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ABSTRACT. Lie bialgebra structures are reviewed and investigated in terms of the
double Lie algebra, of Manin- and Gauf3-decompositions. The standard R-matrix in a
Manin decomposition then gives rise to several Poisson structures on the correponding
double group, which is investigated in great detail.
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1. INTRODUCTION

In [2] we described a wide class of symplectic structures on the cotangent bundle
T*G of a Lie group G by replacing the canonical momenta of actions of G on T*G
by arbitrary ones. This method also worked for principal bundles and allowed us
to describe the notion of a Yang-Mills particle which carries a ‘charge’ given by
spin-like variables, by means of Poisson reduction.

In the latter half of this paper we consider ‘deformations’ of T*G in the form of so
called double Lie groups equipped with the analogs of the symplectic structure on
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T*@, closely related to Poisson Lie groups. Parts of the results may be found spread
over different places, mainly in the unfortunately unpublished thesis of Lu [20], but
also to some extend in [1], [33], and others. Our presentation makes the double
group the main object rather than Poisson Lie groups, which makes the roles of G
and G* manifestly symmetric and contains all the information about G and G* and
all relations between them. All this is also associated to the theory of symplectic
groupoids as ‘deformed cotangent bundles’ in general, and with mechanical systems
based on Poisson symmetries as studied for instance in [23] and [36]. The explicit
formulae from the second part have already found applications in [3].

The first half of this paper is devoted to the general setup: Recall that a Poisson
Lie group is a Lie group G with a Poisson structure A € T'(A2T'G) such that the
multiplication map G x G — G is a morphism of the Poisson manifolds. The
corresponding infinitesimal object, which determines a Poisson Lie group up to a
covering, is that of a Lie bialgebra, defined by V.G.Drinfeld. It is defined as a Lie
algebra (g,b=[ , ]) together with the structure of a Lie algebra (g*,0' = , ])
on the dual space g* such that the bracket &’ defines a cocycle b’ : g — A?g on g with
values in the g-module A?g. The brackets b, b’ define the structure of a metrical Lie
algebra on [ = g® g* with Manin decomposition. Recall that a metrical Lie algebra
is a Lie algebra together with a non-degenerate ady-invariant bilinear symmetric
form g (the metric), and that a Manin decomposition is a decomposition of a
metrical Lie algebra into direct sum of two isotropic subalgebras. The metric g
on [ is defined by the conditions that the subspaces g, g* are isotropic and the
restriction of g on g x g’ is the natural pairing. Hence, there is a natural bijection
between Poisson Lie groups (up to a covering), bialgebras, and metrical Lie algebras
with Manin decompositions. Remark that not every metrical Lie algebra admits a
Manin decomposition [8]. We recall some basic constructions and facts on metrical
Lie algebras in 2.4 — 2.7. A bivector C' € A%g on a Lie algebra g defines a cocycle

9C : g — N?g, X — adx C.

Moreover, C defines a structure of a Lie algebra on g* if and only if the Schouten
bracket [C,C] is ady invariant. This condition is called the modified Yang-Baxter
equation.

For a metrical Lie algebra (g,g) a bivector C can be identified with an endo-
morphism R = Cog (the ‘R-matrix’). In terms of this endomorphism the modified
Yang-Baxter equation (and other equations implying this) reduces to the general-
ized R-matrix equation (and some modifications of it), see 2.9. A Manin decompo-
sition g = g4 ® g_ of a metrical Lie algebra g provides a solution R = pr, — pr_
of the R-matrix equation. More generally, we define a Gauss decomposition of a
metrical Lie algebra g as a decomposition g = g, © g° @ g_ of g into a sum of sub-
algebras such that g,,g_ are isotropic and orthogonal to g°. Any solution R° of
the R-matrix equation (I-mYBE) on g, see sect 2.9, can be extended to a solution
R = diag(—1, R°, 1) of the same equation on g. Moreover, if R" has no eigenvalues
+1, then g° is solvable and R is the Cayley transform of an automorphism A of
G without fixed points : R® = (A+1)(A —1)~!. Conversly, any R-matrix R on a
metrical Lie algebra g defines some Gauss decomposition.

In 2.15 we give some simple constructions of Gauss decompositions of a metrical
Lie algebra and its associated R-matrix. Remark that the problem of describing all
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bialgebra structures on a given semisimple Lie algebra g, (or the equivalent problem
of determining all Manin decompositions g = g4 @ g_ of metrical Lie algebras g
with given g ) is solved only for a simple Lie algebra g, [6], [9]. The construction
of Weinstein of a bialgebra structure on a compact semisimple Lie algebra shows,
that in general the isotropic subalgebras g, g— of a Gauss decomposition of a
semisimple Lie algebra g are not necessarily solvable. However, this is true if the
metric g coincides with the Killing form of g, see [9].

The second part of the paper is devoted to explicit description of global ver-
sions of some objects which are studied in the first part. The basic object is the
double Lie group G which corresponds to a metrical Lie algebra g with a Manin
decomposition g = g4 @ g_. We describe explicitly different natural Poisson and
affine Poisson structures on a double group G and the dressing action of subgroups
G4, G_ associated with the isotropic subalgebras g1, g_.

2. LIE BIALGEBRAS, MANIN TRIPLES, AND GAUSS-DECOMPOSITIONS

2.1. Lie bialgebras and Lie Poisson groups. A Lie bialgebra [11] consists of
a (finite dimensional) Lie algebra g with Lie bracket b=| , ]e€ A’g*®g and an
element b’ € /\2g ® g* such that the following two properties hold:

(1) ¥ is a 1-cocycle g — A’g: 9pb' = 0 where (8,0')(X,Y) = —b'([X,Y]) +
adx (b'(Y)) — ady (¢ (X)). To put this into perspective, note that this is
equivalent to the fact that X — (X, (X)) is a homomorphism of Lie
algebras from g into the semidirect product g x /\29 with the Lie bracket
(X,0), (Y, V)] =(X,Y],adx V — ady U).

(2) V' is a Lie bracket on g*.

In [17] a graded Lie bracket on A(g x g*) is constructed which recognizes Lie
bialgebras, their representations, and gives the associated notion of Chevalley co-
homology.

2.2. Exact Lie bialgebras and Yang-Baxter equations. A Lie bialgebra
(g,b,0") is called ezact if the 1-cocycle V' is a coboundary: b = 9,C for C € /\297
i.e. b(X) =adx C. A bivector C € \’g defines a Lie bialgebra structure b’ = 8,C
on g if and only if the Schouten bracket (see 3.4) is ad(g) — invariant:

(mYBE) [C,C] e (N*g)e.

This condition is called the modified Yang-Baxter Equation. In particular any Pois-
son bivector C' € /\Qg satisfying

(YBE) [C,C1=0

defines a bialgebra structure b’ = 9,C in g. This equation is called the Yang-Baxter
Equation.

If g is semisimple then by the Whitehead lemma H'(g, /\2 g) = 0, so any cocycle
b’ is a coboundary, and the classification of all bialgebra structures on g reduces to
the description of all bivectors C € /\29 which satisfy (mYBE). If moreover the
Lie algebra g is simple then the space (A*g)® is 1-dimensional, generated by the 3-
vector B9 € \’g given by BY(a, 8,7) := g([g" e, g7 4], g~ '7), where g denotes the
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Cartan-Killing form. So for simple g the modified Yang-Baxter Equation (mYBE)
can be written, using the Schouten bracket, as

[C,C] = cBY

All solutions of this equation for ¢ # 0 for complex simple g were described by [6],

[9].

2.3. Manin decompositions. Let (g,b) be a Lie algebra and let v’ be a Lie
bracket on the dual space g*. Let us define a skew symmetric bracket [ , ] on
the vector space [ := g @ g* by

(X, 0), (Vs )] 1= (B(X,Y) +adjs (@)Y —adjy ()X, (a, B) +ad; (X)8 - ad; (V)a ),

where ad,y(X)Y = b(X,Y), ad;(X) = adp(—X)* € End(g*), and similarly for b'.
The adjoint operator ad(X,a) € End(l) is skew symmetric with respect to the
natural pseudo Euclidean inner product g on [ which is given by g((X, ), (Y, 3)) =
(a,Y) + (B3, X), and the skew symmetric bracket is uniquely determined by this
property. The skew symmetric bracket [ , ] on [ satisfies the Jacobi identity if
and only if ' : g — /\2g is a 1-cocycle with respect to b: 9,b" = 0; or equivalently
if and only if b : g* — /\29* is a 1-cocycle with respect to b': 9yb = 0.

Following Astrakhantsev [4] we will call metrical Lie algebra a Lie algebra [
together with an ad-invariant inner product ¢g: ¢([X,Y], Z) = g(X, [Y, Z]).

A decomposition of a metrical Lie algebra ([, g) as a direct sum [ = g, @ g_ of
two g-isotropic Lie subalgebras g1 and g_ is called a Manin decomposition.

A triple of Lie algebras (g,g+,g—) together with a duality pairing between g,
and g_ is called a Manin triple if g = g+ ® g_, g+ and g_ are Lie algebras of g,
and the duality pairing induces an ad-invariant inner product on g for which g
and g_ are isotropic.

Theorem. [10] There ezist a natural bijective correspondence between Lie bialge-
bras (g,b,b’) and metrical Lie algebras (1, g) with Manin decomposition [ = g & g*.

The Lie algebra [ = g @ g* associated to the Lie bialgebra (g,b,b’) is called the
Manin double.

2.4. Examples of metrical Lie algebras. Any commutative Lie algebra has
the structure of a metrical Lie algebra, with respect to any inner product. Any
semisimple Lie algebra is metrical, the metric is given by the Cartan-Killing form.

Let g be a Lie algebra. Let us denote by T*g = g x g* the semidirect product of
the Lie algebra g with the abelian ideal g*, where g acts on g* by the the coadjoint
action. This is the Lie algebra of the cotangent group T*G of a Lie group G
with Lie algebra g. The natural pairing between g and the dual g* defines an ad-
invariant inner product g on T*g for which the subalgebras g and g* are isotropic,
by definition of the coadjoint action. Hence T*g = g g* is a Manin decomposition
of the metrical Lie algebra T*g. It describes the Lie bialgebra structure b’ = 0 on

g.
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2.5. We will now describe the double extension of a metrical Lie algebra according
to Kac [14], 2.10, Medina-Revoy [25]: Let (g,g) be a metrical Lie algebra and let
0 be a Lie algebra together with a representation p : 9 — Dergkew (g, g) by skew
symmetric derivations on g. We then put

G =0PgP0T,
[D1 + X1+ a1, D + Xo + as] = [D1, Da]o+
+ [ X1, Xofg + p(D1)(X2) — p(D2)(X1)+
+ (X1, X2) + ady (D1)(a2) — ady (D2) (o),
gga(Dl + X1+ a1, Dy + Xo + az) = g(X1, X2) + (a1, D2) + (a2, D1),

where the central cocycle ¢ : g x g — 9* is given by (D, c(X,Y)) = g(p(D)(X),Y)
for D € 0. Then g, is again a metrical Lie algebra. Note that the metrical Lie
subalgebra ? @ 0* is isomorphic to the cotangent Lie algebra T*0 and that we may
view gp as the semidirect product g, = 0 X b, where h is the central extension

0—-0"—>h—g—0

described by the cocycle ¢ and where ? acts on h by (p,ad3).

The orthogonal direct sum of two metrical Lie algebras is again a metrical Lie
algebra. In particular the orthogonal direct sum of a metrical Lie algebra g with a
1-dimensional abelian metrical Lie algebra is called the trivial extension of g.

Theorem. Kac [14], 2.11, Revoy-Medina, [25]. Any solvable metrical Lie algebra
can be obtained from a commutative metrical Lie algebra by an appropriate sequence
of double extensions and trivial extensions.

2.6. The following result gives an analogon of the Levi-Maltsev decomposition for
a metrical Lie algebra.

Theorem. Astrachantsev [4]. Any metrical Lie algebra g is an orthogonal direct
sum
g=hor=5,8T"s; Dt

consisting of a subalgebra ) with commutative radical and a solvable ideal v. More-
over, b is an orthogonal direct sum of a maximal g-non-degenerate semisimple Lie
subalgebra s, and the cotangent algebra T*s; of a maximal g-isotropic semisimple
Lie subalgebra s; of g.

2.7. Metrical extensions. Bordemann [8] gave the following construction of a
metrical Lie algebras.

Let a be a Lie algebra and let w : a A a — a* be a 2-cocyle with values in the
a-module a*. Then the Lie algebra extension

0—a" " —gy,—a—0
described by w, i.e. the Lie algebra g,, := a & a* with bracket

[(CL, Oé), (bv 6)}9w = ([CL, b]B? w(a’ b) + ad*(a')ﬁ - a‘d*(b)a)
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is a metrical Lie algebra with metric

9((a, @), (b, 8)) := (e, b) + (B, a)
if and only if w has the following property
(a,w(b,c)) = (b,w(c,a)) for a,b,c€ a.
If w = 0 then this is exactly the metrical Lie algebra T*a — thus Bordemann called
this construction the T™-extension.

Theorem. [8] Any 2n-dimensional complex solvable metrical Lie algebra g is a
metrical extension of some n-dimensional Lie algebra a. Moreover any isotropic
ideal of g is contained in an n-dimensional isotropic commutative ideal of g.

2.8. The Yang-Baxter equations on metrical Lie algebras. In the case of
a metrical Lie algebra (g, g) we can pull down one index of bivector C' € /\2g and
we can reformulate the (modified) Yang-Baxter equation in terms of the operator
R=Cog:g—g"—g.

First let (3,0 = [ , |]) be a Lie algebra. For any R € End(g) we define two
elements br, Bg € g ® /\zg* by

br(X,Y) = [X,Y]r := [RX,Y] + [X, RY],
Br(X,Y) :=[RX,RY] — R[X,Y]g = [RX,RY] — R[RX,Y] — R[X, RY].

Note that Bp is related to the Frolicher-Nijenhuis-like bracket [R, R] by

[R,R|(X,Y) = [RX,RY] — R([RX,Y] + [X,RY]) + R*)[X,Y] =
= Br(X,Y) + R*[X,Y].

1
2

Proposition. Let (g,9) be a metrical Lie algebra, let C € /\29 and let R=Cog:
g — g" — g be the corresponding operator. Then we have:

(1) Via the isomorphism g~' : g* — g the bracket b = 9,C € g* ® /\29 on g*
corresponds to the bracket by on g:

g (W (e, 8) =br(g ', g7 'B) =g ', g ' Blr,  fora,BE g

(2) Under the embedding /\39 —g® /\Qg* induced by g, the Schouten bracket
[C,C] € N’g corresponds to the element 2By € g ® \°g*.

Proof. Let X,Y,Z € g and o = ¢gX,8 = gY € g*. Note that g(RX,Y) =
g(X,—RY). Then

(Z,b(a, ) = (adz C,a A B) = (C, (adz)"a A B+ a A (adz)"B)

(C,(adz)"gX A gY + gX A (adz)"gY)

=(C,—gadz X ANgY —gX ANgadzY)
= —(Cgadz X,gY) — (CgX,gadzY)
—9(R[Z, X],Y) —g(RX,[Z,Y]) = g(Z,[X, RY]) + g([RX,Y], Z)
(Z,9[X,Y]R).
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For proving the second assertion we may assume without loss that C' € /\2 g is
decomposable, C = X A'Y, since both sides are quadratic. Then we have:

R(Z)=(Cog)(Z)= (X NY)og)(Z)=9g(Y,2)X - g(X,2)Y
Br(U,V) = [RU, RV] — R[RU,V] — R[U, RV

]
=[g(Y,U)X —g(X,U)Y,g(Y,V)X — g(X,V)Y]

-9V gV, U)X — g(X,U)Y, V)X + g(X, [9(Y, U)X — g(X,U)Y,V])Y
-9, [U,g(Y, V)X - g(X,V)Y])X + g(X, [U,g(Y, V)X — g(X,V)Y])Y
—g(Y,U)g(X,V)[X,Y] — g(X,U)g(Y, V)[Y, X]

gV, U)g([Y, X], V)X — g(X,U)g([X,Y], V)Y

+9(Y,V)g([Y, X],U)X + g(X,V)g([X, Y], U)Y

On the other hand we have for the Schouten bracket

[C.Cl=[XANY,XANY]|=2[X, Y] \NXAY
1
5([0,0]7a/\gU/\gV> = (X, YIANX AY,aAgUAgV)

(X, Y], (X,0)  (V,@)
= det g([X,Y],U) g(X,U) g(Y,U)
g([X,Y},V) g(X,V) g(Y,V)

= (Br(U,V), ),

from the computation above. [

Remarks. We may extend R — Bpg to a bracket in Ag* ® g as follows. On
decomposable tensors this bracket is given by

[P X, v RY]=pAY@[X,Y]+pAhadx @Y —ady o A @ X,

and it defines a Z-graded Lie bracket on A\"g* ® g. If g acts by derivations on a
graded commutative algebra A = @;-, A;, the same formulae define a graded Lie
bracket on A ® g.

Moreover we have B = %[R, R]®, and by the graded Jacobi identity we get the
analogon of the Bianchi identity [R, Bg]? = 0.

The invariant inner product g : g — g* induces an embedding

Ng—Ng og

which is a homomorphism from the Schouten bracket to the graded Lie bracket
[, ]B. This follows from the polarization of (2) in the proposition above (note
that the brackets in degree 1 are symmetric), since g and /\2g generate the whole
Schouten algebra.

On a manifold one may also consider the bracket [ , |” but it maps tensor
fields to differential operators.
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There is a homomorphism of graded Lie algebras

ANg @el , %)= Q@[ . 1),
ar A ANap®@X = dag A Aday, @ adg(X),

where Q(g,g) = Q(g;Tg) is the graded Lie algebra of all tangent space valued
differential forms on g with the Frolicher-Nijenhuis bracket. The kernel of this
homomorphism consists of A*g* @ Z(g) where Z(g) is the center of g. All this
follows from the well known formula for the Frolicher-Nijenhuis bracket (see e.g.
[16], 8.7)

e@&Vn =AY +eANLep @n—Lyp AP ®E
+ (—1)%8 (dp N ig @ +inp AdY ® E),

where ¢, 9 € Q(g) are differential forms and where £, € ¥(g) are vector fields.

2.9. Corollary. (see [32]) For C € /\Qg and R = Cog: g — g the following
conditions are equivalent.
(1) ' =90C is a Lie bracket in g*, hence (g,b,b') is a Lie bialgebra.
(2) bg is a Lie bracket in g.
(3) The Schouten bracket [C,C] € N°g is adg-invariant.
(4) BRe(g® /\29*) is g-invariant.
(5) For all X,Y,Z € g we have

N NSNS AN

[X,Br(Y,2)|+[Y,Br(Z,X)|+ [Z,Br(X,Y)] = 0.
Proof. Tt remains to show that (4) is equivalent to (5). This follows from the
identity
g((ad(U)BR)(K Z)a X) = 79([Xv BR(K Z)] + [K BR(Zﬂ X)] + [Zﬂ BR(Xa Y)]7 U)

which holds for all XY, Z, U € g. O

The following simpler equations obviously imply equation (5):

(-mYBE) Br+Iob=0, or Bgr(X,Y)+I[X,Y]=0,
(c-mYBE) Br+c¢vb=0, or Bgr(X,Y)+¢X,Y]=0,
(YBE) [C,C]=0 or Br=0

where I € End(g)? is an adg-invariant operator on g, and where c is a constant in
K. If K= C (or K = R) without loss we may assume that ¢ =1 (or ¢ = £1).

In [9], 3.2 it was shown that any structure of a bialgebra on a semisimple Lie
algebra comes from a solution of (I-mYBE) for some I € End(g)?; and for a simple
Lie algebra from a solution of (c-mYBE).

It is also interesting to construct non skew symmetric solutions of all this equa-
tions. Some class of solutions on a simple complex Lie algebra was constructed by
[31].
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Note that for an adg-invariant operator I € End(g)? we have B; = I? o b since
IX,Y]=[IX,Y] = [X,IY]. So any skew symmetric ad-invariant operator I gives
a solution of the (mYBE). Nonconstant operators of this kind exist on semisimple
Lie algebras g if and only if g has isomorphic simple summands: For example, if
g=1g1 =91® - @g = g1 @K then End(g)® = 1 ® End(K!), and any skew
symmetric matrix A € End(K') gives a solution I = 1® A of (mYBE).

To distinguish equations for C € /\29 and for R = C o g the equation (1-mYBE)
for R will be called the R-matriz equation, and solutions will be called R-matrices.

2.10. Let (g,b,g) be a metrical Lie-algebra and let R € End(g) be a skew symmet-
ric endomorphism.

Lemma. [32], [9] The following conditions are equivalent.

(1) The endomorphism R satisfies the R-matriz equation Br + b= 0.
(2) The endomorphisms Ry := R+ 1 satisfy

R.[R_X,R_Y|=R_[R.X,R.Y] forX,Y €g.
(3) For all A\, € C and X,Y € g we have

A+ RIX, Y] =1+ M)[X, Y]+ +[(R = A)X, (R - p)Y]
—(R=N[X, (R=w)Y] - (R=p)(R-NX,Y].

(4) The bracket bp(X,Y) = [X,Y]r = [RX,Y] + [X,RY] is a Lie bracket and
moreover both Ry : (g,br) — (g,b) are homomorphisms.

2.11. For an endomorphism R : g — g and A € C the space
ax = ker(R — \)V  for large N

is called weight space if it is not 0, and A is called weight of R. We have the following
decomposition of g into a direct sum of all weight spaces

EZ@EM

rEW
where W is the set of all weights.
For A\, u € C with A + u # 0 we put
1+ A
1 Aop = .
(1) R v

Note that (£1) o p = £1.

Lemma. [9] Let R be an R-matriz on a metrical Lie algebra (g,g). Then we have:
(1) For weights \, u with A + p # 0 we have
(07, 0u) € grop and  g(gr,8,) = 0.

(2) For A # £1 we have [gx,g—»] = 0.
(3) The spaces g+1 are Lie subalgebras of g, and [gx, g+1] C g+1 for A # £1.
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2.12. R-matrices and associated Gaufl decompositions. We will discuss the
relations between R-matrices on a metrical Lie algebra and its Gaul decomposi-
tions.

Definition. A (generalized) Gaufi decomposition of a metrical Lie algebra (g, g) is
a decomposition of g

g=g+®g’Dg_

into a sum of subalgebras, where the inner product g is non degenerate on gg, and
where g4 and g_ are isotropic subalgebras which are orthogonal to gg.

Note that a Manin decomposition is the special case of a Gaul decomposition
with g = 0.

Proposition. An R-matriz R on a metrical Lie-algebra (g,g) defines a Gauf de-
composition
g=9-®g’ Sg4,

where g+ are the weight spaces g+1 of R, and where

g’ = 6}9 gx

A£+1

is a solvable Lie subalgebra which admits an g-orthogonal automorphism A = ((R+
1)|g%) o ((R—1)|g°)~! without fized point (so AX = X implies X =0).

Conversely, let g = g_ ® g° ® g, be a Gaufi decomposition of a metrical Lie
algebra (g, g), where g° admits an orthogonal automorphism A without fized points.
Put R = (A+1)o(A—1)"t. Then

R= diag(—l,Ro, 1) g—9

s an R-matriz.
More generally, any R-matriz R’ on g which induces this Gauss decomposition
has the form
R =diag(—1+ N_,Ryp,1+ N, ):g — g,

where N1 : g1 — g+ are suitable nilpotent endomorphisms.

Remark that, in fact, the R-matrix equation specifies the form of Ni. For
example, denote by g, = ker(N4)? C g+. Then

gr=gtogi o oglogl =0

is a chain of ideals: [g%,g+] C g’

Proof. The first statement follows immediately from lemma 2.11. The operators
R+|g® are invertible. Note that by putting X = (R—1)"luand Y = (R—1)"1v
for u,v € g° the equation in lemma 2.10.(2) becomes (R + 1)(R — 1)"[u,v] =
[(R+1)(R—1)" u, (R+1)(R —1)"'v]. This shows that A= (R+1)(R—1)"1!is
an automorphism of g°. It has no fixed point. It is easily seen that A is orthogonal
if and only if R|g° is skew symmetric.
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We now use the fact that a Lie algebra which admits an automorphism without
fixed point is solvable, see [37].

For the converse, since all arguments above were equivalencies, we see that Ry =
(A+1)(A—=1)"tis a (skew symmetric) R-matrix on g’. Using lemma 2.10.(2)
again it follows by checking cases X, Y € g_, g+, go that R = diag(—1, Ry, 1) is an
R-matrix.

The last statement is obvious. [

2.13. Corollary. Any semisimple R-matriz R on a metrical Lie algebra (g, g) can
be written as

R = diag(—1, Ry, 1)

with respect to an appropriate Gauf decomposition g = g_ @ g° @ g, where Ry =
(A+1)(A—1)"1 for a semisimple orthogonal automorphism A of go without fived
point. [

2.14. Corollary. Any R-matriz R on a metrical Lie algebra (g, g) without eigen-
values +1 is of the form

R=(A+1)o(A-1)7",

where A is an orthogonal automorphism of g without fized point. O

Note that non-orthogonal automorphisms A give non-skew symmetric solutions
R=(A+1)o(A—1)"! of the R-matrix equation.

2.15. Construction of R-matrices via Gauss decompositions. Let (g,g) be
a metrical Lie algebra. Choose a skew-symmetric derivation D of g (for example
an inner derivation ad(Xy) for Xy € g). It defines a decomposition

g=9g_ ®¢°®g,, where g°=go and

g+ = @ gx, g- = @ g-x-

R(A)>0 or R(A)>0 or
R(A)=0,I(A)>0 R(A)=0,3(A)>0

Lemma. For an complex Lie algebra this decomposition associated to a skew sym-
metric derivation D is a Gaufl decomposition.

Proof. g((D = p)'X,Y) = g(X, (=D - w)'Y). O

We can iterate this construction if there exists non-nilpotent skew symmetric
derivations of gg, in particular if gy is not nilpotent. Hence we have:

2.16. Corollary. Let D be a skew symmetric derivation on (g,g).
The decomposition associated to D is trivial, g = g°, if and only if D is nilpotent.
If 0 is not an eigenvalue of D then the associated decomposition is a Manin-
decomposition

g=9g+Dg-.



12 ALEKSEEVSKY, GRABOWSKI, MARMO, MICHOR

2.18. Remark. In the special case when the subalgebra g° of a Gauss decompo-
sition is commutative, then for any skew symmetric endomorphism Ry : g° — g°
the operator

R = diag(—1, Ry, 1)

is an R-matrix. It is known, [12], or [24], 9.3.10, that the connected component of
the stabilizer of a regular point in the coadjoint representation of any connected
Lie group is commutative. For a metrical Lie algebra the adjoint representation is
isomorphic to the coadjoint one. Hence the Gaufl decomposition associated to an
inner derivation ad(X) of a regular semisimple element X € g has g° commutative.

2.19. Construction of R-matrices without eigenvalues +1. Let g be a (nilpo-
tent) Lie algebra which admits a derivation with positive eigenvalues. For example,
let g = @,.,8: be a positively graded Lie algebra and let D[g; = iId. Denote
by T*g = g x g* the semidirect sum of g and the commutative ideal g* with the
coadjoint action on g*. The natural pairing g x g* — C defines an adp-g-invariant
metric g on g. The derivation D can naturally be extended to a g-skew symmetric
derivation D on T*g without eigenvalue 0. Then A, := exp(tD) is a g-orthogonal
automorphism of (T*g, g) without fixed point. Hence

R= (A +1)(A — 1)

is an R-matrix without eignevalues +1.

2.20. Proposition. [32] Let g = g4+ @ g— be a Manin decomposition of a metrical
Lie algebra g, and let pry : g — g+ be the corresponding projections. Then R =
pr, —pr_ is a solution of (1-mYBE) Br + b= 0.

2.21. Proposition. Let g =g ® go © g- be a Gauf-decomposition of a metrical
Lie algebra g, and let pro : g — g+ be the orthogonal projections. Then any solution
Ry of the (1-mYBE) on go has an extension R = c(pry @ Ry ® (1 —c)pr_) to a
solution of the (1-mYBE) on g.

This gives us an inductive procedure for the construction of solutions of the
(mYBE).

2.22. Theorem. Let (g,g) be a metrical Lie algebra and let R : g — g be a solution
of 2.9, (1-mYBE). Then the following Manin decompositions are isomorphic:

(1) The Manin double gdg* associated to the bialgebra structure b’ = 9,(Rog™1)
from 2.8.

(2) The direct sum g ® g = gaiag © gr with the metric g2((X,Y),(X,Y)) =
9(X, X) —g(Y)Y) for (X,Y) € g g, where gging = {(X,X) : X € g} is
isomorphic to g, and where the subalgebra gr = {(R+ 1)X,(R— 1)X) :
X € g} is isomorphic to the Lie algebra (g,br) with bracket br(X,Y) =
[RX,Y] + [X, RY], which again is isomorphic to (g*,b'), see 2.8.

Proof. For an R-matrix R the mapping (R+ 1,R — 1) : (g,bgr) — g X g is a
homomorphism of Lie algebras into the direct product by lemma 2.10, which is
injective. Also by lemma 2.8 the mapping ¢ : (g,br) — (g*, ') is an isomorphism
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of Lie algebras. The direct sum Lie algebra g & g admits a decomposition into Lie
subalgebras

gg={(X,X): Xeg;tao{(R+1)Y,(R-1)Y):Y €g}, where
(U,V) =X, X)+ (R+ 1Y, (R-1)Y),
2X =R(V-U)+V +U, Y =U -V,

which are isotropic:
g((R+ 1Y, (R=1)Y)=g(R+1)Y,(R+1)Y) —g(R—1)Y,(R-1)Y) =0

since R is skew symmetric for g. O

2.23. Remark. The construction of an R-matrix on a semisimple metrical Lie
algebra (g, g) reduces to the construction of a Manin decomposition gg =g_ Dg4+
of the metrical Lie algebra (g @ g,g @ (—g)) where g_ = gadiag is the diagonal
subalgebra.

3. NOTATION ON LIE GROUPS

3.1. Notation for Lie groups. Let G be a Lie group with Lie algebra g = T.G,
multiplication p : G x G — G, and for g € G let pg, 9 : G — G denote the left
and right translation, (g, h) = g.h = py(h) = p"(g).

Let L, R: g — X(G) be the left and right invariant vector field mappings, given
by Lx(g) = Te(pg). X and Rx = T.(u9).X, respectively. They are related by
Lx(g) = Rada(g)x(9). Their flows are given by

FI}X (g) = g.exp(tX) = p™PX) (g), FI(g) = exp(tX).9 = Hexp(ex)(9)-

Let s k" :€ QY(G,g) be the left and right Maurer-Cartan forms, given by
né({) = Ty(pg-1).£ and ky(§) = Tg(ugfl).é, respectively. These are the inverses
to L, R in the following sense: L;' = k! : T,G — g and R;' = &} : T,G — g.
They are related by g = Ad(g)/{ﬁ] : T,G — g and they satisfy the Maurer-Cartan
equations dx' + J[x', k!]" = 0 and dx" — $[k", K"]" = 0.

The (exterior) derivative of the function Ad : G — GL(g) can be expressed by

dAd = Ad .(ad ok!) = (ad ox"). Ad,

which follows from d Ad(Tpy.X) = 4o Ad(g. exp(tX)) = Ad(g). ad (k' (Tpg.X)).

3.2. Analysis on Lie groups. Let V be a vector space. For f € C*(G,V) we
have df € Q'(G;V), a 1-form on G with values in V. We define the left derivative
§f=6"f:G— L(g,V) of f by

0f(2).X :==df To(uy). X = (Lx f)(z) for z € G, X € g.
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Result. [27]
(1) For f € C*(G,R) and g € C*(G,V) we have 6(f.g) = f.0g+fRg, where
we use g* @V — L(g,V).
(2) For f € C*(G,V) we have §6 f(z)(X,Y) — 60 f(x)(YV,X) = df(x)([X,Y)).
(3) Fundamental theorem of calculus: For f € C*(G,V), x € G, X € g we
have

flar.exp(X)) — fx) = ( / 57 (. exp(tX)) dt) (X).

(4) Taylor expansion with remainder: For f € C*(G,V), x € G, X € g we
have

1.1 _ AN
flaeap(00) =3 50 ()7 + [ ELI=0" o exp(e) a (X9)

Jj=0

(5) For f € C*(G,V) and x € G the formal Taylor series

Ty, f = Y 0 f(@): @a— R

=0

factors to a linear functional on the universal enveloping algebra: U(g) — R.
If for A € U(g) we denote by L4 the associated left invariant differential
operator on G, we have (A, Tay, f) = (Laf)(zx)

3.3. Vector fields and differential forms. For f € C*°(G,g) we get a smooth
vector fleld Ly € X(G) by Lf(x) := Te(pz).f(x). This describes an isomorphism
L :C®(G,g) — X(G). If h € C*(G,V) then we have Lyh(z) = dh(Ls(x)) =
dh.T.(pg).f(x) = 6h(x).f(x), for which we write shortly Lsh = 0h.f.

For g € C*(G, \"g*) we get a k-form L, € Q%(G) by the prescription (Ly), =
g(x) o A¥T (j1—1). This gives an isomorphism L : C(G, Ag) — Q(G).
Result. [27]

(1) For f,g € C=(G,g) we have

(L, Lglx(c) = Lr(s,9),

where K(f,g)(z) = [f(2), 9(@)lg + b9(x).-(z) — 6/(x).g(x), or shorter
(2) For g € C=(G,\"g*) and f; € C(G,g) we have Ly(Ly,...,Ly,) =
g-(f1,-- fu)-
(3) For g € C°°(G, \*g*) the exterior derivative is given by

d(Lg) = L5A9+690g7

where 8"g : G — N g* is given by

k

3" g(x)(Xo, ..., Xi) = Y _(~1)"6g(2)(X:)(Xo, .., Xi, ..., Xp),
=0
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and where 0% is the Chevalley differential on \g*.
(4) For g € C>(G, \"g*) and f € C>(G, g) the Lie derivative is given by

‘CLf _Lﬁgog-&-[lfgv

where

('Cgfg)(x)(le s ,Xk) = Z(_l)lg(x)([f(x)aXlLle s 75(\% s an)a

(L39)(@) (X1, -, Xpe) = 6g() (f (2))(Xa, ., Xpo)+
+ Z(—l)ig(f)@f(ff)(Xi),Xh o Xi LX),

3.4. Multi vector fields and the Schouten-Nijenhuis bracket. Recall that
on a manifold M the space of multi vector fields T'(ATM) carries the Schouten-
Nijenhuis bracket, given by

(1) (XA AXp Vi A AY,] =
_Z DXL YA X AXpAYI ALY, A Y.

See [28] for a presentatlon along the lines used here. This bracket has the fol-
lowing properties: Let U € T'(A"TM), V. € T(A"TM), W € T(AN“TM), and
f e C>(M,R). Then

U, — (=)= [y ]

V)=
U, [V, W]] = [[U, V], W] + (=) DDV, [U, W]
(U, VAW]=[UV]AW + (=)= DV A [U, W]
[f, U] = =(df)U,

where 7(df) is the insertion operator \"TM — /\k_lTM7 the adjoint of df A () :
NT*M — N0

For a Lie group G we have an isomorphism L : C*°(G, Ag) — I'(ATG) which is
given by L(u), = AT (i1s)-u(z), via left trivialization. For u € C*°(G, \"g) we have
Su:G — L(g, \"9) = g*®/\"g, and with respect to the one component in g* we can
consider the insertion operator 7(du(z)) : A¥g — A"T"g. In more detail: if u = f.U
for f € C~(G,R) and U € \"g, then we put 2(6 f(x).U)V =U A7(6f(z))(V).

For the Lie algebra g we also have the algebraic Schouten-Nijenhuis bracket
[, 19 : Ag x A% — A""'g which is given by formula (1), applied to this
purely algebraic situation.

Proposition. For u € C*®(G, \"g) and v € C°(G, \"g) the Schouten-Nijenhuis
bracket is given by

(2) [L(w), L(v)] = L([u, v]® —(du)(v) + (1)~ D D7(50) (w)).

+
+

Proof. This follows from formula (1) applied to
[L(fXa N ANXp), L(g Y1 A--- ANYY)],
where f,g € C*°(G,R) and X,,Y; € g, and then by applying 3.3.(1). O



16 ALEKSEEVSKY, GRABOWSKI, MARMO, MICHOR

4. LiE Po1ssoN GROUPS AND DOUBLE GROUPS

4.1. Lie Poisson groups. A Poisson structure on a Lie group is a tensor field
A € T(A’TG) such that {f,g} := (df A dg, A) defines a Lie bracket on C*(G,R).
If we let A = L()\) for A € C(G, A’g) in the notation of 3.4, then A is a Poisson
structure if and only if for the Schouten bracket we have [A, A] = 0. By proposition
3.4 this is equivalent to

(1) (A(g), M(9)]* = 2u(dA(g))(A(g))  forall g € G.

A Lie-Poisson group [11] is a Lie group G together with a Poisson structure
A € T(A’TG) such that the multiplication x : G x G — G is a Poisson map, i.e.
the pull back mapping p* : C*°(G,R) — C*(G x G,R) is a homomorphism for the
Poisson brackets. This is equivalent to any of the following properties (2) — (6) for
p =2 (see [21]). Such a 2-vector field A is also called a Lie-Poisson structure.
Lemma. For A € T(A"TG) the following assertions (2)—(6) are equivalent:

(2) A is multiplicative in the sense that

Algh) = A'T(1tg)-A(R) + APT(").A(g) for all g,h € G.
(3) (assuming that G is connected) A(e) = 0 and the Schouten bracket L, A =
[Lx,A] is left invariant for each left invariant vector field Lx on G.
(4) (assuming that G is connected) A(e) = 0 and the Schouten bracket L, A =
[Rx,A] is right invariant for each right invariant vector field Rx on G.
(5) If we let A = L(\) for A € C*°(G, \'7) in the notation of 3.4, then
AMgh) = AP Ad(h™ )M\ (g) + AM(h)  for all g,h € G.
This has the following meaning: Consider the right semidirect product G X
Alg with multiplication (z,U).(y,V) = (zy,Ad(y~)U + V). Then the
above equation holds if and only if x +— (z, A(z)) is a homomorphism of Lie
groups.
(6) A: G — A'TG is a homomorphism of Lie groups, where L : G x \'g =
N'TG.
A Poisson structure A on G is a Lie-Poisson structure if and only if these conditions
(2)-(6) are satisfied for p = 2.
Proof. For the proof of the equivalence of conditions (2)—(4) see [21], the equivalence
to (5) and (6) is obvious.
We prove the last assertion. It follows from

" o gtaxe(x,y) = (d(f o p) Ad(g o p), Ax) @ A(y))
= (df (zy) A dg(2y))-N*T(ayyi-(A(2), A(y))
= (df (zy) A dg(zy))- N (T, (1a) + To(p¥))-(A(z), Aly))
= (df (zy) A dg(@y))-(N*Ty (1) A(y) + N’ T (p¥)A(2))

compared with
(w™{f,9}c)(z,y) = (df Ndg).A(zy). O
Note that if Ay : G — AP'TG and Ay : G — AP*TG are homomorphisms of

groups with 7o A; = Idg, then their Schouten bracket [A1, As] : G — /\p1+p2_1TG
has the same property. This follows from [21] and the equivalence to (6) from above.
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4.2. Theorem. [11] If (G,A) is a Lie-Poisson group with Lie algebra g then by
Y :g — A’g we get a Lie bialgebra structure on g, where b'(X) = (L A)(e) =
dX(e)X, where L denotes the Lie derivative.

If (g,b,b') is a Lie bialgebra and G is a simply connected Lie group associated
to g, then the cocycle b’ integrates to a unique Lie Poisson structure A € F(/\QTG)
on G.

Proof. See [11] and [21] for other proofs. By conditions 4.1.(5) and (6) any multi-
plicative 2-vector-field A is a homomorphism of Lie-groups

G 2 AN7TG

H ]

a MY G A%

and the induced Lie algebra homomorphism then is
T.(A).X :=(X, L Ae))

=(X,0A(e).X) by Proposition 3.4.(2)

=(Idg,b")(X),
and conversely any 2-cocycle b : g — /\2 g integrates to a Lie group homomorphism
if G is supposed to be simply connected.

It remains to show that b’ : /\29* — g* satisfies the Jacobi identity if and only

if 4.1.(1) holds. Let us take the left derivative ¢ at e of equation 4.1.(1) and get
[6X(e), A(e)]® — 21(5%A(e))A(e) — 2u(5A(e))dA(e)

0=2
=0—0—[6A(e), SA(e)]NE,

so that the Nijenhuis-Richardson bracket of ' = dA(e) : A\’g* — g* with itself
vanishes. This just means that b’ is a Lie bracket on g*, see [30].

For the converse note first that if A : G — /\QTG is a homomorphism of Lie
groups then also the Schouten bracket [A,A] : G — A’TG is a homomorphism
of Lie groups. But if & = d\(e) is a Lie bracket on g* then the computation

above shows that 6([)\,>\]9 — 2@(5)\)/\> (e) = 0 so that the associated Lie algebra
homomorphism is just (Id,0) : g — g x /\Bg. But then [A,A]=0. O

4.3. Affine Poisson structures. An affine Poisson structure on a Lie group G
is a Poisson structure A such that A; is a Lie Poisson structure or equivalently A,
is a Lie Poisson structure, where

(1) Ai(g) = Ag) = T(ug)A(e),  Ar=A— Ly,
(2) Ar(g) = AMg) = T(n9)A(e), Ar =A— Rpe).
For a Poisson structure A we also have

(1) Ar=L(N),  Nilg) =Ag) — Ale),

(2) Ar=L(A), Arlg) = AMg) — Ad(g™H)A(e),
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and A is an affine Poisson structure if and only if
(3) Agh) = Ad(h™HA(g) + A(R) — Ad(h™ M) A(e).

4.4. Lie groups with exact Lie bialgebras. Let G be a Lie group with Lie
algebra g. Suppose we have a solution C' € A’g of the (mYBE), so that b’ = 9C
is a Lie bialgebra structure for (g, g*). Then we can write down explicitly the Lie-
Poisson structure on any (even not connected) Lie group with Lie algebra g, as
follows.

We consider Ay : G — A*TG qiven by Aw(g) := T(uy)C + T(9)C. Then
obviously A_ is multiplicative and A is affine with (A, ); = A_ and (Ay), = —A_.
In the notation of 4.1 we have A+ (g) = C £ Ad(¢g*)C, and

Wy (X) = 6xs(e)X = £(3(A*(AdoTnv))(e) X)C = Fad(X)C = F(9,C)(X),

and since C satisfies (mYBE), the tensor fields AL are Poisson structures.

4.5. Manin decompositions and Lie-Poisson structures. Let g = g, ® g_
be a Manin decomposition of a metrical Lie algebra g, and let pry : g — g4 be the
corresponding projections. Then by 2.20 the operator & = pr, — pr_ is a solution
of (1-mYBE) B +b=0.

So by 4.4 a Manin decomposition defines a canonically associated Lie-Poisson
structure on each (even not connected) Lie group G with Lie algebra g, as follows:
Let C = Rog~! € A\g be the associated exact bialgebra structure, and consider
AL :G— /\2TG qiven by

(1) Aslg) == T(y)C £ T(?)C.

Then in the notation of 4.1 we have Ai(g9) = C £ Ad(¢g~)C, and ¥, (X) =
SA+(e)X = A’ (6(AdoInv)(e)X)C = Fad(X)C = F(8C)(X). The tensor field
A_ is a real analytic Lie-Poisson structure and A, is a real analytic affine Poisson
structure with (Ay); = A_ and (Ay), = —A_. Since Ay (e) = C' is non-degenerate,
the affine Poisson structure A, is non-degenerate on an open subset of G. If G is
connected this open subset is also dense since the real analytic Poisson structure
cannot be degenerate on an open subset.
We shall investigate this kind of structure in much more details below.

4.6. Gaufl decompositions and Lie-Poisson structures. Let G be a Lie group
with a metrical Lie algebra (g,g). From 2.21 we know that any solution R of the
R-matrix equation can be described as follows. There is a Gaufl decomposition
g = g+ © go ® g with go isotropic and dual to each other, and with g non-
degenerate on go. Let pry g : g — g+ o be the orthogonal projections. Then R is
of the following form:

(1) R=pr, & (Ryopry) & (—pr_),

where Ry is a solution of (I-mYBE) on gy without eigenvalues 1 or —1 (without
fixed points).
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Let X; be a basis of g with Y; the dual basis of g_, and let Z; be an orthonormal
basis of go, all with respect to the inner product g on g = g4+ ® go © g—. Let
Ro(Z;j) = 3, RS Zx = 3, C* Zy, be the (skew symmetric) matrix representation
of Ry with respect to the basis Z;. Then

pr+(U) = ZXi'g(val'% prO(U) = ZZJ-Q(U> Zj)’ pri(U) = ZK-Q(Uv Xi)>

so that
(2) RZPI"+—I)T_+(ROOPT0):(ZXH\Yz‘+ZRka®Zj)OQ
i g,k
C:=Rog'=) X;AY;+> C*Z;AZ.
i<k
Let us consider A1 : G — /\2TG qiven by
(3) As(g) :=T(pg)C £ T(u)C.

Then in the notation of 4.1 we have A1 (g) = C + Ad(g~!)C, and
B (X) = Sha (€)X = +(5(Ad o Tuv)()X)C = T ad(X)C = F(3,C)(X).

Since R was a solution of (1-YBE) the tensor field A_ is a real analytic Lie-Poisson
structure and A is a real analytic affine Poisson structure with (Ay); = A_ and
(A4), = —A_. Since Ay(e) = C is non-degenerate, the affine Poisson structure
A is non-degenerate on an open subset of G. If G is connected this open subset
is also dense since the real analytic Poisson structure cannot be degenerate on an
open subset.

5. ExXpLiCIT FORMULAS FOR POISSON STRUCTURES ON DOUBLE LIE GROUPS

5.1. The setting. It turns out that in the situation of 4.5 one can get very useful
explicit formulae. Let us explain this setting once more, which will be used for the
rest of this paper.

Let G be any Lie group with a metrical Lie algebra (g,v) and suppose that
it admits a Manin decomposition (g = g+ ® g_,7). Let pry : g — g+ be the
corresponding projections. By 2.20 the operator R = pr, — pr_ is a solution of
(I-mYBE) Br + b =0.

Simplified notation. In order to compactify the notation we will use the following
shorthand, in the rest of this paper: For U € ®” g etc. and for g € G we let

P
gU =g.U =R T(u)U,  Ug=Ug=QQT(u)U.
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Let X; be a basis of g with Y; the dual basis of g_ with respect to the inner
product v on g = g4+ ®© g—. Then

pr,(Z ZVZY ZY@X

Z'yZX ZX ® Y)Yy so that
pr, = (Ziﬁ@Xi)ov:@M,
= (ZXNX)Y;') oy=C_ox, where

Ch=) Yi®X, C. =) X;QY.
Then we have
(1) R=pr+—pr_=(ZYMXi)°%
C=Roy'=Ci-C_=) YiAX,

Then we consider At : G — A’T'G given by (note the factor 1)

(2) Ai(g) == %(QC +Cyg).

Then in the notation of 4.1 we have A+(g) = %(C’ + Ad( “10), and V. (X) =
Sre(e)X = LA (6(AdoInv)(e)X)C = Fi ad(X)C = F1(8,0)(X). The tensor
field A_ is a real analytic Lie-Poisson structure and A, is a real analytic affine
Poisson structure with (Ay); = A_ and (A4), = —A_. Since A4 (e) = C is non-
degenerate, the affine Poisson structure Ay is non-degenerate on an open subset of
G. If G is connected this open subset is also dense since the real analytic Poisson
structure cannot vanish on an open subset.

5.2. Lemma. In the setting of 5.1 we have:
(1) Ai(a)=aCy—C_a=Cra—aC_
= Z(aYi ®aX; — X;a® Yl-a) = Z(Ym ® X;a—aX; ® aYi>
(2) A_(a)= aZC+ —Cia=C_a—-aC_ Z
= Z(aY; ®aX; — Ya® Xia) = Z(Xia@) Yia —aX; ® aYi)

Proof. The tensor fields do not look skew symmetric but observe that

(3) aCy +aC_ =Cra+ C_a.
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This is equivalent to C + C_ = @ Ad(a1)(Cy 4+ C_) which, when composed
with ~, in L(g, g) just says that Idg = pr, + pr_ = Ad(a~!)Idg Ad(a). Using (5)
we have
Ay(a) = $(aC + Ca) = 3(aC4 — aC— + Cya — C_a)
=Cia—aC_ =aCy —C_a,
A_(a) = 1(aC — Ca) = 3(aCy —aC_ — Cya+ C_a)
=aCy —Cra=C_a—aC_. O
5.3. The subgroups and the Poisson structures. In the setting of 5.1 we con-
sider now the Lie subgroups G4+ C G corresponding to the isotropic Lie subalgebras
g+, and we consider the mappings
p:Gy xG_ — G, ¢(g,u):=gueQqG,
v:G_x Gy — G, Yw,h):=v.hedG.
Both are diffeomorphisms on open neighbourhoods of (e, ¢). We will use g, w and v, h
as local ‘coordinates’ near e. So, we have, at least locally in an open neighborhood U
of e in G, well defined projections plﬂp;“ :GDOU —=Gyandyp, ,p; :GDOU — G-
which play the role of momentum mappings:
p(gu): =g, pf(vh):=heGy,
p, (v.h):=v, p.(gu):=uecG_.
When ¢ (or equivalently 9) is a global diffeomorphism (this is consistent for simply

connected G with completeness of the the dressing vector fields; in these cases we
will call G a complete double group) then the mappings pfr are globally defined.

Remark. If the subgroup Gy is compact then the double group G is complete.
Similarly for G_.

Indeed, there exists a G-invariant Riemann metric on the homogeneous space
G/G4. Then G acts on G/G4 by isometries locally transitively, hence transitively.
This means that G = G.G_ globally and that G4 N G_ is finite.

5.4. Theorem. In the setting above, the following tensor fields are Lie-Poisson
structures on the group G4 and G_, respectively, corresponding to the Lie bialgebra
structures on g+ and g_ induced from the Manin decomposition:

(1) A% (g) = g((1dg @ Ad% (g~ )pr, Ad9(g))C-) € A*TG.
= g(—(Ad%(g~") @ pry Ad“(g™1))C-)
=3.9X; @ pr, (Ad%(g)Yi)g
= =3, Xig A gpr, (Ad9(g71)Y7),

= u((Idg A AdS(u™Y)pr_ Ad%(u))Cy) € N°TG

= u(—(Ad“(u™") @ pr_ Ad“(u™"))Cy)

= S uY; @ pr_(AdC (u) X;)u

=—>Yu® upr_ (Ad® (u™1)X;).

S
-
Q
|

S
|
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The following tensor fields are non-degenerate Poisson structures on the groups
G4+ x G- and G_ x G4, respectively.

3)  Af(g,u) =A% (g) + A% (u) + 3, Yiu A gXi € N*T(Gy x G,
(4)  AY(v,h) = =A%+ (h) — A (v) + S0V A Xih € N°T(G- x GT).

Moreover they are related to the affine Poisson structures on G, i.e. we have
(5) NTeA] =Apop,  NTYAY =Ay o

The following tensor fields are Lie Poisson structures on the groups G+ x G_ and
G_ x G4, respectively:

(6) A? (g,u) = —=AS*(g) + A~ (u) € N*T (G4 x G_),
(7) AY (v, h) = =A%+ (h) + A% (v) € N’T(G_ x G4).

Moreover they are related to the Lie Poisson structure on G which corresponds to
C, i.e. we have

(8) TeA? =A_op,  TipAY =A_oq.

Proof. Using 5.2.(1) we have
Ay (gu) =32, (guY; ® guX; — Xigu ® Yigu)
- Zig(Ad(u)Yi ® Ad(w)X; — Ad(g~)X; ® Ad(gflm)u
=Yg (Ad(um @ pr_(Ad(u)X;) + Ad(u)Y; ® pr, (Ad(u)X;)—
— Ad(g™1)X; @ pr_(Ad(g™1)Y;) — Ad(g ™)X, @ pr (Ad(g™)Yi) Ju.

In L(g,g) we have (compare with 5.1.(1))

(32 Ad(u)Yiopr, (Ad()X;)) 0y = pr, 0 Ad(u) o pr, o Ad(u™")
=pr, o Ad(u) o (Idg — pr_) o Ad(u™")
=pr, —pry oAd(u)opr_oAd(u~') =pr, —0,

for pr, o Ad(u) o pr_ = 0 since v € G_. Thus we get
S AdW)Y; @ pr, (Ad(w)X,) = ¥,¥; X,
and similarly we obtain

Y Ad(g X @pr_(Ad(ghY) =X, Xi®Y;,
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so that
A (gu) = g(Spu¥s @ pr_(Ad(w) X)u) + (2, A X;) -
- (ZiXig ® gpr+(Ad(g_1)Yi))u
= T(gyu)so(/\cf (u) + A, (9) + 22 Yiu A gXi),

which proves (3) and part of (5). In a similar way one proves (4) and the other
part of (5).

Next we check that the two expressions for A9+ in (1) are the same. We have
to show that the following expression vanishes

309X @ pry (Ad(9)Yi)g + 30, Xig ® gpry (Ad(g™)Y:) =
= g% © Ad(g™)pr  (Ad(9)Y:) + 32, Ad(g™) X: @ pr (Ad(g™)Y7)) ).

The term in brackets, composed with v from the right, is the following endomor-
phism of g:
Ad(g™")pry Ad(g)pr_ + pry Ad(g~")pr_ Ad(g)
= Ad(g™")pr, Ad(g)(Id — pr+) pry Ad(g~")(Id — pr, ) Ad(g)
= Ad(g™")pry Ad(g) — Ad(g™")pry Ad(g)pry + pry — pry Ad(g~")pry Ad(g)
= Ad(g~")pry Ad(g) — pry +pry — Ad(g™)pr, Ad(g) =0
since Ad(g~")g4+ C g+ and pr|g+ = Id. In the same way one shows that the
the two expressions for A“~ in (2) coincide, and similar computations show that
all expressions in (1) and (2) are indeed skew-symmetric (which is clear from the
beginning).
Next we show that A+ is multiplicative. We have the following chain of equiv-
alent assertions:
A+ (gh) = gA“* (h) + A%+ (g)h,
(gh)~ A% (gh) = h™ A% () + b g™ AC+ (g)h,
32X © Ad(gh) ™ pry (Ad(gh)Y:) = 3, X; ® Ad(h™!)pr, (Ad(h)Y:)+
+3, Ad(h1)X; ® Ad(gh) 'pr_ (Ad(g)Y7),
Ad(gh)~'pr, Ad(gh)pr_ = Ad(h~")pr, Ad(h)pr
+ Ad(gh)~'pry Ad(g)pr_ Ad(h).

Both sides of the last equation vanish when applied to elements of g, and on
elements of g_ we may delete the rightmost pr_, so this is equivalent to

pry Ad(gh) = Ad(g)pr, Ad(h) + pry Ad(g)pr_ Ad(h)
)

= Ad(g)pry Ad(h) + pry Ad(g)(Id —pr, ) Ad(h)
= Ad(g)pr, Ad(h) + pr, Ad(gh) — pr, Ad(g)pr, Ad(h),
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which is true since Ad(g)(g+) C g+-
Finally we show that the group homomorphism A%+ : G, — /\2TG+ is associ-

ated to the bialgebra structure given by the Lie bracket on g_ LN (g+)*. For that
we consider, as explained in 4.1 and in the proof of 4.2:

(9) Xt (g) = g TAS (9) = 20, X @ Ad(gH)pry. (Ad(9)Y)),
NG+ (e)X =0+ > X @ pr (ad(X)Y;),
Y(OXFH ()X, Y, @ V) = 3 v(Xi, Ya)y(pry ad(X)Y;, Y7)
= y(pry ad(X)Y, V7)) = y(ad(X) Yy, priYy)
=7([X, Y], pr_Y1) = v(X, [V, Y1]),

which we had to prove. Let us now investigate the Lie Poisson structure on G.
From 5.2.(2) we have

A_(gu) =3, (guYi ® guX; — Yigu ® ngU)
- Zig(Ad(u)Yi © Ad(u)X; — Ad(g~1)Y; Ad(g_l)Xi)u
= $9(Ad(W)Y; @ pr_(Ad(w)X;) + Ad(w)Y; @ pry Ad(w)X;
~ pr_(Ad(g™1)Y) @ Ad(g™1)X; — pr. (Ad(g™)Yi) @ Ad(g ™) X u.
In L(g,g) we again have

(zi Ad(u)Y;®pr, Ad(u)Xi) oy = pr, Ad(u)pr, Ad(u?)
= pry Ad(u)(Id — pr_) Ad(u™") = pry. —0,
- (Eiprf(Ad(g‘l)Yé)éé Ad(g‘l)Xi) oy =—Ad(g~")pry Ad(g)pr®

= —Ad(g")pry Ad(g)pry = —pry,
- (Zipu(Ad(g’l)Yi)@ Ad(g’l)Xi) oy =—Ad(g~")pry Ad(g)pr’.

= —(SX © Ad(g™pr (Ad(9)Y) ) o 7.
Thus we get

A-(gu) = 9 (Ad(w)Y; @ pr_(Ad(u) Xi) — X; @ Ad(g™)pr, (Ad(9)Y7) )u
= g(Xu¥i @ pr_(AdwX,)u) — (9% @ pr, (Ad(g)Y)g )u
= gAG_ (u) - AG+ (g)u = T(g,u)@(AG_ (u) - AG+ (g))7

which proves (6) and (8). All remaining statements can be proved analogously, or
are obvious. 0O
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5.5. Corollary. In the situation of 5.1 we have:

(1) The Poisson structure Aﬁ on the direct product group Gip x G_ 1is affine
with

(AD)r(g,u) = A9 (g) + A%~ (u),
(AD)i(g,u) = A% (g) + A% (u) + X, Yiu A Xig — S uY; A g X,

where the vector fields g — gX;, X;g are left and right invariant with respect
to the opposite group structure on G .

(2) Moreover, the Lie-Poisson structure (A%), on G x G_ is the dual Lie
Poisson structure to A_ on G, i.e., it defines the Lie algebra structure on

g.
(3) The Poisson structure Afﬁ on the direct product group G°® x G, is affine
with
(A)r(v,h) = =A%+ (h) — A% (v),
(AY)i(v, h) = —=AC+(h) — A%~ (v) + 3, Yiv A Xih — 3 0Yi A h X,

where the vector fields g — vY;, Y;v are left and right invariant with respect
to the opposite group structure on G_.

(4) (Gy,—A%+) and (G_,A%~) are Lie-Poisson subgroups of the Lie-Poisson
group (G,A_).

(5) The (local) projections from 5.3

ler’p:_ : (GvA*) - (G+7 _AG+)7 p;ap; : (G7A*) - (vaAG7)7

are Poisson mappings.
(6) The (local) projections from 5.3

ler : (G7A+) - (G+7AG+)7 p:_ : (GvA+) - (G+>_AG+)7
p; : (Ga A+) - (G*’Aci)v O (Ga A+) - (G*v_AGi)

are Poisson mappings.

(7) The mapping (G, A%+) x (G,Ay) — (G,Ay) given by (g,a) — ga is a left
Poisson action of a Lie-Poisson group.

(8) The mapping (G,Ay) x (G_,A-) — (G,A) given by (a,u) — ga is a
right Poisson action of a Lie-Poisson group.

(9) The Lie-Poisson group dual to (G,A_) is G4 x G°® with the Lie-Poisson
structure —(Aqi)l.

Proof. On the direct product group G¥ x G_ the vector field g — Xg is right
invariant, so the expressions in (1) follows directly from from 4.3 and the form
5.4.(3) of A%. The Poisson structure (AZ), is then visibly a Lie Poisson structure
on G x G_, so (AY), is affine. The proof of (3) is similar.
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For (2) we consider, as explained in 4.1 and in the proof of 4.2, see also the proof
of 5.4.(9):
A (g,u) = X9 (g) + A% () + 30, Ad(u™ Y, A X — 30,V AAd(g )X,
SAY (e, €)(X,Y) = 06X (e)X + 6A° (e)Y — 3, [Y, Vilg_ A Xi 4+ 3.,V A [X, Xi]g
=097 + b8 — Zi[yv }/i]g_ NXi+ ZzYl A [X’ Xl]

+

94>

where X € g and Y € g_. If we take this into the inner product with elements
Y ®Y,, Vi ® X, ete., use 5.4.(9) and proceed as there, the result follows.

(5) — (8) follow from the formulae for A} and A_ in the ‘coordinates’ (g, u) and
(v, h), and from the fact that AS+ and A%~ are multiplicative.

(9) is analogous to (2). O

5.6. Let us note finally that the decompositions 5.4 (3) and (4) of the Poisson
structure Ay on G =2 G4 x G_ are surprisingly rigid.

Theorem. Suppose that a Poisson structure A on a manifold H x K which is a
product of two Lie groups of equal dimension admits a decomposition

A(h,k) = AT (h) + AR (k) + 32,Y7 (k) A X[(h) € N T (H x K),

where AT and A are tensor fields on H and K, respectively, and where Xf are
the left invariant vector fields and Y;" the right invariant vector fields on H and K,
with respect to bases X; of h and Y; of €.

Then AH and A are affine Poisson structures on H and K, respectively, and
(H, A7), (K,A%) is a dual pair of Lie-Poisson groups and A represents the ‘sym-
plectic’ Poisson tensor on the corresponding group double.

Proof. The vanishing Schouten bracket [A, A] yields

0= [AT, AT T(A\*TH)
+ [AKAK] D(A’TK)
+25°, Y A X AT = Y YT A X A X X(K)®D(A\°TH)
=23 Y AR A XG4+ 3L YA X X)) D(N°TK) @ X(H).

Each of the lines vanishes by itself: The first two lines then say that A” and AKX
are Poisson tensors on H and K, respectively. Using the structure constants ¢ of
h with respect to the basis X;, and d% of ¢ with respect to Y;, the last two lines
can be rewritten as

S Yo XL AT =330 dE Y A XA X,

ijm-m=m

S lVn A A XL = 35 VT AY] A

m m?

or by

XL AT = Lo AT = 1Y di XA XD € LA%),

Z]m

(Yo, AR = Lyy AN = 3130 el YT AY] € R(\%®).



POISSON STRUCTURES 27

These are just conditions (3) and (4) of 4.1 without the further assumption that
AH(e) = 0 or A% (e) = 0, so we can conclude from there that A and AX are affine
Poisson structures, respectively. For their associated Lie-Poisson structures
(A™)r(h) = AT (h) — A" (e)h,
(A%)i(k) = A" (h) — kA™ (e)

we get

Lyy (M), = Ly A" = 15

m

Ly (M) = Ly AT = 337,67 AY

29Xt A X,

ijom

so that the Lie Poisson structure (A), corresponds to the cobracket
by b — A%h, by (Xm) = 330,45 X A X,
and the Lie Poisson bracket (AX); corresponds to the cobracket
bt — A%t B(Yi) = 33X Y Y,
Hence by is dual to the Lie bracket on ¢, and by is dual to the Lie bracket on b,
with respect to the pairing v(X;,Y;) = d;;. O

6. DRESSING ACTIONS AND SYMPLECTIC LEAVES

6.1. Lie algebroids. On every Poisson manifold (M, A) the Poisson tensor defines
the mapping T*M > o +— of := 7,A € TM, and a Lie bracket on the space of 1-
forms defined by

(1) {a, B} :=ipedf —igsda + dipn (o A B).
The mapping ( )* : Q*(M) — X(M) is then a homomorphism of Lie algebras,

2) {a. Y = [o*, B°];
this is also expressed by saying that A turns 7* M into a Lie algebroid with anchor
mapping ()F.

6.2. The dressing action. Affine Poisson structures on a Lie group G may be
characterized by the property that the left invariant 1-forms (or equivalently the
right invariant ones) are closed with respect to the bracket 6.1.(1).

Consequently, for an affine Poisson structure A on G the mappings

Mgt — X(G), AX)(a):=—(aX),
p:g"— X(G), p(X)(a):=(Xa)t

are an anti homomorphism and homomorphism of the Lie algebras g; and g,
respectively, where g} is the dual space g* with the Lie bracket corresponding to
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A, and where g corresponds to A;. The fields \(X) are called left dressing vector
fields on G, and the p(X) are called right dressing vector fields. They may be
considered as infinitesimal actions of the corresponding dual groups. We have seen
such actions already in 5.5.(4) and (5). If we can integrate this infinitesimal action
to a global one, called the dressing action (if the dressing fields are complete), the
affine Poisson group (G, A) will be called complete.

In any case, the left (or right) dressing vector fields generate the characteristic
distribution of A, whose leaves are precisely the symplectic leaves of the Poisson
structure A.

One believes that dressing actions describe ‘hidden symmetries’ of physical sys-
tems.

6.3. Theorem. Let G be a Lie group with a metrical Lie algebra (g,v) which
admits a Manin decomposition g = g4+ @& g—. In the setting of 5.1, the dressing
vector fields for the affine Poisson structures Ay and A_ on G are the following:

(1) A(X)(@ = —pry(Ad@XJa,  ps(Xi)(a) = apr, (Ad(a) ' X)),
Ae(Y)(@) = pr_(Ad(@Y)a,  pe(Yi)(a) = —apr_(Ad(a)"'Y).

(2 A(X)(@=pr_(Ad@X)a,  p_(X)(a) = —apr_(Ad(a) ' X)),
A_(¥))(@) = —pry(Ad@Y)a,  p-(¥))(a) = apr, (Ad(a)"'Y))

Proof. For instance, by 5.2,

o4 (X5)(a) = T (Xsa) A (0) = 7(v(X;) 5, (Yia @ Xja — aX; @ a¥)
=>_;(v(Xia,Yja) Xja — y(X;a, aX;)aYj)
= X;a —apr_(Ad(a ) X; = a(Ad(a™H)X; — pr_(Ad(a™)X;))
— afpr, (Ad(a)Xy). O

6.4. Corollary. The Poisson tensors Ay may be written in the following alterna-
tive form:

(1)  Ai(a) =3, (aY; @ pry (Ad(a)X;)a — aX; @ pr_ (Ad(a)Yi)a>
S (m & apr, (Ad(a~")X;) — Xia @ apr_ (Ad(a*l)yi)).
2 A_(a)=-Y, (aXi & pr, (Ad(a)Y;)a — a¥; ® pr_(Ad(a)Xi)a)

=-> (Xia ®apr_(Ad(a™1)Y;) — Yia ® apr+(Ad(a_1)Xi)).

Proof. From the definition of ( )* : T*G — T'G we have

Ay =3 (_aYi @A (Xy) —aX; ® >\+(Y¢)), etc. O
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6.5. Corollary. [1]

(1) The characteristic distributions Sy of the Poisson structures Ay may be
described as follows.

Si(a) = a(pr(Ad(a™)gy) +pr_Ad(a')g-)
= (pr(Ad(a)g+) + pr_ Ad(a)g-)a,

Y

) +

P

—

S
|

a(pr_(Ad(a™")gy) +pry Ad(a™")g-)
= (pr_(Ad(a)g+) + pry Ad(a)g-)a.

In particular, S¢(a) + S—(a) = T,G.

(2) The symplectic leaves of S4 are the connected components of the intersec-
tions of orbits G a G- NG_a G4, and the symplectic leaves of S_ are the
connected components of the intersections of orbits G_a G_NG4a G4, for
a€G@.

(3) The Poisson structure Ay is non-degenerate precisely on the set GLG_ N
G_G4; so it is globally non-degenerate if and only if GL,G_ = G. In
particular, if (G,Ay) is complete (6.2) then A4 is non-degenerate.

Proof. (1) follows directly from theorem 6.3 since the dressing vector fields generate
the characteristic distribution. To prove (2) observe that the tangent space to the
intersection of orbits G aG_NG_aG4 at a € G is

(g+a+ag-)N(g-a+agy) = a((Ad(a " )g+ +g-) N (Ad(a™")g- +g4))
= a(pry (Ad(a™")gy) + pr_(Ad(a~")g-)) = 54 (a),

so that the connected components of Gy a G_NG_ a G4 are integral submanifolds
of S4. For S_ the proof is similar.

The intersection G4 G_ NG_G4 is an open and dense subset of G consisting, by
(2), of points where A is non-degenerate. If the orbit GaG_ meets G G_NG_G4
then it is contained in G4 G_, so G4 G_ N G_G consists of all points where A is
non-degenerate. [

6.6. On M := G4G_ N G_G4 the Poisson structure A4 is symplectic, so let us
describe the associated symplectic form w = (A;)~! in terms of the coordinates
(9,u) and (v, h) introduced in 5.3. We will start by describing the dressing vector
fields on the groups (G4 x G_,A¥Y) and (G_ x G, Af) In order to avoid problems
of always having to tell which multiplication is opposite, and to use a notation
which differs from that used in theorem 6.3 we will write (uX)* for the dressing
vector field corresponding to the left invariant 1-form on G x G* represented by
1(g,u) = uX in the obvious way:

y(uX, gX; +uY;) = y(uX,uY;) =y(X,Y;), etc.

After easy calculations we get from 5.4.(3) and (4):
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Theorem. In the situations above, the dressing vector fields are given by:
(1) On (G+ X G—7Aﬁ(gau)) :
(Xsuw)* = gX; —upr_(Ad(u™")X,),

(Yig)f = —gpr, (Ad(g~")Yi) — pr_(Ad(g~")Yi)u,
(uX;)f = pr_(Ad(u)X,)u + gpr., (Ad(u) X;)u,
(9Y)* = pro(Ad(9)Yi)g — Yiu.

(2) On (G_ x G, A% (v, h)) :
(vX;)* = X;h — pr_(Ad(v) X;)v,
(hY;)* = —pr, (Ad(h)Y;)h — vpr_(Ad(h)Y;),
(X;0)* = wpr_(Ad(v™ 1) X;) + pr, (Ad(v™")X;)h,
(Yih)? = hpr, (Ad(R™1)Y;) — vYi.

Denote now (X;u)" = ¢.(X,)* € X(GLG_), etc., and (vX;) = . (Xu)* €
X(G_Gy), ete., and call them the undressing vector fields. They are given at the
pointa =gu=vhe M =G,G_NG_G;+ C G by

(3) (Xiw)" =apr (Ad(u™1)X;),  (Yig)" = —Yia,
(uX;)" = aX;, (9Yi)" = —pr_(Ad(g)Yi)a,
(vX;)" = pr (Ad(v)X;)a (hY;))" = —aY;,
(X;v)" = X;a, (Yih)" = —apr_(Ad(h™1)Y;)

Proof. We only prove (3), and only one example:
(Xiu)" = 0. (Xiu)* = . (9X; — upr_(Ad(u™")X;))
= gX;u — gupr_(Ad(u"1)X;) = gu(Ad(u 1) X; — pr_(Ad(u™ 1) X3))
=apr, (Ad(u ™ ")X;). O

6.7. Corollary. At points a = gu = vh € M = G.G_NG_Gy C G the affine
Poisson structure is given by

(1) Ai(a) = 3, ((uXy)" @ (hY;)" + (Xiv)" @ (Yig)")
= 2i((Xa)" ® (gY3)" = (Yil)" ® (vX3)").
The associated symplectic structure w may be written as
(2) wa = 2;((uX;) ® (RY;) + (Xiv) @ (Yig))
= 2((Xiu) ® (gY3) = (Yih) ® (vX;)"),
where we identify the 1-forms uX;, etc., on G4 X G_ and the 1-forms hY;, etc., on

G_ x G4 with 1-forms on M via the diffeomorphisms ¢ and 1. Formally correct
we should write (¢~1)*(uX;), ete.

Proof. The form (1) of A4 (a) can be checked by easy calculations. But (1) shows
that we can construct Ay (a) from (uX;)" =7(uX;)AL, etc., thus we can construct
wq = Ay (a)~! in the same way from the corresponding 1-forms uX;. O
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6.8. Remark. We can write 6.7.(2) in a more ‘coordinate free’ form:
(1) w=7(ué §pG)+v06 $ué,)
1
= 5 (08 % pé) + (G 2 65,)).

where pf, = (uX;) ®Y; is the left Maurer Cartan form on G_ pushed via ¢ to

M =G G_NG_G4 C G, and where 927 = (X;v) ®Y] is the right Maurer Cartan
form on G_ pushed via ¥ to M, etc. This expression (1) should be compared with
the corresponding formula in [1], or with formula 2.3.(3) in [2] for the case of a
cotangent bundle T*G.. So 6.7 is a generalization of these results in [2] to the case
of a double group.

6.9. Recall now from 5.3 the projections p, o :GDOU — Gy and .0y G D
U — G_ which we get from inverting ¢ and 1, respectively. For a € G and for b
near e in GG we then define

1) NF(a) == pf (abaa, Ay (a) = pr (ab~ta e,
pi(a):==apf(ab~'a™"),  p,(a):=ap (ab~'a™).

Theorem. The mappings AT and A\~ define left (local) actions of G on G, and p™
and p~ define right (local actions), i.e.,

(2) Ay (@) =My (@), Ay (Ay(a) = Ay (a),
py (05 (a)) = pyy(a), oy (py(a) = pyy(a).
The subgroup Gy is invariant under AT and p* while G_ is invariant under A~
and p~.
Moreover, the pairs A\t, A=, and p*, p~ commute:

3) Ay (A (@) = Ay (A (@) = pf (a(b)) " Tba™ )ab™,
Py (py (@) = py (0 (@) = (V)" apf (a(t)"Hba™").
Proof. (2). Assume a(b')"ta=! = vh for v € G_ and h € G4 as usual, so that we
have A} (a) = ha = v~1 (b’) . Then
A (A (@) = pf(hab™ta ' h Y ha = p)f (hab™'a ™ )a = pf (v a(®) o7 a ™ )a
= pf (a(bd) ' a = Ay (a).
For the other actions, the proofs are similar.

(3). We shall prove only the first part. Put a(t')"'a™! = gu for ¢ € G4 and
u € G_, so that \;,(a) = ua = g~ 'a(t/)~'. Then

N (@) = X (ua) = p (uab~ (ua)~ yua = py (ab~Wa~g)ga(¥) !
=pr(ab™Wa Ha®) ™ = p;(ab Wa )" ab W a Ha(b) !
=p. (a(V) " ba"Habt.

On the other hand, put ab~'a~! = vh, so that A} (a) = ha = v~1ab~!. Then
A5 (O (@) = pr (ha(¥) ™ (ha)~VYha = p; (a(®')~*ba~ o)™ Lab !
=p (a(V)'ba"Hab™t. O
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6.10. Theorem. The infinitesimal actions for X*, A=, p*, and p~ are the fol-
lowing, where A,B € g=g+ ®g_ anda € G:

(1) A5(a) := —pr*(Ad(a)B)a, Ag(a) := —pr~(Ad(a)B)a,
ph(a) == —aprt(Ad(a™')B), ppla) == —apr~ (Ad(a 1)B).

Furthermore, as usual for left and right actions, for B, B’ € g we have

(2) PEABI=~Npmp Do A= ~Apm)
o8 P8 = P55 05 PB] = P )
b Ap] =0, 0hp] = 0.
Moreover,
(3) A(X) =M%, A (V) =)y,
p+(X;i) = *P}ia p+(Y;) = —Py,
(X)) ==Xy, A-(Y) =\,
p-(Xi) = —px,» p-(Y)) =pi,,

so that we can reconstruct the dressing actions from AT, A=, p*, and p~. For
example, the (local) left dressing action for Ay is given by

Gy x (GL)P x G — G,

(g:w).a = Af A7, (a) = py (auga™)ag ™.

The (local) left dressing action for A_ is given by

G, x (G_)P x G — G,

(g,u).a = /\;)\;f,l(a) =p (ag v e Hau. O

6.11. Remark. The dressing actions of G4 on G_, and of G_ on G4 can also be
reconstructed from this scheme. For (g,u) € G4 x G_ they are given by restricting
the (local) actions A, A7, pT, and p~ of G on G appropriately (see 6.9):

M(g) =pi(gu g g, A, (u):=p; (ug” u" ),

pi(9) == gpf (gu™g™"),  py(u) :=up (ug™'uh).

Note that in these formulae one should replace, say, p}(gu=tg~1)g = pt(gu=?)
only if the action is complete, or only for g and u near e, since the left hand side is
defined for all g and for u near e, whereas the right hand side needs both g and
near e.
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6.12. Corollary. The dressing actions of G+ on G_, and of G_ on G are (local)
Poisson actions.

Proof. We prove it only, say, for the left dressing action of G~ on G4. At least
locally this is given by
MG x Gy =Gy, A (u,9) =X (9) =pf (gu™),
Due to theorem 5.4.(5) the mapping
¢:Gy xG_ 3 (gu)—gu ' €G

is a Poisson mapping (G4 xG_, A%+ xA9-) — (G, A_). By corollary 5.5 the (local)
projection p : (G,A_) — (G, —A%+) is a Poisson mapping, so the composition
AT = pf o @ is also Poisson. [J

7. EXAMPLES

7.1. Example. Let us assume that in the Manin decomposition g = g4 ® g the
subalgebra g_ is commutative then the simply connected Lie group G is isomorphic
to the cotangent bundle TG, = G4 x g_, the semidirect product of G4 and
the dual Lie algebra, which is complete with respect to the dressing actions. ¢ :
Gy X g — T*Gy is the left trivialization, 1 is the right trivialization. This
situation was described in detail in our earlier paper [2].

7.2. Example. We consider g, = su(2) with the standard matrix basis

1(i 0 10 1 10 i
“e=35\lo —i)> 273\-1 0) =3\ o)

satisfying [e1, e2] = e3, [e2,e3] = e1, and [es, e1] = e2. The following commutation
rules [e], e5] = e3, [e], e3] = e3, and [e3, e5] = 0 for the dual basis in g_ = g% make
g = g+ P g into a Lie bialgebra which is isomorphic to sl(2,C) as 6 dimensional
real algebra with g_ = sb(2, C), where the elements of the dual basis are given by

. 11 0 . (0 —i (0 1
“e=5l0 1) 2=\ o o) 37 \o o)

The invariant symmetric pairing can be recognized as

W *

v(A, B) = 2Imtr(AB).

We consider now the double Lie group G = SL(2,C) with G4 = SU(2) and G_ =
SB(2,C). We will write the elements as follows:

Z1  Z2
23 4

G—SMZQaa—<

> ,  where z; € C, 2124 — 2923 =1,

G+—SU(2)9g—<a _V), where a,v € C, |a|* + [v|* = 1,

| Y

G_:SB(Z,(C)Su:(é tL)’ where t > 0,7 € C.
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We define Ay(a) = 3(ra+ ar) with r = 3", e Ae; on SL(2,C) as explained in
5.1. We then extend it onto the whole space GL(2,C) of all invertible matrices
by admitting a € GL(2,C). Since the left and right invariant vector fields on
gl(2,C) = C* =~ R® satisfy the same commutation rules as their restrictions to
SL(2,C), we will get a Poisson structure. Of course it is tangent to SL(2,C),
so that, if we consider the Poisson brackets between all matrix elements z; and
z;, the functions det = 2124 — 2923 and det = Z1z1 — Zaz3 will be Casimirs for
the bracket. Thus we get a Poisson structure on GL(2,C) whose restriction to
SL(2,C) is exactly A;. We calculated the following Poisson brackets, which were
also obtained independently by [36].

{z1,20} = —Liz12 {22,23} =iz124

{z1,23} = iz123 {22, 24} = §izozy

{z1,24} =0 {z3,24} = —%i2324

{21,21} = —%Z|21|2 — i‘23|2 {22,22} = —%i‘22|2 — Z.|21‘2 — i|Z4|2
{23,23} = *%i|z3|2 {24,724} = *%i\z4|2 — ilz3]?
{#z1,22} = —iz324 {22,273} = %izzi’?,

{z1,23} =0 {22,24} = —iz1 23

{21,24} = iz 24 {#3,24} =0

The lacking commutators may be obtained from this list if we remember that the
Poisson bracket is real, e.g., {Z;, Z;} = {zi, 2;}. One can then check that indeed det

and det are Casimir functions, and that z; < 24, 29 — —2a, and z3 — —z3 defines
a symmetry of the bracket associated to the inverse a — a~! in SL(2,C).

Our double group is complete since we have the following unique (Iwasawa)
decompositions, where

1

VIzP + ez
z1 22\ _ [ Sz —sZ3 1/s s(Z122 + Z324)
z3 24 ) \szy sz 0 s ’

1
¢~ SL(2,C) — SB(2,C).SU(2), where t =

VIzsl + [z
z1 22\ _ [t t(2’123 + 2254) tzy —tzs
zZ3 24 o 0 l/t tZ3 t2’4 ’
Therefore, the bracket { , } is globally symplectic on SL(2,C). This bracket is

projectable on the subgroups SU(2) and SB(2,C), and for the ‘left trivialization’
SL(2,C) =SU(2).5B(2,C) it gives us the Poisson Lie brackets on SU(2):

@1 :SL(2,C) — SU(2).SB(2,C), where s =

{a,a} = —ily|? {v,v} =0

{o, v} = Liaw {a, v} = —Liaw
1

{a, 7} = Liaw {a, v} = —5iav,
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and on SB(2,C):
) _ ) 1
Gt =it el =i(f- ).
It is possible to linearize SB(2,C) with this Lie-Poisson structure. The mapping

(é 1%) — (log(t),Rew,Imw), where

R2 — log®(t)

—
ol

gives us a Poisson diffeomorphism between (SB(2,C), A9-) and the linear Poisson

structure defining the coadjoint bracket on su(2), namely 20, A 0y + y9. A Oy +

xdy A 9. These formulae were first obtained by Xu, see also [36].

Since H?(SL(2,C)) = 0, the symplectic structure w = A" is exact, so there
is a potential © with d© = w. Moreover, (SL(2,C), A1) is symplectomorphic to
T*SU(2) with the canonical symplectic structure, since (G_ = SB(2,C),A%-) is
Poisson equivalent to sb(2,C) with its su(2)-dual Poisson structure. So from the
Poisson point of view there is no difference between (SL(2,C),A) and T*SU(2)
(they are isomorphic as symplectic groupoids), but the group structures differ.

w =

1 24241/t
R= 5 arcosh (M"_H>

2

7.3. Example. On the "axz + b” Lie algebra g, spanned by Xi, X2 with com-
mutator [X7, X3] = Xa the cobracket given by ¥ (X7) = 0 and b/'(X2) = X3 A X»
defines a Lie bialgebra structure. The Lie bracket on g_ = g% is then given by
[Y1,Y2] = Ys, and the remaining commutator relations on g = g4 @ g— is given
by [X17Y1] = O7 [Xl,YvQ] = —Yh [XQ,Yl] = ‘ng7 [XQ,}/Q] = —X1 +Y1. A matrix
representation of g is the Lie algebra gl(2,R) via

1 0 0 1 0 0 0 0
Xl(o 0>3X2(0 O>7Y1<0 1)7}/2<1 0)7

with the metric

1 0

The subgroups G+ of the Lie group G = GLT(2,R) of matrices with determinant
> ( are given by

oo={(; 1)-a)o{(2 D))

The calculation of the affine Poisson tensor A, on G in the coordinates

v(A,B) = tr(AJBJ), where J = (O 1) .

<Z Z) gives Ay = xydy A Oy + abdy A Op + xb(0y A Op + 0y A Oy).

It is degenerate at points with b = 0 and vanishes at = b = 0. This shows that
G+G_ # (. Indeed, one can easily see that G G_ consists of all matrices with
b # 0, and G_G of those with x # 0. This should mean that the dressing vector
fields are not all complete. Indeed, Ay(X1) = —x(bx — ya)0,, which restricted to
G, gives —x20,, a vector field on Rt which is not complete since its flow is given

by
Zo

2
F1-% % (t) = .
To ( ) tIEQ —+ 1
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