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ABSTRACT. In commutative differential geometry the Frolicher-Nijenhuis bracket
computes all kinds of curvatures and obstructions to integrability. In [1] the Frolicher-
Nijenhuis bracket was developed for universal differential forms of non-commutative
algebras, and several applications were given. In this paper this bracket and the
Frolicher-Nijenhuis calculus will be developed for several kinds of differential graded
algebras based on derivations, which were introduced by [6].

TABLE OF CONTENTS

1. Introduction Coe .
Convenient vector spaces . . . ... . ... ... 3

2.
3. Preliminaries: graded differential algebras der1vat1ons

and operations of Lie algebras . . . . P
4. Derivations on universal differential forms S e .o 8
5. The Frolicher-Nijenhuis calculus on Chevalley type cochalns S L. 11
6. Description of all derivations in the Chevalley differential graded algebra . 16
7. Diagonal bimodules . . . . B £
8. Derivations on the differential graded algebra QDer(A) e e e .22
9. The differential graded algebra Qou(A) . . . . . . . . . . . . . . .26

1. INTRODUCTION

There are several generalizations of the differential calculus of differential forms
in the non-commutative setting [4], [13], [14], [6], [1]. We concentrate here on the
differential calculus based on derivations as generalizations of vector fields, [6], and
we develop the Frolicher-Nijenhuis bracket in this setting, following the lead of [1].
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Let us recall what are the relevant notions of differential forms in this context.
Let A be an associative algebra with a unit 1. As usual we think of A as a gen-
eralization of an algebra of smooth functions. Then it is natural to consider the
Lie algebra Der(A) of all derivations of A with values in A, i.e. of all infinitesimal
automorphisms of A, as a generalization of the Lie algebra of vector fields. Alter-
natively, for an ‘invariant’ theory one may prefer to use the Lie algebra Out(A) of
all derivations of A modulo the inner derivations. Then Out(A) is Morita invari-
ant and it also coincides with the Lie algebra of all vector fields in case that A is
the algebra of smooth functions on a manifold. As for the commutative case (see
[15]) the notions of differential forms can be extracted from the differential algebra
C(Der(A), A) of Chevalley-Eilenberg cochains of the Lie algebra Der(A) with values
in the Der(A)-module A. There are then two natural generalizations of the graded
differential algebra of differential forms: A minimal one, Qpe(A4), which is the
smallest differential subalgebra of C'(Der(A), A) which contains A = C%(Der(A), A).
And a maximal one, Qp, (A) = Cza)(Der(A), A), which consists of all cochains
in C(Der(A), A) which are module homomorphisms for the module structure of
Der(A) over the center Z(A) of A. In order to pass to the corresponding notions
for Out(A) we notice that there is a canonical operations, in the sense of H. Car-
tan [2], [3], X +— ix for X € Der(A), of the Lie algebra Der(A4) in the graded
differential algebra C(Der(A), A). Both Qpe;(A) and Qp,, (A) = Cz4)(Der(A), A)
are stable under this operation and we define Qou(A4) and Qo (A) to be the
differential subalgebras of Qper(A) and Qp,.(A) consisting of all elements which
are basic with respect to the corresponding operation of the ideal Int(A) of in-
ner derivations of Der(A); one defines similarly Coyug(a)(Der(A), A). These graded
differential algebras are also obvious generalizations of differential forms. Notice,
however, that in contrast to Qpe,(A) and Qp,, (A) there is in general no differential
calculus starting with A in these algebras, since they do not contain A but merely
its center Z(A) = Q2 (A) = Q2 (4) = Cgut(A) (Der(A), A). The differential alge-
bra Coyue(a)(Der(A), A) turns out to be the differential algebra C'(Out(A), Z(A)) of
all cochains of the Lie algebra Out(A) with values in the center Z(A), which is an
Out(A)-module. Under this identification Qq,,;(A) becomes the differential algebra
Cz(a)(Out(A), Z(A)) of Z(A)-multilinear cochains. This implies that Q¢ (A) is
a Morita invariant generalization of the differential algebra of differential forms.
C(Out(A), Z(A)) is of course also Morita invariant.

We shall develop the theory in several directions. Firstly, we shall show that
the derivation d : A — Q}_ (A) is universal for the derivations of A4 in a category
of bimodules containing all bimodules which are isomorphic to sub bimodules of
arbitrary products of A considered as a bimodule: As suggested by A. Connes, we
call these last bimodules diagonal bimodules. This means that when one restricts
attention to the above category of bimodules containing the diagonal ones, the
universal property of the derivation d : A — Q!(A) factors through the canonical
surjective bimodule homomorphism ¢ : Q'(A4) — Qf_.(4).

Secondly, we shall generalize for these differential forms the Frolicher-Nijenhuis
calculus for vector valued differential forms. As generalization of the space of vector
valued differential forms we shall consider Der(A, Qper(A)) in the case of Qpe,(A),
and Der(A4, Q.. (A4)) in the case of Qp,. (A4), etc. For the universal differential
enveloping algebra Q(A) of A, the generalization of the Frolicher-Nijenhuis bracket



NON-COMMUTATIVE FROLICHER-NIJENHUIS BRACKET 3

has already been introduced on Der(A4,Q2(A)) in [1], and we shall also define such a
generalization for Der(A4, C(Der(A), A)) = C(Der(A),Der(A)). The generalizations
proposed are natural, so that under the sequence of homomorphisms and inclusions
of graded differential algebras

QA) — Qper(A) C Qp, (A) C C(Der(A), A)
the corresponding sequence

Der(A,Q(A)) — Der(A, Qper(A)) C Der(A, Qp,,(A)) C Der(A,C(Der(A), A))
is a sequence of homomorphisms for the generalized Frolicher-Nijenhuis brackets.
Moreover we present here a novel approach to the Frolicher-Nijenhuis bracket, which
uses the Chevalley coboundary operator for the adjoint representation and which
works also in other situations, see the proofs of 5.6 and 5.7.

Since it is useful to have a theory which is well suited to topological algebras
we develop from the beginning the whole theory in the setting of convenient vector
spaces as developed by Frolicher and Kriegl. The reasons for this are the following;:
If the non-commutative theory should contain some version of differential geometry,
a manifold M should be represented by the algebra C°°(M,R) of smooth functions
on it. The simplest considerations of groups need products, and C*°(M x N,R) is
a certain completion of the algebraic tensor product C*°(M,R) ® C*°(N,R). Now
the setting of convenient vector spaces offers in its multilinear version a monoidally
closed category, i.e. there is an appropriate tensor product which has all the usual
(algebraic) properties with respect to bounded multilinear mappings. So multilinear
algebra is carried into this kind of functional analysis without loss. The theory of
convenient vector spaces is sketched in section 2.

We note that all results of this paper also hold in a purely algebraic setting:
Just equip each vector space with the finest locally convex topology, then all linear
mappings are bounded.

2. CONVENIENT VECTOR SPACES

2.1. The notion of convenient vector spaces arose in the quest for the right setting
for differential calculus in infinite dimensions: The traditional approach to differen-
tial calculus works well for Banach spaces, but for more general locally convex spaces
there are difficulties. The main one is that the composition of linear mappings stops
being jointly continuous at the level of Banach spaces, for any compatible topology,
so that even the chain rule is not valid without further assumptions. In 1982, Al-
fred Frolicher and Andreas Kriegl presented independently the correct setting for
differential calculus in infinite dimensions, see their joint book [10].

In addition to their importance for differential calculus convenient vector spaces
together with bounded linear mappings and the appropriate tensor product form
a monoidally closed category, the only useful one which functional analysis offers
beyond Banach spaces. So this category is the right setting for us: we shall need
2.7 and 2.8 below.

In this section we will sketch the basic definitions and the most important re-
sults concerning convenient vector spaces and Frolicher-Kriegl calculus. All locally
convex spaces will be assumed to be Hausdorff. Proofs for the results sketched here
can be found in [10] (except for 2.8 which was proved in [1]). A complete coverage
will be in the forthcoming book [18]; [16], [17], and [1] contain overviews.
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2.2. The c*°-topology. Let E be a locally convex vector space. A curve c: R —
E is called smooth or C* if all derivatives exist (and are continuous) - this is a
concept without problems. Let C*°(R, E) be the space of smooth curves. It can
be shown that C*°(R, E) does depend on the locally convex topology of E only
through its underlying bornology (system of bounded sets). The final topologies
with respect to the following sets of mappings into E coincide:
(1) C>=(R,E).
(2) Lipschitz curves (so that {% :t # s} is bounded in E).
(3) {Ep — E : B bounded absolutely convex in E'}, where Ep is the linear
span of B equipped with the Minkowski functional pg(x) := inf{\ > 0 :
x € AB}.
(4) Mackey-convergent sequences x,, — z (there exists a sequence 0 < \,, /" 00
with A, (z, — x) bounded).
This topology is called the ¢*°-topology on E and we write ¢*° FE for the resulting
topological space. In general (on the space D of test functions for example) it
is finer than the given locally convex topology; it is not a vector space topology,
since addition is no longer jointly continuous. The finest among all locally convex
topologies on E which are coarser than the ¢>-topology is the bornologification of
the given locally convex topology. If E is a Fréchet space, then ¢ E = E.

2.3. Convenient vector spaces. Let E be a locally convex vector space. F is
said to be a convenient vector space if one of the following equivalent conditions is
satisfied (called ¢*°-completeness):

(1) Any Mackey-Cauchy-sequence (so that (z, — x,,) is Mackey convergent to
0) converges.

(2) If B is bounded closed absolutely convex, then Ep is a Banach space.

(3) Any Lipschitz curve in E is locally Riemann integrable.

(4) For any ¢; € C(R, E) there is ca € C*°(R, E) with ¢; = ¢ (existence of

antiderivative).

(5) If f: R — E is scalarwise Lip®, then f is Lip”, for k > 1.

(6) If f: R — E is scalarwise C™ then f is differentiable at 0.

(7) If f:R — FE is scalarwise C* then f is C*°.
Here a mapping f : R — F is called Lip” if all partial derivatives up to order k
exist and are Lipschitz, locally on R. f scalarwise C'* means that Ao f is C* for
all continuous (equivalently: all bounded) linear functionals on E. Obviously ¢*°-
completeness is weaker than sequential completeness, so any sequentially complete
locally convex vector space is convenient. From 2.2.4 one easily sees that c*°-
closed linear subspaces of convenient vector spaces are again convenient. We always
assume that a convenient vector space is equipped with its bornological topology.
For any locally convex space E there is a convenient vector space E called the
completion of E, and a bornological embedding i : E — F, which is characterized
by the property that any bounded linear map from F into an arbitrary convenient
vector space extends to E.

2.4. Smooth mappings. Let E and F' be locally convex vector spaces. A map-
ping f : E — F is called smooth or C*, if foc € C®(R, F) for all c € C*(R, E);
so fr : C®(R,E) — C®°(R, F) makes sense. Let C*°(E, F) denote the space of
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all smooth mappings from F to F. For F and F finite dimensional this gives the
usual notion of smooth mappings. Multilinear mappings are smooth if and only if
they are bounded. We denote by L(F, F) the space of all bounded linear mappings
from E to F.

2.5. Differential calculus. We equip the space C*°(R, E) with the bornologifica-
tion of the topology of uniform convergence on compact sets, in all derivatives sep-
arately. Then we equip the space C°°(E, F') with the bornologification of the initial
topology with respect to all mappings ¢* : C*(E,F) — C*(R, F), ¢*(f) := foc,
for all ¢ € C*°(R, E). We have the following results:
(1) If F is convenient, then also C*°(E, F) is convenient, for any E. The space
L(E,F) is a closed linear subspace of C*(E, F'), so it is convenient also.
(2) If E is convenient, then a curve ¢ : R — L(E, F) is smooth if and only if
t — c(t)(x) is a smooth curve in F for all x € E.
(3) The category of convenient vector spaces and smooth mappings is cartesian
closed. So we have a natural bijection

C®(E x F,G) = C™(B,C™(F,G)),

which is even a diffeomorphism. Of course this statement is also true for
c*°-open subsets of convenient vector spaces. Note that this result, for
E =R, is the prime assumption of variational calculus. As a consequence
evaluation mappings, insertion mappings, and composition are smooth.

(4) The differential d : C*(E,F) — C*(E,L(E,F)), given by df(x)v =
limy_o +(f(z + tv) — f(z)), exists and is linear and bounded (smooth).
Also the chain rule holds: d(f o g)(z)v = df (g(z))dg(z)v.

2.6. The category of convenient vector spaces and bounded linear maps is complete
and cocomplete, so all categorical limits and colimits can be formed. In particular
we can form products and direct sums of convenient vector spaces.

For convenient vector spaces F1, ... ,F,, and F' we can now consider the space
of all bounded n-linear maps, L(E1,..., E,; F), which is a closed linear subspace
of C°°([[;~, E;, F) and thus again convenient. It can be shown that multilinear
maps are bounded if and only if they are partially bounded, i.e. bounded in each
coordinate and that there is a natural isomorphism (of convenient vector spaces)
L(Ey, ..., Exi F) 2 L(E\,..., By L(Egsn, .., Ens F)

2.7. Result. On the category of convenient vector spaces there is a unique tensor
product @ which makes the category symmetric monoidally closed, i.e. there are nat-
ural isomorphisms of convenient vector spaces L(Ey; L(E2, E3)) = L(E1®FE, E3),
E1®E2 = E2®E1, E1®(E2®E3) = (E1®E2)®E3 and E®]R =2 F.

2.8. Result. [1], 2.7. Let A be a convenient algebra, M a convenient right A-
module and N a convenient left A-module. This means that all structure mappings
are bounded bilinear.

(1) There is a convenient vector space M@aN and a bounded bilinear map
b: M x N — M®@aN, (m,n) — m®an such that b(ma,n) = b(m,an) for
alla € A, m € M and n € N which has the following universal property:
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If E is a convenient vector space and f: M x N — E is a bounded bilinear
map such that f(ma,n) = f(m,an) then there is a unique bounded linear
map f: M&sN — E with fob= f.

(2) Let LA(M,N;E) denote the space of all bilinear bounded maps f : M x
N — FE having the above property, which is a closed linear subspace of
L(M,N;E). Then we have an isomorphism of convenient vector spaces
LA(M,N;E) = L(M®4N, E).

(3) If B is another convenient algebra such that N is a convenient right B-
module and such that the actions of A and B on N commute, then M® 4N
s in a canonical way a convenient right B-module.

(4) If in addition P is a convenient left B-module then there is a natural iso-
morphism of convenient vector spaces

M&s(N&pP) = (M&sN)&pP

2.9. Remark. In the following all spaces will be convenient spaces, and all multi-
linear mappings will be bounded, even if it is not stated explicitly. So all algebras
will be convenient algebras and all modules will be convenient modules. L(E, F)
ete. will always denote the space of bounded (multi)linear mappings. This setting
includes the purely algebraic theory, where one just equips each vector space with
its finest locally convex topology, because then each multilinear mapping is bounded
automatically.

3. PRELIMINARIES: GRADED DIFFERENTIAL ALGEBRAS,
DERIVATIONS, AND OPERATIONS OF LIE ALGEBRAS

3.1. Graded derivations. Let % = @, A* be a graded associative algebra
with unit, so that 2A*. C A*+!. We denote by Dery, 2 the space of all (graded)
derivations of degree k, i.e. all linear mappings D : 2 — 2 with D(') c A**! and
D(p1)) = D(p)t+(—1) ' pD() for ¢ € AL, Then the space Der?l = @, Dery2l is a
graded Lie algebra with the graded commutator [Dy, D3] := Dy o Dg— (—1)k1k2 Dyo
D, as bracket. This means that the bracket is graded anticommutative, [Dy, Da] =
—(=1)**2[Dy, Dy], and satisfies the graded Jacobi identity

(D1, [D2, D3]] = [[D1, D], Ds] + (=1)**2[Ds, [Dy, Ds]]

(so that ad(Dy) = [Dy, | is itself a derivation of degree k).

Let Z(A)? = {a € A7 : [a,b] = ab— (—=1)%ba = 0 for all b € A and all | € Z}
and consider the graded center Z(A) = P,z Z(A)? of A, a graded commutative
algebra with unit, which is stable under Der(2). Then Der(2) is a (left) graded
Z(2)-module and we have [a.D1, Ds] = a.[Dy, D3] — (—1)@tF1)%2 Dy(a).D;.

3.2. Graded differential algebras. In this paper, a graded differential algebra
is a Z-graded associative algebra A = @, ., Ak equipped with a graded derivation
d of degree 1 with d? = 0, called the differential of 2.
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3.3. The graded differential algebra of universal differential forms. Let A
be a convenient associative algebra with unit, and let (2*(A), d) be the convenient
graded differential algebra of (universal) (Kéhler) differential forms, see for example
[1]. Let us briefly repeat its construction: Q!(A) is the kernel of the multiplication
i ARA — A, a convenient A-bimodule. The bounded linear mapping d : A —
QL(A), given by d(a) = 1 ® a — a ® 1, has the following universal property, and the
pair (Q'(A), d) is uniquely determined by it:

(1) For any bounded derivation D : A — N into a convenient A-bimodule N
there is a unique bounded A-bimodule homomorphism jp : Q}(4) — N
such that D = jp od.

We put Q°(A) := A, and for k € Z we define QF(A) := QL (A)Ra4...®40Q(A) (k
factors). There is a canonical extension of d : A — Q'(A) to a bounded differential
of the graded algebra Q2*(A), i.e. a bounded derivation of degree 1 satisfying d? = 0.

AL alA) LX) L adA) L.

and the resulting convenient graded differential algebra has the following universal
property and is uniquely determined by it:

(2) For any bounded homomorphism ¢ : A — B of convenient algebras and for
any convenient graded differential algebra (B = @, B, dP) with By = B
there exists a unique extension of ¢ to a homomorphism (A) — B of
graded differential algebras.

3.4 Chevalley-Eilenberg cochains. Let g be a convenient Lie algebra and let
FE be a convenient vector space carrying a bounded representation of g, i.e. one
has a bounded Lie algebra homomorphism g — L(E, E). For each positive integer
k, let C*(g, E) denote the convenient vector space L(AFg, E) of all bounded k-
linear skew symmetric mappings of g into E. Notice that one has C%(g,E) = E
canonically. The elements of C¥(g, E) are called (bounded) k-cochains of g with
values in E. The space of all (bounded) cochains of g with values in E is the
convenient graded vector space C(g, E) = @r—,C*(g, E). One defines a linear
mapping d : C(g, E) — C(g, E) of degree one by setting:

k
do(Xo, ..., X3) : :Z(—l)ix-( (X0, Xav o, Xi))

+Z D o([Xi, X1, Xos o Xay oo, Xy Xi)
1<J

for ¢ € C*(g, E) and X; € g.

One has d? = 0 and therefore (C(g, E),d) is a complex. This is the Chevalley-
Eilenberg complex of FE-valued cochains of g and d is the Chevalley coboundary. In
the case when E is a convenient unital algebra A, C(g, A) is canonically a graded
unital algebra with product defined by

(gpﬂ,ﬁ)(Xl,.. Xk+l % Z blgna(p 01,... X )w(XU(kJrl)w”aXo(k«H))

c€Sk41
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for p € C*(g, A),v € C*(g,A) and X; € g.
If furthermore g acts by derivations of A, i.e. if the Lie algebra homomorphism
g — L(A, A) is valued in the Lie algebra

Der(A) ={X € L(A,A) : X(ab) = X(a)b+ aX (D) for all a,b € A}

then d is an antiderivation of C(g, A) and therefore, (C(g, A),d) is a graded differ-
ential algebra.

In particular, C(Der(A), A) is a (convenient, unital) graded differential alge-
bra. The convenient vector space Der(A) is not only a Lie algebra, its is also a
bounded module over the center Z(A) of A. Moreover, Z(A) is stable by Der(A)
and one has the usual formulas [X,aY] = X(a)Y + a[X,Y], etc. Let Qp.,(A) =
Cz(ay(Der(A), A) denote the subspace of C(Der(A), A) of all cochains which are
Z(A)-multilinear. Then, as easily verified, Qp..(4) = @y~ QF .(A) is a graded
differential subalgebra of C(Der(A), A). The graded differential algebra Qp. (A)
is a noncommutative generalization of differential forms since it coincides with the
graded differential algebra Q(M) of differential forms on M whenever A is the
algebra C°°(M) of all smooth functions on a finite dimensional smooth manifold
M.

3.5 H. Cartan’s operations. If g is a convenient Lie algebra and if (2, d) is a
graded differential algebra, an operation in the sense of Cartan of g in % is a linear
mapping g — Der_;(2l), written X +— iy, such that for Lx = ixd + dix =
[ix,d] € Derg(2) we have for all X, Y € g:

ixly +iyix = [ix,iy] =0

Lxiy —iy Lx = [Lx,iy] = i[x,y]-

Lx Ly — Ly Lx =[Lx,Ly] = Lixy]
An element o € 2 is called horizontal with respect to g whenever ixa = 0 for all
X € g; it is called invariant with respect to g if Lxa = 0 for all X € g; and « is
called basic if it is both horizontal and invariant.

The convenient space g of horizontal elements of 2 is a graded subalgebra of

2 which is stable under Lx for all X € g. The convenient space 2; of all invariant
elements is a graded differential subalgebra of (2, d), and the convenient space 2p
of all basic elements is a graded differential subalgebra of 2, thus also of 2.

4. DERIVATIONS ON UNIVERSAL DIFFERENTIAL FORMS

4.1. Let A be a convenient associative algebra with unit, and let (Q*(A), d) be the
convenient graded differential algebra of universal differential forms as described in
3.3. In this section we review from [1] the description of all graded derivations on
the graded differential algebra Q*(A). This leads directly to what we like to call
the ‘calculus of Frolicher-Nijenhuis’.

4.2 Derivations vanishing on A. For every derivation X € Der(A) there exists
a bounded A-bimodule homomorphism jx : Q!(A) — A, by the universal property
3.3.(1). It prolongs uniquely to a graded derivation j(X) = jx : Q(4) — Q(A)
of degree —1 which is called the contraction operator of the derivation X. By
definition, jx vanishes on A.
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More generally, let us consider a graded derivation D € Dery(2*(A)) of degree
k which vanishes on A, D | Q°(A) = 0. Such derivations are called algebraic
derivations; they form a Lie subalgebra of Der(Q2*(A)). Then D(aw) = aD(w)
and D(wa) = D(w)a for a € A, so D restricts to a bounded bimodule homomor-
phism, an element of Hom% (2 (A), Q"F*(A)). Since Q!(A) for [ > 1 is generated
by Q(A), the derivation D is uniquely determined by its restriction D|Q!(A) €
Hom?(Q'(A), QF1(4)).

Let us denote by

K := (D|Q'(A)) o d € Der(A, Q1 (A))

the corresponding derivation on A. We write D = j(K) = jg to express the unique
dependence of D on K. Note the defining equation jg (ai.d(az2).a3) = a1.K(asz).as
for a; € A.

Conversely for K € Der(A, Q*"1(A)) with corresponding homomorphism jx €
Hom’} (Q'(A4), Q*+1(A4)) and w; € Q'(A) the formula

14

Jr(Wo ®a -+ ®awp) = Z(—l)ikwo ®a - ®a k(W) ®a - ®aw
i=0

defines an algebraic graded derivation jx € DeriQ(A) and any algebraic derivation
is of this form. The mapping

j : Der(A, Q*1(A)) — DeryQ(A)

induces an isomorphism of convenient vector spaces onto the closed linear subspace
of DerQ(A) consisting of all graded bounded derivations which vanish on A.

By stipulating j([K, L]®) := [jk,jz] we get a bracket [ , ]® on the space
Der(A, Q*t1(A)) which defines a convenient graded Lie algebra structure with the
grading as indicated, and for K € Der(A, Q**1(A)), and L € Der(4, QF1(A)) we
have

[K,L]A = jgoL— (—1D)*j o K.

, ]® is a version of the bracket of Gerstenhaber, De Wilde - Lecomte, see [11],
[12], and [5].

4.3. Lie derivations and the Frolicher-Nijenhuis bracket. The exterior de-
rivative d is an element of Der;Q(A4). We define for K € Der(A4,Q2*(A)) the Lie
derivation L = L(K) € DeriQ(A) by

Lk = [jr,d] = jxd— (—1)"djg.

Then the mapping £ : Der(A,Q*(A)) — Der.Q(A) is obviously bounded and it
is injective by the universal property of Q!(A), since Lxa = jxda = K(a) for
a € A. Note that Lx is an extension of the derivation K : A — QF(A) to a graded
derivation of the graded algebra Q*(A) of degree k.
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Lemma. [1], 4.7. For any graded derivation D € DeryQ(A) there are unique
homomorphisms K € Der(A, Q¥(A)) and L € Der(A, Q*T1(A)) such that

D=Lk+7jL.

We have L =0 if and only if [D,d] = 0. D is algebraic if and only if K =0. O

Note that jqw = kw for w € QF(A). Therefore we have Lyw = jqdw — d jyw =
(k+1)dw — kdw = dw. Thus L4 = d.
Let K € Der(A,Q%(A)) and L € Der(A, Q!(A)). Then obviously [[Lr, L], d] =
0, so we have
(£(K), £(1)] = £(K, T))

for a uniquely defined [K,L] € Der(A, Q" (A)) which is called the (abstract)
Frélicher-Nijenhuis bracket of K and L.

The space Der(A4,Q*(A)) = @, Der(A, Q*(A)) with its usual grading and the
Frolicher-Nijenhuis bracket is a convenient graded Lie algebra. d € Der(A, Q'(A))
is in the center, i.e. [K,d] =0 for all K, see [1], 4.9.

L: (Der(A,Q%(A)),[ , ]) — DerQ2(A) is a bounded injective homomorphism
of graded Lie algebras. For K € Der(4,QF(A)) and L € Der(A4, Q"*1(A)) we have

(1) [Lre,jr) = §([K, L]) = ()M L(jr o K).
For K; € Der(A, Q% (A)) and L; € Der(A, QF*1(A)) we have
(2) [‘CKl +jL17£K2 +jL2] =

=L ([K1, K] + jr, 0o Ko — (—1)"" i, 0 Ky)
+ 7 (L1, La)® + [K1, L] — (—1)F7 K>, Ly]) .

Each summand of this formula looks like a semidirect product of graded Lie alge-
bras, but the mappings

j : Der(A,Q"7'(A)) — Endg (Der(4,Q"(A)),[ , )
ad : Der(A,Q*(A)) — Endg (Der(A4, Q*1(A),[ , %),
adg L = [K, L],

do not take values in the subspaces of graded derivations. We have instead for
K € Der(A,Q%(A)) and L € Der(A, Q'F1(A)) the following relations:

(3)  jro[Ki,Ka] = [jr oK1, K]+ (—1)"[K1, L o K]
— (1" (adi, L) 0 Kz = (=1)® 0% j(ad, L) o K )
(4) adg[L1, Lo])® = [adg Ly, Lo]® + (—1)F* [Ly, ad gk Lo]® —
- ((—1)kk1 ad(j(L1) o K)Ly — (—1)*+*Dk2 aq(j(Ly) o K)L1>
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4.4. Naturality of the Frélicher-Nijenhuis bracket. Let f : A — B be a
bounded algebra homomorphism. Two elements K € Der(4,QF(A)) and K’ €
Der(B,Q*(B)) are called f-related or f-dependent, if we have

(1) Kof=0Ff)oK:A— Q¥B),

where Q*(f) : Q*(A) — Q*(B) is given by the universal property 3.3.(2). From [1],
4.12. we have the following results:
(2) If K and K’ are f-related then jx/ o Q(f) = Q(f) o ji : Q(A) — Q(B).
(3) If jxr o Q(f)|d(A) = Q(f) 0 jx|d(A), then K and K’ are f-related, where
d(A) C Q'(A) denotes the space of exact 1-forms.
(4) If K; and K are f-related for j = 1,2, then jk, o K2 and jg; o Kj are
f-related, and also [K;, K»]® and [K{, K}]® are f-related.
(5) If K and K’ are f-related then L o Q(f) = Q(f) o Lk : Q(A) — Q(B).
(6) If Lcr 0 Q(f) | Q2(A) = Q(f) 0 L | Q°(A), then K and K’ are f-related.
(7) If K; and K are f-related for j = 1,2, then their Frolicher-Nijenhuis brack-
ets [K1, K] and [K{, K)] are also f-related.

5. THE FROLICHER-NIJENHUIS CALCULUS ON CHEVALLEY TYPE COCHAINS

5.1. Insertion operators. Let A be a convenient associative algebra with unit.
Using the setting from 3.4, for X € Der(A) we consider the insertion operator

ix : C*(Der(A), A) — C*~(Der(A), A),
(ixw)(Xl, .o ,Xk) = w(X, Xl, e ,Xk),
which is a derivation of degree —1 satisfying ix|C°(Der(4), A) = ix|A = 0. Note

that ix maps the graded differential subalgebra Cz(4)(Der(A), A) into itself.
More generally, let K € C¥(Der(A),Der(A)) := L __(Der(A);Der(A)) be a

skew

bounded skew symmetric k-linear mapping Der(A)**! — Der(A). Then we may
define:

ir : C'(Der(A), A) — C*=1(Der(A), A)
(1) (in)(Xl,...7Xl+k,1) =
= m Z sign(o) w(K(Xs1,. .., Xok), Xo(ht1),---)

0ESKti1-1

Note that irap,,, ,,w = l.w for w € C!(Der(A), A).
Lemma. ix is a derivation of degree k — 1, ix € Dery_1(C*(Der(A), A)).

Proof. Clearly one may write

(2) (igw)(X1,. oo Xigg—1) =
e, — BGEED) - —
= > (=) TR (X X ) X Xy Xy, ).

i1 <<t
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Using expression (2) one may check directly that then we have
(3) lix,ix] = ix(x,.) = tixx for any X € Der(A).

From (3) it is then easy to prove that for ¢ € CP(Der(A), A) and ¢ € C'%(Der(A), A)
we have

i () = (i) + (=)o (ixy),
by induction on k+p+¢q. O

5.2. Remark. In general there exist more bounded graded derivations D in the
space Der(C(Der(A), A)) which vanish on A, than just those of the form ix for
some K € C(Der(A),Der(A)). We shall give an explicit description of all graded
derivations on C(Der(A), A) in section 6 below, but we will not extend the Frolicher-
Nijenhuis calculus to this description: it is too complicated.

5.3. Now let K € C*(Der(A),Der(A)) and L € C'(Der(A),Der(A)). Then for the
graded commutator we have

o =D (-1); -
) - — '[K )
lir,ir) =ixir — (—1) irix = i[k,)~, Where

[K,L)" =igL — (=1)* D00 K e ¢k~ (Der(A), Der(A))

is the Nijenhuis-Richardson bracket, see [21], a graded Lie bracket on the graded
vector space C*T1(Der(A), Der(A)). Here iy acts on C(Der(A),Der(A)) by the
same formula as in 5.1.(1).

5.4. Lie derivations. For K € C*(Der(A),Der(A)) let us now define the Lie
derivation Lk along K by the graded commutator

L =lig,d =ixd—(—1)""'dig € Dery(C(Der(A), A)).

Note that Lrdy,,,, = d-

5.5. Lemma. The Lie derivative of w € C'(Der(A), A) along K is given by

(EKW)(X17 e >ch+l) =
B Z signo Lx(x,1,...%x.0) (W Xo(ht1)s -+ Xo(k+1)))

o

+ (—=1)* <k'(l1_1), > signo w([Xo1, K(Xo2, -, Xo(ra1)))s Xo(er2), - -)

— oot D sien o w(K ([Xo1, X, Xo, ), Xo(ks2), - - ))

Proof. This can be shown by a direct computation starting from formula 5.1.(2). O
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5.6. Proposition. Let K € C*(Der(A),Der(A)) and L € C'(Der(A),Der(A)).
Then for the graded commutator we have

(Lo, Lo) = Lic L1 = (~)FVEVLL Loc = Ly,
where [K, L] € C*+(Der(A), Der(A)) is given by the following formula

(1)
= > signo [K(Xo1, ..., Xor), L(X. X )]
AN ol sy Aok)s o(k+1)> s Ao(k+l)
+ (=1)* (le > signo L([Xo1, K(Xo2, -+, Xo (o)) Xo(er2)s---)
— T Zsigna L(K([Xo1, Xo2), Xo3, - )y Xo(kr2)s - - - ))
— (_1)kl+l ((k—ll)'l' Zsigna K([Xal,L(XUQ, . 7X0'(l+l))7X0'(l+2)7 .. )
_ (k_l)!(ll_l)!mZsignaK(L([Xgl,ng],ng,...),Xo(l+2)7...)>.

The bracket [K, L] is called the Frolicher-Nijenhuis bracket. It is a graded Lie
bracket on C*(Der(A), Der(A)).

Proof. Comparing the Chevalley coboundary operator (see 3.4)
OK(X1,..., Xps1) = % Zsigno’ [(Xo1, K (Xo2, -, Xo(kt1))]

- m Zsigna K([Xo1, Xo2], Xo3, -+ s Xo(hg1))

for the adjoint representation of the Lie algebra Der(A) with the Frolicher-Nijenhuis
bracket (1) one sees that
(2) (K, L] = [K, LIx + (-1)"(0K) L = (=1)" " (OL) K,
where we have put
(3) (K, L]a(X1, - Xpgt) =

= Z sign(o)[K (Xo1, -+, Xok ) L(Xokt1)s - - s Xo(hti)) ] Der(4) -
Formula (2) is the same as in [21], p. 100, where it is also stated that from this

formula ‘one can show (with a good deal of effort) that this bracket defines a graded
Lie algebra structure’. Similarly we can write the Lie derivative 5.5 as

(4) Lx =LA(K) + (—1)"i(0K),
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where the action £ of Der(A) on A is extended to £, : C(Der(A),Der(A)) x
C(Der(A), A) — C(Der(A), A) by

(5) (LAK)w)(X1,. .., Xgrk) =
= D sign(0) LK (Xo1, -+, Xok ) (@(Xo(ka1)s - s Xor(ht)))-

Using (4) we see that

(6) (L, L] = LAK)LA(L) = (=M LA(L)LA(K)
+ (~1MOK)LA(L) — (~1)MHFLA(L)i(0K)
— (=D)MHOL)LA(K) + (—1)' LA(K)i(OL)
+ (=1)M(0K)i(OL) — (=) HH(OL)i(OK),
and from (2) and (4) we get
(7) Lig.r) = Loy, + (D Lioryr — (D" Licoryx
= LA(K LA + (= 1)'“” (O[K, L]A)
+ (=D LAG(OK)L) + (—1)*i(0i(OK) L)
— (~DMMLAGOL)K) — (~1)MHHi(0i(L)K).
By a straightforward direct computation one checks that

(8) ﬁ/\(K)/:A(L) - (_1)kl£A(L)£A(K) = E,\([K, L]A)~

If the derivation ik of degree k looks at the expression L, (L)w, it sees only the
‘wedge’ product in 3.4, so we may apply lemma 5.1 (or reprove lemma 5.1 in this
situation) and get

(9) ik La(L)w = La(igL)w+ (=1)* DL (L)igw.

By a straightforward combinatorial computation one can check directly from the
definitions that the following formula holds:

(10) OigL) =iox L + (—1)* YigdL + (—1)F[K, L]A.

Moreover it is obvious that

(11) OIK, L) = [0K, L]n + (=1)[K, OL]A.

We have to show that (6) equals (7). This follows by using (8), twice (9), twice
(10), (11), and 99 = 0.

That the Frolicher-Nijenhuis bracket defines a graded Lie bracket follows now
from the fact that £ : C(Der(A),Der(A)) — Der(C(Der(A), A)) is injective. O
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5.7. Lemma. For K € C*(Der(A),Der(A)) and L € C'(Der(A), Der(A)) we have

[Lx,ig] =i([K, L) — (~1)*=YLGLK), or
lir, Lx] = L(iLK) + (=1)"i([L, K]).

Proof. The two equations are obviously equivalent by graded skew symmetry, and
the second one follows by inserting the following formulas, all from 5.6: expand the
equation by (4), (2), and use then (10). O

5.8. Remark. As formal consequences of lemma 5.7 we get the following formulae:
For K; € C*i(Der(A),Der(A)) and L; € C**T1(Der(A), Der(A)) we have
(1) [‘CK1 + Z-L1’£K2 + iL2] =
=L ([K1, K] +ip, Ko — (—1)"*2ip, K7)
+i ([Ly, Lo]® + [K1, La] — (—1)"* K>, Ly]) .

Each summand of this formula looks like a semidirect product of graded Lie alge-
bras, but the mappings

i: C(Der(A),Der(A)) — Endg(C(Der(A),Der(A)),[ , ]

ad : C(Der(A),Der(A)) — Endg(C(Der(A),Der(A)),[ , V)
do not take values in the subspaces of graded derivations. We have instead for
K € C*(Der(A),Der(A)) and L € C**1(Der(A), Der(A)) the following relations:

(2) ip[Ky, Ko = [ip K1, Ko] + (=) Ky, i Ko]
— (=M, L) K = (~) B DRi([Ky, LK )
(3) (K. [L1, Lo]"] = [[K, L1, La)" + (= 1)*" [Ly, [K, Lo]]"—~
— ()M (LK, Lo] = ()R [i(Lo) K, L))

The algebraic meaning of these relations and its consequences in group theory have
been investigated in [20]. The corresponding product of groups is well known to
algebraists under the name ‘Zappa-Szep’-product.

Moreover the Chevalley coboundary operator is a homomorphism from the Fro-
licher-Nijenhuis bracket to the Nijenhuis-Richardson bracket:

(4) K, L] = [0K, L)

Proof. (1) follows from repeated applications of 5.7. It is easy to show that the
images under £ of both sides of (2) coincide, using 5.7, then we just note that
L is injective. For (3) it is again easy to show that the images under i of both
sides coincide, again using 5.7; also i : C'(Der(A), Der(A)) — Der(C(Der(A), A)) is
injective.

(4) follows from 5.6,(2), (10), and (11), and from 5.3. O
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5.9. The graded differential Lie-subalgebra C4)(Der(A),Der(A)). Clearly
a derivation ix € Der(C(Der(A), A)) for K € C*(Der(A), Der(A)) maps the graded
differential subalgebra Cz(4)(Der(A), A) into itself if and only if K is skew Z(A)-
multilinear, i.e.

K € Cya)(Der(A), Der(A))
K(z1 X1, ., 25 XE) =21 ... 2, K(Xq, ..., Xy) for all z; € Z(A) and X; € Der(A).

Then also the Lie derivation Lk respects Cz(4y(Der(A), A) = Qp,.(A), and so the
closed linear subspace Cz(4)(Der(A), Der(A)) is a graded Lie subalgebra for both
brackets [ , |“and|[ , ], and all formulas in this section continue to hold. But
note that in the simpler formula 5.6.(2), although [K, L] is Z(A)-multilinear, none
of the three summands is in Cz(4)(Der(A), Der(A)). The same applies to 5.6.(4).

5.10. Remark. If K € C*(Der(A),Der(A)) = L(Der(A),Der(A)) then formula
5.6.(1) boils down to

[K,K|(X,Y) =2(KX,KY] - K[KX,Y] - K[X,KY] + K2[X,Y)).

So if [K, K] = 0 then the image of K is a Lie subalgebra of Der(A). If K is moreover
a projection, K o K = K, then also the kernel is a Lie subalgebra. In this case one
could view K as a ‘connection’ and could say that the kernel and the image of K
are ‘involutive subbundles’ whose ‘curvatures vanish’, compare with [1], section 5.
We shall elaborate on this topic in a later paper.

If K : Der(A) — Der(A) is semisimple with [K, K] = 0, then each eigenspace
of K is also a Lie subalgebra. For if KX = AX and KY = AY then we get
(K —)\)?[X,Y] =0 and thus K[X,Y] = A[X,Y]. In particular the kernel of K is a
Lie subalgebra A = 0.

If moreover K is Z(A)-linear, K € C’é(A) (Der(A), Der(A)) = Der(A, Qf..(A)),
then the above Lie subalgebras of Der(A) are also Z(A)-submodules.

6. DESCRIPTION OF ALL DERIVATIONS IN THE
CHEVALLEY DIFFERENTIAL GRADED ALGEBRA

6.1. Insertion operators. The space Hom’(CP?(Der(A), A), A) is a sort of ‘A-
dual’ of C?(Der(A), A). Let us write (E, o) 4 € A for the evaluation of the element
= € Hom’4(C?(Der(A), A),A) on ¢ € CP(Der(A), A). Note that for a,b € A
we have (Z,a.0.b)4 = a.(E,p)a.b. Then we consider the (closure of the) linear
subspace
> C'(Der(A), A).C*"(Der(A), A) C CP(Der(A), A)
0<i<p
and its annihilator
O
Ann?(Der(A), A) : = Z C*(Der(A), A).CP~*(Der(A), A)
0<i<p
C Hom’ (C*(Der(A), A), A),
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and set

Ann'(Der(A4), A) = Hom’} (C*(Der(A), A), A),
Ann’(Der(A), A) = Der(A).

For = € Ann”(Der(A), A) we consider the ‘insertion operator’

iz : C*(Der(A), A) — C*7P(Der(A), A),
(lzw)(X1,.... X)) = Ew( ..., ,X1,..-,X1))a,
——

p times

which is a derivation of degree —p satisfying i=|C?(Der(A), A) = 0 for g < p, since

= is an A-bimodule homomorphism and annihilates all ‘small’ products.

More generally let K € C*(Der(A), Ann®(Der(A), A)) be a bounded skew sym-

metric k-linear mapping Der(A)* — Ann® (Der(A),
linear mapping i : C'(Der(A), A) — C'T+=P(Der(
for ¢ < p, and by

A
A

1) (ixkw) (X1, Xinop) =

= wrmm O SEnodK(Xon, o, Xon)yw( ey Xo(rgn)s oo

0ESk41-1 p times

Lemma. ix is a derivation of degree k — p, ix € Derg_,(C*(Der(A), A)).

Proof. Clearly one may write

(2) (ikw)(Xi1,..., Xijg—1) =
= > (~Ditr e S R (XL X,

i1<"'<ik

—_

w( gee ey 7X13---3Xi17~--7Xi27-~~

———

p times
Using expression (2) one may check directly that then we have

(3) [ix,iK] = iK(X,..,) = iiXK for any X € Der(A).

). Then we define the bounded
), A) by ix|C%(Der(A),A) =0

From (3) it is easy to prove that for ¢ € C™(Der(A), A) and ¢ € C™(Der(A4), A)

we have
i (o) = (i) + (—1)F P (i),

by induction on k& — p + m + n, for each fixed p. O
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6.2. Proposition. Let D € Dery(C(Der(A), A)) be a graded derivation. Then
there are unique Ko € C*(Der(A), Der(A)) = C’k(Der( ), Ann’(Der(A), A)) and
K, € C**P(Der(A), Ann?(Der(A), A)) for p=1,2,... such that

00
D=£K0+Zi1{p.

p=1
Note that on each fixed component C!(Der(A), A) this is a finite sum.
Proof. Let D € Dery(C(Der(A), A)) be a graded derivation. Then the restriction
DI|A of D to A= C'(Der(A), A) is an element of
Ko := D|A € Der(A, C*(Der(A), A)) =
= Der(A, L(A*Der(A), A))
= L(A*Der(A),Der(A, A)), by 2.6
= C*(Der(A), Der(A)).

By 5.4 we have the Lie derivation Lg, € Dery(C(Der(A), A)) which coincides with
D on A = C%Der(A), A), so that the difference D — L, € Dery(C(Der(A), A)) is
a graded derivation with (D — Lg,)|A = 0. So
K, := (D — Lg,)|C*(Der(A),A) € Hom* (C'(Der(A), A), C**1(Der(A), A))
— Hom(L(Der(4), A), L(\*+'Der(A), A)
L(A*'Der(A), Hom‘ (L(Der(A), A), A)) by 2.6
= L(A**'Der(A), Ann' (Der(A), A)).

A
A

By 6.1 we get a derivation ig, : C(Der(A), A) — C(Der(A), A) and the difference
D — Lk, — ik, € Dery(C(Der(A), A)) now vanishes on A = C°(Der(4), A) and
C!(Der(A), A). Thus the restriction is an A-bimodule homomorphism

(D — Lk, — ik, )|C*(Der(A), A) : C*(Der(A), A) — C*T2(Der(A), A))
vanishes on all products of 1-forms. If we consider

Ky := (D — L, —ix,)|C*(Der(A), A) € Hom% (C%(Der(A), A), C*+2(Der(A), A))
= Homfx (C*(Der(A), A), L(A**2Der(A), A))
= L(A**2Der(A), Hom%4 (C*(Der(A), A), A)) by 2.6,
= C*"?(Der(A), Ann®(Der(A), A)),
then by lemma 6.1 we have a derivation ix, € Dery(C(Der(A), A)) which vanishes
on C4(Der(A), A) for ¢ = 0,1 and coincides with D — L, — i, on C?(Der(A), A),

so the derivation D — Lk, — ix, — ik, vanishes on C'%(Der(A), A) for ¢ = 0,1, 2,
and we may repeat the process. [J
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6.3. Remarks. If we try to expand the graded commutator [ix,ir] using 6.2, the
resulting formulas are too complicated to be written down easily: we should invent
new notation. We refrain from doing this since we also have no use for it.

For K € C*(Der(A), Ann'(Der(A), A)) we get [ir,d]|A = Lz|A, where K €
C*(Der(A),Der(A)) is given by K(Xy,...,Xx)(a) = K(X1,...,Xx)(da). The
higher order part in the expansion of [if,d] according to 6.2 does not vanish, and
it can be written down in principle.

If we want to classify all derivations in Der(Cz(4)(Der(A), A)) we can just repeat

the development in this section, but have to replace Ann*(Der(A), A) everywhere
by the annihilator

O
Ann, , (Der(A), A): = | D Chay(Der(A), A).C5 4 (Der(A), A)
0<i<p
< Homﬁ(CZ(A) (Der(4), A), A),
Anng ) (Der(A), A) = Hom}4(Cy 4 (Der(A), A)),

AnnOZ(A) (Der(A), A) = Ann”(Der(A), A) = Der(A).

7. DIAGONAL BIMODULES

7.1. The differential graded algebra Qp.,(A). By the universal property of
(Q*(A), d) there is a unique bounded homomorphism of graded differential algebras

A4 QL(A) 4 02(A) 4

H Jo J

A —"— O}, (Dex(A), A) —— 3, (Dex(A),4) —— -

which is given by
(Ckw)(Xl, ce ,Xk) = ij .. .lew S QO(A) = A7
for w € QF(A) and X; € Der(A). The kernel of ¢ is the space

F'Q*(A) = @ F'ak(4)
k>0
F'QF(A) = {w € QF(A) : jx, ... jx,w = 0 for all X; € Der(A)},

see [6], which is a closed graded differential ideal in (£2(A), d) by a short computa-
tion. It is part of an obvious filtration which leads to a spectral sequence, see also
[6]. The image of the homomorphism ¢ is denoted by (95, (A),d) and it will be
equipped with the quotient structure of a convenient vector space, which is a finer
structure than that induced from Cy(4)(Der(A), A).

Note that Qper(A4) is not functorial in A in general; its convenient structure
makes it useful as a source for constructions.
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7.2. Derivation based bimodules. The space O} (A4) = Q'(A)/{w € Q'(A) :
jxw =0 for all X € Der(A)} has the following remainder of the universal property
3.3.(1):
(1) For any bounded derivation X : A — A there is a unique bounded A-
bimodule homomorphism ix : Q) (A) — A such that X =iy od.

We now say that an A-bimodule M is a derivation-based A-bimodule if the following
property is satisfied:
(2) For any bounded derivation D : A — M there is a bounded A-bimodule
homomorphism ip : Q}Der(A) — M such that D = ip od. In fact, if ip
exists it is unique since the image of d generates Q1 (A) as A-bimodule.

By the universal property 3.3.(1) of Q'(A) condition (2) is equivalent to the follow-
ing:

(3) Homﬁ(Ql(A), M) = Homﬁ (., (A), M).
It is obvious that for an arbitrary index set .J the direct product A7 with the product
A-bimodule structure has property (2), and also each of it’s sub A-bimodules. Let
us call a diagonal bimodules any A-bimodule which is isomorphic to a submodule
of some product A7. So all diagonal bimodules are derivation based. The concept
of diagonal bimodules has been announced in [9].

7.3. Proposition. An A-bimodule K is diagonal if and only if the ‘A-dual’
Homﬁ(K, A) separates points on K. For each A-bimodule M there exists a univer-
sal diagonal quotient py; : M — Diag(M) such that each bimodule homomorphism
from M into a diagonal bimodule K factors over Diag(M):

M — K

| H

Diag(M) —— K

Let Bimod be the category of all A-bimodules and let Diag denote the full subcategory
of all diagonal A-bimodules, with ¢ : Diag — Bimod the embedding and Diag :
Bimod :— Diag the functor from above. Then Diag is left adjoint to ¢, i.e. we have
the following natural correspondence:

Hom’ (Diag(M), K) = Hom* (M, . K)

Thus the functor Diag respects colimits, whereas v respects limits, and the category
Diag is complete: products and submodules of modules in Diag are again in Diag.

Proof. The vector space Hom*4 (A7, A) clearly separates points on A7, so this is
also true for each sub bimodule of A”7. For an arbitrary A-bimodule M we consider
the following homomorphism of A-bimodules:

M 2 AHomE(MLA) 5y (¢(m))yetoma (m,4) € Afom3 (M,4),

and we denote by Diag(M) the image of pys, a diagonal A-bimodule. If the vector
space Homﬁ(M, A) separates points on M then pjys is injective and M is diago-
nal. The kernel of pys is given by ker(pyr) = {m € M : ¢(m) = 0 for all p €
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Hom?* (M, A)}, and obviously any homomorphism M — K into a diagonal A-
bimodule K vanishes on ker(pys) and thus factors through pjyy.
The remaining statements follow by basic category theory. [

7.4. Examples. We have Diag(Q!(A)) = Q},,.(4), since any homomorphism
QY (A) — A corresponds to a derivation A — A and thus factors to a homomorphism
Oper(4) — A.

Obviously we have Diag(A) = A, but let us consider Diag(A®A). We have
Hom{ (A®A, A) 2 Aby ¢+ p(1®1), so ker(p 5.4 : ADA — Diag(A®A)) consists
of all

(1) 3, a,®b, € A®A which satisfy Y a,.c.b, =0 for each ¢ € A.

Taking ¢ = 1 in (1) we see that ker(paga) C Q1(A), and for each element in (1) we
have

> @by = ap dby,
Tad(c) Z an db,, = Z ap.(c.by, — by.c) =0,
so that ker(paga) is the subspace Q'(A)y_ing(a) of all elements in Q'(A) which
are horizontal with respect to Int(A), see 3.5.

We also see that 1®a—a®1 € ker(p,g,4) if and only if a € Z(A), so that p,g 4
factors as follows:

Since Diag is a left adjoint functor, it is right exact, and we get the following
diagram with exact rows and exact columns:

0 0
0 —— FIONA) —— (A p—im(a) —— Wer(A) H-tmt(a) —— 0

| | |

0 —— Q4 —— A®A R A — 0
Pnl(A)l pA®Al H

QL. (A) —— Diag(A®4) —— A — 0
| | |
0 0 0

From this and the factorization (2) it follows, that for commutative A we have
Diag(A®A) = A.
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7.5. Lemma. Over the algebra Maty(C) of complex (N x N)-matrices every
bimodule is diagonal.

Proof. Tt is well known that every irreducible left Maty-module is isomorphic to
CYN, and that every left Maty-module is semisimple. From this by transfinite
induction one can show that every left Maty-module L (with its finest locally
convex topology) is isomorphic to the direct sum of copies of CV, L =2 CN @ E for
a vector space F.

Now let M be a Mat-bimodule. As a left Mat y-module we have M =~ CN @ E.
Take a minimal projection p € Maty, then p.M = C.v ® F = F is a right Maty-
module. By the argument above, as a right Mat y-module we have E = K ® (CV)*.
Thus

M=CNeKe(CV)=2CcV e (CV) @ K~ Maty @K C Maty *. O

8. DERIVATIONS ON THE DIFFERENTIAL GRADED ALGEBRA Qpe,(A)

8.1. Theorem. Let A be a convenient algebra. Then we have the following boun-
ded canonical mappings, where on the left hand side all mappings are homomor-
phisms of graded differential algebras

O (A) Der(A, *(A))
| |
Qe (A4) Der(A, Q.. (4))
CJE clc’
Cz(a)(Der(A), A) Der(A, Cz()(Der(A), A)) = Cy((Der(A), Der(A))
C(Der%A), A) Der(A, 0(1£er(A), 4)) = C(Der(A),Der(A))

Then for every element K of degree k in one of the right hand spaces there is a
canonical graded derivation iy (resp. jx) of degree k — 1 on the corresponding left
hand space which vanishes in degree 0; this corresponds to the graded Lie bracket
[, " on the right hand spaces. There is also the corresponding Lie derivation
Ly of degree k on the left hand space, which leads to the Frélicher-Nijenhuis bracket
[ , ] on the right hand space. The vertical arrows intertwine all these derivations
and the right hand ones are homomorphisms for all brackets mentioned.

The proof of this theorem will fill the rest of this section 8.

8.2. Let D € Derg(Q},,(A4)) be a derivation which vanishes on A = Q% (A). Then
by setting K := (D|Q},,(A)) o d € Der(A, Qi1 (A)) we have

(1) D(wo...w) =Y (-1)*(wo)... D(w;) ... (w1),

so D is uniquely determined by D|Qf, (A), thus by K.
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Conversely, let K € Der(AQ%Jgrl (A)) and consider the corresponding homo-
morphism jx € Hom%(Q'(A), Q5 1(A)) with jx od = K. We extend it to
g ¢ Q*(A) — Q5FF(A) by the right hand side of the universal analog of (1),
ie.

(2) Jr(wo ®a -+ Qawr) = Z(—l)ikC(wo) k(W) Cwr)

Then jg is a graded derivation of degree k along ¢. We are going to show that jx
factors to 2., (A), but we need some preparation.

8.3. For X € Der(A) = Hom%(Q(A4), A) = Hom4(Qh,,(4), A) we clearly have

the following factorization:

Q*(A) _Ix Q*1(4)
| |
Ua(4)  —— 05 l(A)

! !

Cyay(Der(A), A) —=— Cy ) (Der(A), A)

For K € Der(A, QET1(A)) let us consider the ‘graded commutator’
ix jx — (=1)¥jk jx 1 Q(A) - Q5EF(A)
It is still a graded derivation along (, and by applying 8.2 we see that
ix ik — (=1)"jk jx = jix.m)
for [ X, K]* € Der(A4, QEEL(A)),
(X, K] (w) = ix K(w) = (—1)*jx (jxw) = (ix 0 K) ().

8.4. Lemma. For K € Der(A, QETH(A)) we have jx (F*(Q(A))) = 0 for all l.

Proof. We do induction on [ + k. For [ = 0 we have F'(A) = 0, so the asser-
tion holds. If & = —1 then K = X € Der(A) and we have jx(F'(Q!(A))) =
Clix (FH(QH(A)))) C C(FH(Q(4))) =0.

Now for the induction step we take ¢ € F1(Q!(A)), so that jx, ...jx, = 0 for
all X; € Der(A). From 8.3 we get

ix o= (—1)Fix(ixe) + jixoxp =0,

by induction: the first summand vanishes since jx¢ € F1Q!'=1(A), and the second
summand vanishes since ix o K € Der(4,QF_ (4)). O
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8.5. Corollary. For each k the A-bimodule QX_ (A) is a derivation based bimod-
ule.

Proof. By the universal property 3.3.(1) and from 8.4 we get

~ ¢
Der(A, Oy (A)) 2 Homs (2" (A), e (4)) < Hom (e, (4), 2er(4)). O

This result also follows from the fact that QF  (A) is a sub A-bimodule of a
direct product A”, i.e. a diagonal bimodule, see the last remark in 7.2. By the
same reason the bimodules C*(Der(4), A) and C} ) (Der(A), A) are also diagonal
bimodules, thus derivation based A-bimodules.

8.6. Insertion operators. For any K € Der(A, QET1(A)) we may now define the
insertion operator ix € Der(£2,,(A4)) by the following factorization which is due
to lemma 8.4:

Q°(A) —5 Q5tR(A)

a3

e (A) — = Q5L (4)

From 8.2 we may now conclude that any derivation D € Der (€}, (A)) with D|A =0
is of the form iy for a unique K € Der(A, Q5T1(A)).
For K, L € Der(A, Qf,,(A)) of degree k + 1 and [ + 1, respectively, we have

l

lig,ir) = irir — (=) Mipix = ik,)n, Where

K, L) =ig o L — (=1)*ip 0o K : Q'(A) — QEHT(4)

8.7. Lie derivations. For K € Der(4,Q%_ (A)) we define the Lie derivation
along K by

EK = [iK,d] = in - (—l)k_ldiK € Derk(Ql*)er(A))'

Similar as in 4.3 one sees that L4 = d.
8.8. Proposition. For any graded derivation D € Dery (5, (A)) there are unique
K € Der(A,Qf_.(A)) and L € Der(A, Q5TL(A)) such that

D=Lkg+ir.

We have L =0 if and only if [D,d] = 0; and K =0 if and only if D|A = 0.

Proof. D|A: A=QY_(A) — QF_(A) is a derivation with values in the derivation
based A-bimodule Q_(A) (7.2), so by the universal property 3.3.(1) and by 8.5
there is a unique K € Der(4, QF_ (A)) with D|A = K. But then (D — Lg)|A =0,
so by 8.6 we have D — Ly = iz, for a unique L € Der(A4, Q5 (A)). O



NON-COMMUTATIVE FROLICHER-NIJENHUIS BRACKET 25

8.9. The Frélicher-Nijenhuis bracket. For K € Der(A,QF_(A)) and L €
Der(A, Q4 (A)) the graded commutator of the Lie derivations [Lx, £1] commutes
with d, so by 8.8 we have [Lx, Lr] = Lk 1) for unique [K, L] € Der(4, QEFL(A)).
We may conclude that this bracket [ , | defines a graded Lie algebra structure
on Der(A4, Qf.,(A)), because the mapping £ is injective. This bracket is called the
Frolicher-Nijenhuis bracket.

8.10. For K € Der(A,Qp. (A)) we define (K € CE(A)(Der(A),Der(A)) by

CK(Xi1,...,Xg):=ix,0...00ix, 0 K:A— A
If we denote for the moment by ¢ : Q% (A) — C%a)(Der(A), A) the embedding of
graded differential algebras, then we have

Coir =ick 0 C: Qper(A) = C54 (Der(A), A),

So the elements L € CE(A)(Der(A),Der(A)) for which i;, maps the graded sub-
algebra Q. (A) into itself are precisely those of the form L = (K for some
K € Der(A, Q.. (A4)).
8.11. Proposition. The injective bounded linear mapping

¢ : Der(A4, Qpe (A)) — C(a)(Der(A), Der(A4))
is a homomorphism for both brackets [ , 1" and[ , . If we denote for the mo-
ment also by ¢ : Q5. (4) — C’E(A)(Der(A), A) the embedding of graded differential
algebras, then we have

Coig =icko(, CoLg =Lk oC: Mpe(A) = Cay(Der(A), A),

so all the formulas from section 5 continue to hold on Der(A, Q5. (A)).
Proof. This is obvious from the considerations above. [
8.12. For K € Der(A,QF(A)) we consider (0 K € Der(A,Ck )(Der(A4), A)), and

Z(A
the corresponding element

Ce(K) € Czay(Der(A),Der(A)) = Der(A, CE(A)(Der(A), A))
then we have:
Lemma. Forw € Q4(A) and K € Der(A,Q%(A)) we have
(1) B¢, (1) (Cqw) = Carh—1(JrwW).
Proof. Both sides,
i, (x) © G C ok = U (A) — O3 far (Der(4), 4),
are derivations over ¢ : Q(A) — Cyza)(Der(4), A), a homomorphism of graded

differential algebras, and both vanish on A = Q°(A), thus it remains to show that
they are equal on Q(M). But for w € Q'(A) we have by 5.1.(1)

(ic, () Q) (X1, - Xip) = (Qw) (G K (X1, -0, X))
= J(G K (X1 Xi))W
= J(ixy, iy K)W
=Jxp - Ix1JKW
=G Urw)(Xy, ..., Xk) O
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8.13. Corollary. For K,L € Der(A,Q(A)) and w € Q(A) we have:
(1) ¢([K,L]?) = [¢C(K), (L))" for the algebraic brackets.
(2) (Lrw = L¢k)Cw for the Lie derivations.
(3) C([K, L)) = [C(K),C(L)] for the Frilicher-Nijenhuis brackets.

9. THE DIFFERENTIAL GRADED ALGEBRA Q0 (A)

9.1. The differential graded algebra Qo,(A) is the subspace of all forms
w € Qper(A4) which are basic with respect to all inner derivations of A. In more
detail: For a € A let ad(a) : A — A be given by ad(a)b = [a,b] = ab— ba. Then the
space Int(A) of all these inner derivations ad(a) for a € A is an ideal in Der(A4), and
the quotient Out(A) = Der(A)/Int(A) is called the Lie algebra of outer derivations.
Then we define Qf,(A) to be the set of all w € Qf,,.(A) which satisfy i,q(,w =0
and Lyq(q)w = 0 for all a € A. It is easily seen to be a differential graded subalgebra.

9.2. Lemma. The homomorphism ¢ : Qper(A) — Czay(Der(A), A) is part of the
following commutative diagram

Oper(A) ——  Cyiay(Der(A),A) —— C(Der(A), A)

I I I

Qou(4) —— Cza)(Out(4), Z(4)) —— C(Out(4), Z(A))

where in the lower row we have the graded differential subalgebras of those element
which are basic with respect to all inner derivations of A.

Proof. Clearly the homomorphisms in the upper row of the diagram map ele-
ments which are basic with respect to all inner derivations to themselves. It
just remains to check that in Cz(4)(Der(A), A) and in C(Der(A), A) these ele-
ments form the sets C'z(4)(Out(A), Z(A)) and C(Out(A), Z(A)), respectively. Let
w € Cyza)(Der(A), A) or C(Der(A), A) be basic. Since i,q(q)w = 0 for all @ € A, the
skew symmetric multilinear mapping ((w) : Der(A)! — A factors to Out(A) — A.
By formula 5.5 we have

0 = (ﬁad(a)w)(Xl, . 7Xl)

= ad(a)(w(Xy,..., X)) = Y w(X1,...,[ad(a), Xi],..., X))
= ad(a)(w(X1,...,X1) =0

for all a € A, since [ad(a), X;] € Int(A). But this means that w has values in
Z(A). O

9.3. Proposition. The graded differential algebra (Cz(ay(Out(A), Z(A)),d) is
Morita invariant.

Proof. Z(A) = HH°(A; A) and Out(A) = HH'(A; A), where HH*(A; A) is the
Hochschild cohomology of A with values in A, and also the action of Out(A) on

Z(A) is described via Hochschild cohomology. Since Hochschild cohomology is
Morita invariant, the result follows. [
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