = z. Then
the morphism pg 7 is bijective and, therefore, birational. Since p;lz(()) = {0}, by
Theorem 2.12 the morphism pg, 7 is finite.

If the variety Z is normal, the orbit space Z/G is normal as well (see, for example,
[5]). Then the morphism pg 7 is a bijective normalization of (Z//G)po1. The last
statement follows from the definition of normalization. [

4.4. Corollary. Let Z be a G-stable irreducible closed subset of F4(C?, X) such
that the morphism my : Z — X is dominant. Then for each f € C[Z]% there is
some F € C|Z ] ' and an integer k > 0 such that f = F*.

Proof. Let f € C[Z]¢. Tt suffices to consider the case when the ideal (f) generated
by f is prime. Since the morphism p, z is finite, it is closed. Since by Theorem
4.3 the morphism pg, 7 is bijective, it is a homeomorphism of underlying topological
spaces.

Consider the irreducible closed subset V(f) of Z/G defined by the ideal (f).
Then its image pq,z(V(f)) is an irreducible closed subset of (Z/G)pol. Since
codim py,z(V(f)) = codim(V(f)) = 1 there is F € k[Z ] "~ such that p, z(V(f)) =
V(F), where (F) the principal ideal generated by F. By definition V (p; ,F) =

V(f), i.e. the radical \/I(F) of I(F) equals (f). Therefore, there is an integer
k > 0 such that f = F*.

4.5. Let V be a finite dimensional vector space and G a finite subgroup of GL(V).
Consider the space V¢ with the diagonal action of G. By Example 2.7 the G-
modules V¢ and Z = F1(C?~!, V) are naturally isomorphic. For Z = §1(C4~1, V)
the generalized polarizations of homogeneous G-invariant polynomials on V are
their standard polarizations. Then the algebra (C[Vq] ", the variety (Vq) "~ and
the morphism p, v« are constructed with use of the standard polarlzatlons Note
that in this case the morphism mz : Z — V is surjective and dominant.

Corollary. Let V be a finite dimensional vector space, G a finite subgroup of
GL(V). Consider the space V1 with the diagonal action of G. Then the morphism
Pgva 1 VI/G — (VI/G)pol is a bijective normalization of (V/G)per. In particular,
the ring C[V9/G] is the integral closure of the subring C[Vq]gol in its field of frac-
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tions. Moreover, for each f € C[V 9% there is some F € (C[Vq]gol and an integer
k > 0 such that F* = f.

Proof. Since for Z = §1(C471) = V4, the morphism my : Z — V is dominant and
Z is a smooth (and thus normal) variety, the statements of the corollary follows
from Lemma 1.1, Theorem 3.2, and Corollary 4.4. O

4.6. Remark. Consider again the G-module V' and put Z = §,—1(C,V). By
Example 2.9 the G-modules V7 and Z = §,—1(C,V) are naturally isomorphic
and for Z = §,-1(C, V) the generalized polarizations of homogeneous G-invariant
polynomials on V' are sums of their standard polarizations.

Then Corollary 4.5 remains true if we replace the the standard polarizations
by the above generalized polarizations in the construction of the algebra (C[Vq]gol,
the variety (V‘?)gol and the morphism pg v«. By the calculations of Examples 2.8
and 2.9 for ¢ > 2 the dimension of the space generated by the polarizations of the
basic invariants of the G-module V is strictly less than the dimension of the space

generated by the above generalized polarizations of these invariants.

Examples. In the following examples we consider representations of finite groups
in real vector spaces. But the results hold also for the complexifications of these
representations.

4.7. Example. Let V = R". The group B,, acts on = = (21,...,2,) € V by
permutations of x1,...,z, and the sign changes x; — —x;. The group D,, (n > 4)
acts on x by the above permutations and changes of an even number of signs. It
is known (see, for example, [3]) that one can take for the basic invariants of C[V]?
the polynomials

n
2k
Uk:E xm (k=1,...,n=1), op=2a1...%,.
=1

For odd r > 1 define the operator

- 0
—— '
DN
=1

Consider z;, y; as the standard coordinates in V2 = R?". The operator P, commutes
with the diagonal action of D,, and B,, on R[V?] and then preserves R[V2]P» and
k[V2)Bn. Tt is known (see [6] and [4]) that the algebra R[V2]P is generated by the
polarizations of the basic invariants o; and the polynomials

k
Py ...Py(on) (ri>1 odd, > ri<n—k).
i=1

Moreover, it is known that Ps(o,,) cannot be expressed in terms of the polarizations
of 0;’s (see [6]). It is clear that the group B, is generated by the group D,, and the
reflection w : (z1,...,Zn—1,25) — (Z1,...,Zn—1,—2Z,). Then
w(oy) =—0op, and w(P, ...P (0n)) =—Pr ... P (0n).

This implies that (P, ... P (0,))? € R[V?B~. Since the polarizations of the
basic invariants of B, generate R[V2]B» (see [2] and [4]), (P, ... P, (0,))? is a
polynomial in the polarizations of the basic invariants of B, and, then, in the
polarizations of the basic invariants of D,,.
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4.8. Example. Let V = R? and let the group G be the cyclic group Zs whose
action on V is generated by rotation over the origin by the angle 27” One can take
for the basic generators of the algebra R[V] the polynomials

1 1 1 .
o1 = 5(30% +yi), o2= g(x? —3z193), and o3 = 5(330@1 — ),

where x1,y; are the standard coordinates in R2.

Let x1,y1,T2,y2 be the standard coordinates in V2 = R% We have the poly-
nomial ¢ = x1ys — Y123 € R[VQ]G which cannot be expressed in terms of the
polarizations of the basic invariants ;. Consider the following polarizations of
basic invariants

2 2 2 2
02,1 = T1T2 — YIT2 — 2T1Y1Y2, 031 = —(Y1Y2 — T1Y2 — 2T1Y122)
2 2 2 2
T2 = T1T5 — T1Y5 — 2Y1%2Y2, 032 = —(Y1Y5 — Y105 — 2x122Y2)

(323ys — y3).

1
02,3 = g(xg —332y3), 033 = 3

It is easily checked that we have

3
o 303023 — 302033 + 02,1032 — 03,102.2).

=1 (
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