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ABSTRACT. Let X be a smooth algebraic variety endowed
with an action of a finite group G such that there exists a
geometric quotient wx : X — X/G. We characterize rational
tensor fields 7 on X/G such that the pull back of T is regular
on X: these are precisely all 7 such that divg, (r) 2 0
where Rx/q is the reflection divisor of X/G and divry g ()
is the Rx /g -diwvisor of 7. We give some applications, in par-
ticular to a generalization of Solomon’s theorem. In the last
section we show that if V' is a finite dimensional vector space
and G a finite subgroup of GL(V), then each automorphism
1 of V/G admits a biregular lift ¢ : V' — V provided that
maps the regular stratum to itself and ¥« (Rx/z) = Rx/q-
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1. Introduction

Let X be a smooth algebraic variety endowed with an ac-
tion of a finite group GG. Assume that there exists a geometric
quotient 7y : X — X/G (this is always the case if X is quasi-
projective, cf. Subsection 2.4).

In this paper we study the interrelations between rational
tensor fields on X and X/G. If 7 is a rational tensor field on
X/G, we define a G-invariant rational tensor field 7% (7) on X
called the pull back of 7. If # is a G-invariant rational tensor
field on X, we define a rational tensor field 7, (f) on X/G
called the push forward of §. We have 7 (7% (7)) = 7 and
m (., (0)) = 0.

Given this, we consider the following problem: Let 7 be a
rational tensor field on X/G. When is the pull back 7% (7)
regular on X7

To that end we consider the Luna stratification of X/G. Let
(X/G)1 be the union of all codimension 1 strata. We show
that (X/G)1 is contained in the smooth locus of X/G. Let
(X/G)1 = (X/G1U...U(X/G)¢ be the decomposition into
irreducible components. We show that for any [ = 1,...,d
and z € (X/G)}, 2 € 5 (2) the stabilizer of x is a cyclic
group whose image under the slice representation is generated
by a pseudo-reflection of order r; depending only on I. We
encode this information into the reflection divisor Rx,q =
riRy + ...+ rqRq € Div(X/G) where R; is the prime divi-
sor whose support is the closure of (X/G)!. Further, for any
nonzero rational tensor field 7 on X/G and positive divisor
B € Div(X/G) we define div(7) € Div(X/G), the divisor of T,
and divg(7) € Div(X/G), the B-divisor of 7. Locally div(r)
is the minimum of divisors of the component functions of 7 in
the framings of tangent and cotangent bundles. The divisor
divg(7) is obtained from div(7) by means of some “modifica-
tion along” B (see Subsection 3.6).

Our main result is that 7% (7) is regular on X if and only if
divry . (1) 2 0.
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As a corollary we obtain a generalization of Solomon’s the-
orem [So], and prove that the push forward of a G-invariant
regular tensor field on X that is skew symmetric with respect
to the covariant entries is regular on the smooth locus of X/G.

Another application pertains to the case where X is a vector
space V with a linear action of GG: we obtain a characterization
of G-invariant polynomials on V®% in terms of rational multi-
symmetric covariant tensor fields on V/G.

In the last section we prove that any automorphism v of
the algebraic variety V/G such that ¢ ((V/G)o) C (V/G)o and
Y.«(Ryiq) = Ryje can be lifted to an automorphism of the
algebraic variety V. The proof is based on the relevant result
in the analytic setting, [KLM], so what we really prove is that
analytic lift is actually algebraic.

Throughout in this paper we assume that the base field & is
algebraically closed of characteristic 0. In the last section we
use the result from [KLM] that is proved for k = C, so pass-
ing to the general case is carried out by Lefschetz’s principle.
However note that our proofs of the results from Sections 2—4
could be extended mutatis mutandis to the case when char k
is positive and subject to some non-divisibility and magnitude
conditions; for this purpose one should use the relevant replace-
ment of the slice theorem [Lu] proved in [BR].

This paper is the algebraic geometrical companion of paper
[KLM] where similar results were obtained for analytic actions
of finite groups.

We thank Yu.Neretin for helpful discussions. Thanks are
also due to the referee for suggestions and comments which has
led to eliminating some inaccuracies and improvement in the
exposition.

Notation, terminology and conventions:

o O, x and T, x are respectively the local ring and tan-
gent space at a point x of an algebraic variety X.
e X, is the smooth locus of X.
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Div(X) is the Weil divisor group of X.

div(f) is the divisor of a rational function f.

supp(D) is the support of D € Div(X).

A positive divisor is called prime if it not sum of two

positive divisors.

® M p is the multiplicity of a prime divisor C' in a divisor
D.
d, is the differential of a morphism ¢ at a point x.
G -z and G, are respectively the orbit and stabilizer of
a point z of a set Z endowed with an action of a group
G.

o 7% :={2€Z|g-z==zforall ge S}

e |S| is the number of elements of a finite set S.

All group actions considered in this paper are algebraic ac-
tions on algebraic varieties.

2. Preliminaries

2.1. Excellent morphisms. Recall that a morphism of alge-
braic varieties ¢ : X — Y is called étale at a point x € X if the
homomorphism of local rings ¢* : Oy — O x induces the
isomorphism of their completions. If x € Xy, and ¢(x) € Yy,
then  is étale at x iff doo : T x — Ty (5),y is an isomorphism.
If p is étale at each point of X, it is called étale.

Let G be a reductive algebraic group. We refer to [PV]
regarding the following basic facts.

Let X be an affine algebraic G-variety. We denote by X /G
the categorical quotient of X by G, i.e., the affine algebraic
variety whose algebra of regular functions is k[X]% (it is finitely
generated by Hilbert’s theorem). We denote by 7, = Tx.G :
X — X//G the canonical projection (induced by the inclusion
E[X]E — k[X)).

Every fiber of 7y contains a unique closed orbit. For a point
x € X, if the orbit G - x is closed in X, then the stabilizer G,
is reductive. If G is finite, then 7x : X — X//G is a geometric
quotient and we denote X /G by X/G.
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Let ¢ : X — Y be a G-morphism of affine G-varieties. Then
we have the following commutative diagram

X 2. v

(2.1.1) TrX,Gl lﬂ'Y,G

x)a 1% yya,

where ¢ //G is induced by the restriction of ¢*: k[Y]| — k[X]
to k[Y]¢ (if G is finite, we denote ¢ /G by »/G). If ¢/G
is étale and (2.1.1) is the base change diagram (so that X =
X)G Xy G Y), then ¢ is called excellent. In this case, ¢ itself
is étale. If ¢ is excellent, then for any b € X /G the restriction
of ¢ yields a G-isomorphism 73" (b) — 73" ((¢//G)(b)). Hence
if Y is irreducible and ¢ is excellent, then G acts faithfully on
X iff G acts faithfully on Y.

2.2. Etale slices. The following theorem is proved in [Lul].

Theorem 2.2.1. Let X be an affine algebraic G-variety for a
reductive algebraic group G, and let x € X be a point such that
the orbit G-z is closed in X.

(i) There is a Gy-stable locally closed affine subvariety S C
X, called étale slice at x, such that x € S and the G-
morphism

(2.2.1) 0g:Gxg S —X

induced by G x S — X, (g,s) — g - s, is excellent.

(ii) If x € Xgm, there exist a Tg g, -Saturated affine open
neighborhood U of x in S and a G, -equivariant excellent
morphism

(2.2.2) Ao U —T, 5. O
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Here by G S we denote the homogeneous fiber space over
G /G, with the fiber S, i.e., the categorical quotient of G x S
by the G -action h - (g,s) = (gh™*, h - s) (actually in this case
it is the geometrical quotient).

Theorem 2.2.1 is crucial for this paper. We will apply it only
in the setting of finite group actions, in which case its proof is
simpler than in general one. Therefore for making the paper
more self-contained, in short Appendix at the end of the paper
we give, following the referee’s suggestion, some details of the
proof of Theorem 2.2.1 for finite G.

2.3. The Luna stratification. Let G be a reductive alge-
braic group. Denote by V(G) the set of isomorphism classes of
all algebraic vector G-bundles over homogeneous spaces G/H
where H ranges over all reductive subgroups of G.

Let X be an affine algebraic G-variety. For a point b € X /G,
let G - = be the unique closed orbit in 73'(b). Since G, is
reductive, there is a GG,-stable direct linear complement N, to
T;co in Ty x. The G-bundle G x5 N, — G /Gy, called the
normal bundle of G - x, is the representative of some element
v(b) € V(G). In this way we get a mapping v : X/G — V(G),
b— v(b).

Let s € V(G). Then the sets (X//G)s := v~1(s) and X, :=
' ((X))G)s) are called the strata of type s of X/G and X
respectively.

The following theorem is proved in [Lu].

Theorem 2.3.1. Retain the above notation and assume that
X 1is smooth. Then
(i) The image of v in V(G) is finite.

(ii) Each stratum (X)/G)s is a smooth locally closed subva-
riety of X//G.

(iii) Fach stratum X, is a locally closed smooth - -satu-
rated subvariety of X. There is a G-variety Fy such
that each fiber w5 (b), b € (X)/Q)s, is G-isomorphic to
F and the restriction wy |y : Xs — (X)/G)s is a fiber



INVARIANT TENSOR FIELDS 7

bundle with the fiber Fy locally trivial in étale topology
(i.e., each point of (X))G)s has an open neighborhood
U such that the pull back of this bundle over a suitable
étale covering of U becomes trivial).

If p: X — Y is an excellent morphism of smooth irreducible
affine algebraic G-varieties, then X, = o~ 1(Y;) and (X)/G), =
(0)G)L(Y)@G),) for every s € V(G).

2.4. Quotients by finite group actions. Now assume that
G is a finite group and X an algebraic G-variety (not necessarily
affine). Consider the property

(Q)

Every G-orbit is contained in an affine open subset of X.

For instance, (@) holds if X is quasi-projective.
Then one has the following criterion.

Theorem 2.4.1. The following properties are equivalent:

(i) (@) holds.

(ii) There exists a geometric quotient

The morphism 7y is automatically affine (i.e., for any open
affine subset U of X/G the set w3 (U) is affine).

Proof. See [PV, Theorem 4.14]. [

Assume that there exists a geometric quotient (2.4.1). Take
a point z € X. As the group G is finite, the orbit G-z is closed.
As the morphism 7 is affine, the orbit G - = is contained in
a G-stable affine open subset of X. Hence Theorem 2.2.1 is
applicable to the action of GG on this subset. This yields

Theorem 2.4.2. Assume that for an action of a finite group
G on an algebraic variety X there exists a geometric quotient
(2.4.1). Then statements (i) and (ii) of Theorem 2.2 hold.

We retain the notation of Subsection 2.3. For any point
b € X/G, the fiber 73 (b) is an orbit G - z. As it is finite,
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Ny =T, x,sov(b) is the class of G*g_ T, . Like in Subsection
2.3, we consider the mapping v : X/G — V(G), b — v(b),
and for any s € V(G) define the sets (X/G)s := v~!(s) and
X =75 ((X/G)s). We call them the strata of type s of X/G
and X respectively. As every orbit is contained in a G-stable
affine open subset of X, applying Theorem 2.3.1 we obtain the

following

Theorem 2.4.3. Assume that for an action of a finite group
G on a smooth algebraic variety X there erists a geometric
quotient (2.4.1). Then statements (i), (ii) and (iii) of Theorem
2.3 hold.

The definition of strata yields the following description. Let
H be the stabilizer of a point in X, and let M be a finite
dimensional algebraic H-module over k. Then

G-{z¢€ xXH | G = H, and the H-modules T, x and

M are isomorphic }

is a (possibly empty) stratum X, where s is the class of G *
M, and each stratum of X is obtained in this way. If X, is
nonempty, Z is an irreducible component of X, and z is a
point of Z, then existence of morphism (2.2.2) implies that
dim Z = dim M¥ and Z C X€-.

We denote by (X/G);, resp. X;, the union of all strata of
X/@G, resp. X, of codimension i. This is a locally closed smooth
subvariety of X/G, resp. X. We have X; = 7y ((X/G),).
The subvariety (X/G)g, resp. Xp, is a single stratum of X/G,
resp. X. It is called the principal stratum and is characterized
among all (X/G);, resp. X;, by the property that it is dense
and open in X/G, resp. X. We have the inclusion (X/G)y C
(X/G)sm. If X is irreducible, X coincides with the open set of
all points whose stabilizer is the kernel of action; in particular if
the action is faithful, X is the open set of all points with trivial
stabilizers. By Theorem 2.4.2, the map 7|y, : Xo — (X/G)o
is étale.
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2.5. Local description of the codimension 1 strata. The
following lemma is a basic tool of our analysis of pull backs
of tensor fields on quotient varieties. It shows that, in étale
topology, a neighborhood of a point of a codimension 1 stratum
of any quotient variety coincides with such a neighborhood for
a linear action of a finite cyclic group generated by pseudo-
reflection.

Lemma 2.5.1. Assume that for a faithful action of a finite
group G on an irreducible smooth algebraic variety X there

exists a geometric quotient (2.4.1). Let x be a point of X;.
Then:
(i) G, is a finite cyclic group.
(ii) There are a character x : Gy — k™ of order |G| and
the local parameters uy,...,u, of X at x such that u,
is a local equation of X1 at x, each uy,... ,Up_1 18 G-
invariant, and g - u, = x(g)un for all g € G.
(iii) 7TX,G(*Z") € (X/G)sm-
(iv) y:=7xq, () € (X/Ga)sm-
(v) There are the local parameters vy, ... ,v, of X/G, aty
such that

(2.5.1) .
71-;(,Gm(vl):ul’ SRR 7G(,GQC(Un—l):un—lv W;(,Gx(vn):ull e,

Proof. By Theorem 2.4.2, there is an étale slice S of X at =x.
As @ is finite, S is a GG -stable neighborhood of x. Hence the
set U in (2.2.2) is a G -stable neighborhood of x as well. Since
X is irreducible, U is dense in X. As the action of G on X is
faithful, this implies that the action of GG, on U is faithful as
well.

It follows from smoothness of X; and X that Tm’ x, 1s a
hyperplane in T, y. Since the irreducible component of X3

containing x lays in X“= we have T, x, © TS}}. As the action
of G, on U is faithful and morphism (2.2.2) is excellent, the
action of G, on T, ¢ = T, y is faithful as well. As there is a
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one-dimensional G,-stable direct complement to T, y inT, «,
this implies that T, v =T, mc:*;(, and G, is a cyclic group of order
|G| whose generator acts on T, x as a pseudo-reflection with
mirror T x,.

From this we deduce that there are a character x : G, — k*
of order |G,|, and a basis t1,...,t, of T, x such that t4,...,
t,_1 are G -invariant and t,, is a G-semi-invariant with weight
x.- The sequence t1,...,t, is a system of local parameters of
T, x at 0, and ¢, is a local equation of T} x, at 0. Since the
morphism (2.2.2) is étale,

Uy 1= )\;(tl), ey Up = )\;(tn) S k[U]

is a system of local parameters at x that has the properties
stated in (ii).
We have k[T, x| = k[t1,...,t,]. Hence k[T, x]% is the

polynomial algebra in tq,...,¢t,_1, LG’c', and T, x /G, is an

affine space.
The set (G *¢,U)/G is open in (G *¢,S)/G. By Theorem
2.4.2, we have the following étale morphisms

X/G 7Y (G %6, 8)/G — (G xa, U) /G

/G

—U/Gy 2295 T, 4 /G

Thus the following commutative diagram arises:

X embedding U Ag Tx’X
(2.5.2) WX,Gl wU,GIl lmx,cx
o2 G T x

As mp 6. (0) € (T, x/Go)sm and U/Gy = 7y ¢ (U) is a
neighborhood of y in X/G,, this yields y € (X/G)sm and
mx.q(@) = (05/G)(y) € (X/G)sm.
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By our construction, k[T, x/Gz] = k[wi,...,w,] where
wy ... ,w, are defined by the equalities
mr w) =t o, m (weer) =ty wh (wn) =t

Since A\ /G, is étale, v1 := (A /G)*(w1),... ,vp := (A\e/G2)*
(wy,) is a system of parameters of X/G, at y. It follows from
(2.5.2) that

i, (V1) = Ut TG, (Vam) = U1, T, (00) = w0

2.6. Reflection divisor of quotient variety. Let X be an
irreducible smooth algebraic variety endowed with a faithful
action of a finite group G such that there exists a geometric
quotient (2.4.1). As X is normal, X/G is normal as well, [PV,
84 and Theorem 3.16].

It follows from the discussion in Subsection 2.4 that if
(X/G)1 # @ and

(2.6.1) (X/G) = (X/G)IU...U(X/G)S

is the decomposition into irreducible components, then for each
I=1,...,dand 2 € 73,°(b), b € (X/G)} the integer |G| does
not depend on b and x. Denote it by r;.

We encode the information about rq,... ,rg into the divisor

(262) RX/G =rRi+...+rqRq € DlV(X/G),

where R; € Div(X/G) is the prime divisor such that supp(R;)
is the closure of (X/G)!.
If (X/G)1 = 2, we put Ry = 0. Thus

(2.6.3) RX/G =0 <= (X/G), =2.
We call Rx/ the reflection divisor of X/G. We remark that
(2.6.4) (X/G)in(X/G)] =@ ifi#j.

because of smoothness of (X/G);.
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3. Lifting Tensor Fields

3.1. Rational tensor fields on algebraic varieties. Let
Y be an irreducible algebraic variety. Denote by T'(Ysm ), resp.
T*(Ysm), the tangent, resp. cotangent, bundle of Yg,. We
define a rational tensor field of type (Z) on Y as a rational
section of the tensor product of p copies of T'(Yyy,) and ¢ copies
of T* (Ysm ) whose factors are taken in a fixed order. We call p+q
the valency of such a section. As changing of the order yields
an isomorphic vector bundle, we consider only the following
representative of this class of vector bundles:

- ® * ®
TP (Vo) i= T(Yam)®P @ T* (Vi) 7.

The set of points where a rational tensor field 7 € T',¢ (Té’
(Yam)) is defined is an open subset of Yg,. We denote it by
dom(7). We say that 7 is regular on a subset U of X if U C
dom(7). For a point y € dom(7), we denote by 7(y) the value
of T at y.

The set I'vat(TF (Ysm)) of rational tensor fields of type (1;’) on
Y has a natural structure of k(Y )-module. A rational tensor
field v of type ((1)) on Y is a rational vector field on Yy, or,
equivalently, a derivation of the k-algebra k(Y). A rational
tensor field w on Y of type ((1)) is a rational differential 1-form on
Yim. We denote by w(v) the rational function on Y whose value
at a point y € dom(w) N dom(v) is equal to the value of w(y)
at v(y). Rational sections of AY(Yyy,) are rational differential
g-forms on Yj,,. Rational differential ¢g-forms on Y defined in
[Sh] are naturally identified with them by means of restriction
to Yin.

Let vy,...,v, be a system of local parameters of Yy, at a
point y € Yg,. Then there is a neighborhood V' of y in Yy,
such that vq,...,v, € k[V] and dv;(a),...,dv,(a) is a basis of
Ty for each point a € V, [Sh, Ch. IIL, §5]. Let 22-,..., 52

Ovy? ) Oup,

be the regular vector fields on V' defined by conditions
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Then the (numbered) set of tensors (52~ ® -+ ® 32— @ dvj, ®

8Uip
.-+ ® dvj_)(a) for each point a € V' is a basis of Tf"} ® T:y%q.
This implies that for each rational tensor field 7 € 't (Té’
(Ysm)) there is a unique decomposition
(3.1.2)

— ip 9 o 9 , .
T= Zil,...,ip,jl,...,jq Tjr..dq Dvi; Q- v, ® dvj, ® - ® dvj,,

g

—_

where 7';11;5 €k(Y), and we have

(3.1.3) VNndom(7):={a €V | each lel.'.'.'jqp is regular at a}.

From (3.1.2) we also obtain that for any point a € V,

(3.1.4) o
7(a) =0 <= 7';11;2 (a) =0 for all i1,...,0p,J1,---,q-

By (3.1.3), (3.1.4), the set of all zeros of T is a closed subset of
dom(7).

Now assume that the variety Y is normal. If dom(7) # Y
and

(3.1.5) Yam \ dom(7) = UL, (7)

is the decomposition of Yy, \ dom(7) into irreducible compo-
nents, then by (3.1.3),

(3.1.6) codimy (1)’ = 1 for all i.

Thus if the “variety of poles” of a tensor field (i.e., the sub-
variety of Yy, where this field is not defined) is nonempty, it is
unmixed and of codimension 1. On the contrary, if p or g # 0,
then by (3.1.4), the variety of zeros of a tensor field of type (5 )

can be mixed and/or of codimension greater than 1.
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3.2. Divisor of a rational tensor field. Let 7 € I‘rat(Té’
(Yam)) be a nonzero rational tensor field. We define div(7) €
Div(Y), the divisor of T, as follows.

Let C € Div(Y) be a prime divisor. Since Y is normal,
supp(C) N Yy # @. Consider in Y an open neighborhood U of
a point y € supp(C)NYyn, where C is given by a local equation
t. Then there is a unique integer v(C, 7) such that

(i) supp(C) Ndom(t=(7)r) + &;
(i) t=*(¢7)1 does not identically vanish on supp(C) N dom
(t—l/(C,T)T).

To see this, take V' and vy, ...,v, as above assuming more-
over that V' C U (this can be attained by replacing V by VNU).
Thus (3.1.2) holds. Then (i) and (ii) hold iff there is a point
z € supp(C) such that all functions t‘”(C’T)T;ll_‘."';Z are defined
at z but not all of them vanish at z. This unequivocally iden-
tifies v(C, T) as
(3:2.1) UC )=, i Mo gy

It is immediately seen that v(C, 1) is well defined (i.e., de-
pends only on C and 7 but not on the choice of V" and t), and
that the set {C | v(C,7) # 0} is finite (maybe empty). Now
the divisor div(7) is defined by

(3.2.2) me aiv(r) = v(C,7) for all C.

For p = ¢ = 0 this gives the usual definition of divisor of a
rational function.

It follows from the definition and (3.1.5), (3.1.6) that if
Mme.div(r) < 0, then supp(C) is the closure in Y of one of the
(1)%.’s from (3.1.5). Whence if 7 is a rational tensor field on
Y, then

(3.2.3) div(7) > 0 <= 7 is regular on Y.

On the other hand, we remark that, unlike in the case of
rational functions, in general div(7) < 0 does not imply that
rational tensor field 7 vanishes nowhere.
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3.3. Pull backs and push forwards of rational ten-
sor fields. Consider a dominant rational map o : 2 — Y
of irreducible algebraic varieties of the same dimension. As
char k = 0, the set Z, of points of Zg,, where « is defined and
étale is dense and open in Z, cf. [Sh, Ch.II, §6, no. 2, Lemma 2].

Consider a rational tensor field 7 € l“rat(Té9 (Yam)). As d
T.7z — Tye),y for z € Z, is an isomorphism, it yields an
isomorphism

of = ((d:0) ™)™ @ (dza) P! TG @ TS

a(z a(z),Y
(3.3.1)
— 1250 T. 5"
Hence for W := a~1(dom(7)) N Z, we obtain the following
section of TP (W):

(3.3.2) (1) W —=TP(W), o (1)(2) = a (T(a(2))).

We claim that (3.3.2) is a rational tensor field on Z, regular
on W. To show this, take a point z € W, a system of local
parameters vy, ... ,v, of Yy, at y = a(z), and a neighborhood
V of y in a(W) as in Subsection 3.1. Then conditions (3.1.1)

define the rational vector fields a% such that decomposition

(3.1.2) holds. Put
(3.3.3) u; = o’ (v;).

As « is étale et z, the sequence uq,...,u, is a system of
parameters of Zg,, at z. Let U be a neighborhood of z in Z,
such that a(U) C V. Then uq,... ,u, € k[U] and du;(a),... ,
duy,(a) is a basis of T ; for each point @ € U. Let 8%1, e %
be the regular vector fields on U defined by the conditions
dui(a%j) = 0;;. Then from (3.3.1), (3.3.2) and (3.1.1) we de-
duce that

3.3.4 a*(dv;) = du; and a*(2) =2 for all i.
ov; ou;
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Hence by (3.1.2), there is a unique decomposition

o 21...7 o o
a* () = 211 Vipsdisee sia a*(lel...jZ)auil Q- ® 7

(335) ip
Rduj, & -+ @ duj,.

As 7';11;: € k(Y), this shows that a*(7) is a rational tensor
field on Z, regular on W. We call o*(7) the pull back of .

Thus we have a map

" Trat (TF (Yom)) = Trat(TF (Zsm)), 7+ (7).

Now we consider the case where Z is an irreducible smooth
algebraic G-variety X for a finite group G such that there exists
a geometric quotient (2.4.1), and ¥ = X/G, a = 7. The
fixed point set of the natural action of G on I'yat (TP (Xsm)) is

q
precisely the set of all G-invariant rational tensor fields of type

(2) on X.
If 7 € Trat (TP ((X/G)sm)), then the definition implies that
the field 7% (7) is G-invariant. Thus we obtain a map

Ty Frat(Tg)((X/G)sm)) - Frat(Tg(Xsm))Ga T 7y (7).

We claim that 7% is bijective. To prove this, take a field
@€ rat (TP (Xem))“. As dom(p) is a G-stable and open subset
of X, and X is an irreducible variety, W := my(dom(y)) N
(X/G)p is a dense open subset of X/G. Take points b € W
and x € 7' (b). As 7y is étale at each point of Xy, we have
an isomorphism (my)* (see (3.3.1)). Since ¢ is G-invariant,
((mx):)"Y(p(x)) depends only on b but not on the choice of
z in w5 (b). Hence the following formula defines a section of
TP (W):

(3.3.6)
Tl (9) W = TEOV), iy (9)(b) = ((my)5) " (o(a)).
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We claim that 7y, (¢) is a rational tensor field on X/G,
regular on W. We call it the push forward of ¢. The definitions
imply that the maps 7% and

X * Frat(T5<Xsm))G - Frat(ﬂf((X/G)sm))’ 2 WX*(SO)»

are inverses of one another.

In order to prove the latter claim, fix a system vy, ..., v, of
local parameters of X/G at b, and let V' be a neighborhood of
b in W such that vq,...,v, € k[V] and dv(b),... ,dv,(b) is a
basis of Ty, for each point b € V. The set U := 7% (V) is an
open G-stable neighborhood of z in dom(¢) N Xo. As 7y|y,
is étale, uy = T (v1),... Uy = Ti(vn) € kU] is a system
of local parameters of X at x such that duj(a),... ,du,(a) is
a basis of T ; for each point a € U. Hence there is a unique

decomposition
(3.3.7)

— i1
Sp - Zil:"' 7ip7j17"' 7] (pjl Jq 8u11 ® ® 8 ®du]1 ® ®dujq7

where gojl Z” € k(X) and duz( ) = 0ij.

As the ﬁelds , du; and % are G-invariant, uniqueness of
(3.3.7) and the inclusion dom(¢) 2 U imply that all coefficients
<p;llzp in (3.3.7) are contained in k[U]“. Hence, as 7TX X —

X/G is a geometric quotient, there are functions @b ” " € k[V]
such that

(3.3.8) pih ol = (W),

cf. [PV, §4]. On the other hand, the definitions imply that for
any point a € U,

(1)) (5o @+ @ o= @ dujy @ - ® duy, ) (a))
= ( o) R ® anp ® dvjl R ® dvjq)(ﬂx(@))~
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From (3.3.6)—(3.3.9), we deduce that the following decom-
position holds

o i1...7p O o
Tx«(p) = Zil,...,ip,jl,...,jq %’1...3‘2 Fuiy Q- v,

Rdvj, @ -+ & dvj, .

(3.3.10)

In turn, (3.3.10) yields that 7x.(¢) is a rational tensor field of
type (5) on X/G, regular on W.

3.4. Regularity of the pull back of a tensor field on the
quotient variety: Example. We retain the notation and
conventions of the previous subsection. Our aim in Section 3
is to give a necessary and sufficient condition of regularity of
the pull back of a rational tensor field on X/G. According
to the discussion in Subsection 3.3, if w¢ (7) is regular on X,
then 7 is automatically regular on (X/G)o. However in general
this condition is not sufficient: tensor fields on X/G with “bad
singularities” along the irreducible components of (X/G); may
have pull backs that are not regular on the whole X. The
following simplest example illustrates this phenomenon.

Example. Let X be a one dimensional linear space over k.
Let G be a finite group acting on X by g - a := x(g)a where
X : G — k* is a character of order r. If u is a nonzero linear
function on X, then k[X] = k[u] and k[X]® = k[u"]. Hence
X /G is an affine line with the coordinate function v, and 7y :=
Tx.q X — X/G is given by 7y (v) = u'.

Each nonzero rational tensor field 7 of type (Z ) on X/G has
the form

r= v [Ty (0 = 7)™ ()% @ (dv) 1,

where m,d; € Z, a,7; € k\ {0} for all 4, and v; # v, for all
i # j. Since 7y (dv) = ru""'du and W)}‘(%) = aa_w

have

7 (7) = i ()™ [Timy (15 (0) = 7) % (75 (55)) 7 © (3t (dv))®

]
_ Tq—pu(r—l)(q—p)—i—rm Hé:1(ur _ ’Vi)di(a%)(@p ® (du)@)q'

we
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Therefore the rational tensor field 7y (7) is regular on X if and
only if

(i) d; >0 for all 1,
(i) (r—1)(g—p)+rm=0.

For instance, if r =3, m = -3, g —p =7, and d; = 0 for
all 7, then 7 is regular on (X/G)o but not regular on X/G, and
my(7) isregularon X. If r=3, m=—-5,¢g—p="Tand d; =0
for all 4, then 7 is regular on (X/G)o, not regular on X/G, and
Ty (7) is not regular on X. [

From the general criterion of regularity of the pull back that
will be obtained below we will see that this example essentially
elucidates the general mechanism governing the phenomenon
under investigation.

3.5. Regularity of the pull back of a tensor field on a
quotient variety: Case with no strata of codimension
1. The corollary of the following proposition shows that if there
are no strata of codimension 1, then the situation is simple
and regularity of 7 on (X/G)p is not only necessary but also
sufficient for regularity of 7 (7) on X.

Proposition 3.5.1. Let X be an irreducible smooth algebraic
variety endowed with an action of a finite group G. Assume
that there exists a geometric quotient (2.4.1). Let U be an open
subset of X/G such that U N (X/G), = @. Consider a tensor
field 7 € Trat (TP ((X/G)sm)) such that U N (X/G)o € dom(T).
Then 73" (U) C dom(my (7).

Proof. As dom(r) O U N (X/G)o, we have dom(mg (7)) 2
% (U) N Xo. Since U N (X/G); = @, the complement of
% (U) N Xo in 75" (U) has codimension > 2. Now the claim
follows from (3.1.5) and (3.1.6). O
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Corollary 3.5.1. Assume moreover that X contains no strata
of codimension 1. Then the pull back 7 (T) of a rational tensor
field 7 on X/G s regular on X if and only if T is regular on
the principal stratum (X/G)o.

Proof. As (X/G); = @, one can take U = X/G. O

3.6. Modifying the divisor of a tensor field by means
of a nonnegative divisor. Let Y be an irreducible normal
algebraic variety and B € Div(Y') a nonnegative divisor. Con-
sider a nonzero rational tensor field 7 € T'yat (T2 (Ysm)). In this
subsection we define a divisor divg(7) € Div(Y) that we call
the B-divisor of 7. It is obtained from div(7) by means of
some “modification along” B. In the next subsection we will
use this notion in our criterion of regularity of the pull back of
a tensor field 7 on the quotient variety X/G: it is formulated
in terms of divy /G(T), where Ry is the reflection divisor of
X/G, see (2.6.2).
If B =0, we define

(3.6.1) divo(7) := div(7).
Now assume that B > 0,
(362) B=b1B1+...+byBy,

where B; is a prime divisor and b; a positive integer for all 7.
Then divg(7) is obtained from div(7) by modifying the multi-
plicities My, divir)y - MB, div(r) 3 defined below.

To describe this modification, fix some B;. As codim(supp
(B;)) =1 and Y is normal, supp(B;) N Vs # . Hence taking
local parameters at a point y € supp(B;) N Yy, we can find an
open neighborhood V of y in Y, and a system v of functions
V1,... Uy € k[V] such that supp(B;) NV # &, the ideal of
supp(B;)NV in k[V] is generated by vy, and dvi(a),. .., dv,(a)
is a basis of Tyv for each a € V. Hence there is a unique
decomposition
(3.6.3) T= Zil ipi1se g 5;1;};7

..........
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where (see (3.1.2))

(3.6.4)
i1y iledp 9 9 i1
041 e = Tis e o & By @dvj, @ - ®dvjy, 757" ER(Y).

With each nonzero tensor field 6;1;’; we associate the fol-

lowing three integers m, p’ and ¢’ (dep.ending on this field):

e m:=1m s E1eipy
Bl,dlv(le_”jq)
/ o)

e p' (resp. ¢') is the number of factors 5-— (resp. dv,) in
the right-hand side of equality (3.6.4).

Now define
(3.6.5)  p(biBy, 35 )y, = (b= 1)(d' — ) + bim,
(3.6.6) o(biBi,T)y, = min  u(biB, 6 )y,

11,5ee0sp,J1-4-Jq

It easily follows from (3.6.3)—(3.6.6) that for any nonzero
f€k(Y)and 7,6 €Lt (TF (Y )sm) such that 7+ ¢ # 0 we have

0By, [Ty, = bimp, givip) T 001 B1, T)y,y,

3.6.7 )
BET) o buBir + <)y > minfo(biB )y o, 0B <)y ).

Lemma 3.6.1. For any nonzero T € Frat(Tg’(Y)sm), ¢ el
(TF (Y )sm) we have

(3.6.8) o(byB;, T ® C)V,v = o(b By, T)V,v + o(bi By, C)V,U.

4

‘ monomials in v”, i.e., T:fa,?, R &
1

% ® dvj, @- "®d’qu, CZQ%@' . -®% ® dup, @ - - @duy,
where f,g € k(Y'), then 7 ® ¢ is such a monomial as well, and
the number p’ (resp. ¢', m) for 7 ® ¢ is the sum of numbers
p’ (resp. ¢, m) for 7 and o. Therefore in this case the claim

readily follows from the definitions (3.6.5), (3.6.6).

Proof. If 7 and ¢ are
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Consider the general case. Then by (3.1.2) we have 7 =
> Ti» § = D_;<; where each 7; and ¢; is a monomial in v. From
(3.6.6) we obtain o(b; By, 7)y, ,=min; o(bi Bi, 7i)y,,, 0(biB1,S)y,
= min; o(by By, G5y, Since 7®@¢ = Z” 7; ®¢; and each 7; ®;
is a monomial in v, we have

o(biB, T®0)y, = mljn o(bi By, Ti®05) v,

= IIIHJH (Q(blBl7 Ti)V,U+Q(blBlv gj)V,v)
= miin o(bi By, 7i) vy, + mjiﬂ o(bi B, 0§)v.4
= o(bBy, )y, + o(biBi, 0)y,. O

Lemma 3.6.2. Q(blBl,T)V’U depends only on T and b;B; but
not on the choice of Vand vy,... ,v,.

Proof. First we remark that if ¥V’ is an open subset of V' and
supp(B;) NV’ # @, then clearly o(biBy,7)y,, = 0(biB1,T)y,,
Now consider another open subset V of Y, and a system
o of functions @1,...,0, € k[V] such that supp(B;) NV #
@, the ideal of supp(B;) NV in k[V] is generated by o, and
dvi(a),. .. ,dvn(a) is a basis of T - for each point a € V. We
have to show that o(b; By, )VU = é(blBl, ) . Since supp(B;)

is irreducible, supp(B;) NV N 1% #* . Hence using the remark
above and replacing V' and V by VNV we can (and shall)
assume that V = V. This reduces the problem to proving that

(369) Q(blB17 T)V,v < Q(blBl7 T)V,f;

To show that (3.6.9) holds, we need the divisibility properties
of some functions. Namely, the defining property of v1,..., v,
implies that there are unique decompositions
(3.6.10)

dv; = Y7, gijdi, a% =3 hm% where g¢;;, hi; € k[V].
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Since either of v, and v, is a generator of the ideal of
supp(B;) NV in k[V], we have

(3.6.11) Up = fUp, where f and 1/f € k[V].

We claim that
(3.6.12)
U, divides g,; and h;y, in k[V] foralli=1,... ,n—1.

To prove this, take a point a € supp(B;) NV and an index
i,1<i<n-—1. As 9,(a) =0, from (3.6.11) we deduce that

(3.6.13) dvp(a) = f(a)dv,(a).

On the other hand, by (3.6.10), we have dv,(a) =
Z;.Lzl gnj(a)dv;(a). Since dvq(a), ... ,dv,(a) is a basis of T} y,,
the latter equality and (3.6.13) imply that g,; vanishes on
supp(B;) NV, whence it is divisible by ©,, in k[V]. Further,
by (3.1.1), the value of dv,(a) on (%i(a) is equal to 0. On the
other hand, by (3.6.13) and (3.6.10), it is equal to the value
of f(a)dv,(a) on Z?Zlhij(a)a%j(a) that in turn is equal to
f(a)hin(a). By (3.6.11), this implies that h;,(a) = 0. Thus h;y,
vanishes on supp(B;) NV, whence it is divisible by v,, in k[V].
This completes the proof of (3.6.12).

Now we can proceed to proving (3.6.9). By (3.6.6), for each
nonzero 6, ""¥ we have o(biB1, 0, " )y, = w(biBi, 0577 )y,
This and (3.6.7) imply that it suffices to prove (3.6.9) for the
case when 7 is a monomial in v,

(3.6.14) T=32-89 Q5% @dv;,® - Qdv;,.

Ovi,
So assume that (3.6.14) holds. Then we prove (3.6.9) by
induction with respect to the valency p + ¢q. First we prove

(3.6.9) for p+¢q =1, i.e., when 7 = % or T = dv; for some 1.

Use the notation of (3.6.5) for 5;1;2 = %. We have m = 0,
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q' 0. If i < n, then p’ = 0. If i = n, then p’ = 1. So, by

0 ifi<n
bB,i — l’)B,i - 7
Q<l l 6vi>Vﬂ’ H(l ! ayi)V,v {1_bl if i = n.

Similarly, using the notation of (3.6.5) for 5“ z” = dv;, we

have: m =0, p’ = 0; if i < n, then ¢’ =0, 1f@—n thenq =1
By (3.6.5), (3.6.6), this yields
(3.6.16)

0 if 1 <mn,
Q(blBl7dvi)V7 (blBl7dU'L)

by—1 ifi=n.
According to (3.6.10), (3.6.6) we have

o(biBi, 5y )v,s = min (b Br, hij53-) v,
(3.6.17) g N
o(biBr, dvi)y,; = min p(bi B, idb;)v 5

From (3.6.7) and (3.6.15), (3.6.16) (where v;, v, i are replaced
by ¥;, U, j resp.) we obtain
(3.6.18)
bimp, div(h,; if j <m,
(blBl7h7'«]8’l) ) = { 1 ( J) ' ]
bimp,div(n,) +1—bi i j=mn,

. bim B, div(g:, if j <n,
(b By, gijdv;)y 5 :{ wdivla)

By (3.6.10), (3.6.11) we have mp, div(h;;) = 0, mp, div(gi;) 2 >0
for all 4, j, and mp, div(h;n) = 1, MB, div(gn,) = 1 for all ¢ < n.
Hence (3.6.18) implies

bimp,div(g,;) T —1 ifj=n.

(0 if j < n,
(blBl7h138 ) 172 1 if j =n,i<n,
1—-0b ifj=mn,i=n,
(3.6.19) A
0 if j <n,i <n,
p(bi By, gijdvg)y; = 4 bi if j <n,i=n,

b—1 ifj=n.

\



INVARIANT TENSOR FIELDS 25

Since b; > 1, it follows from (3.6.17), (3.6.19), (3.6.15),
(3.6.16) that
0 ifi <m,
1—b, ifi=n,
0 if i <mn,
by—1 ifi=n.

o081, v > b= oo v

o(bi By, dvi)y, 5 > { } = o(biBi, dv;)y,,,

whence (3.6.9) for p+ ¢ = 1.

Now assume that p +¢ > 1. Then we can write 7 = 7/ @ 7"
where 7/ and 7" are the monomials in v that have valencies
< p+q. By Lemma 3.6.1,

0By, )y = o(0uB1, T )y + 0 Br, ")y,
o(iBi, )y = o(biBi, )y 5 + o(biBi, ")y 5,
and by the inductive hypothesis,

o(biB1, )y, < 0(biBi, ™)y 55
0By, ")y, < 0By, 7")y 5.

(3.6.20)

(3.6.21)

Clearly (3.6.9) follows from (3.6.20), (3.6.21). O

Given Lemma 3.6.2, we denote o(b;B;, T)v,, by o(biBy, T).

Now we define the divisor divg(7) for a positive divisor B
given by (3.6.2) as follows. Let C' € Div(Y') be a prime divisor,
then

36.99 o(by By, 7) if C = By for some [,
(3:6:22)  megivy(r) = { M div(ry it C # By for all L.
Note that (3.6.22), (3.2.1), (3.2.2) and Lemma 3.6.1 imply

Corollary 3.6.1. For any positive divisor B and nonzero ten-
sor fields T € Trat (TP (Y )sm); S € Drat(T7 (Y )sm) the following
equality holds:

divg(Tt ®¢) = divg(r) + divg(s).
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3.7. Behavior at étale morphisms. Let o : Z — Y be a
surjective étale morphism of irreducible smooth algebraic vari-
eties. Let S be a subvariety of codimension 1 in Y, and let f
be a local equation of S at a point y € Sg,. Then df (y) # 0,
and as « is étale, d(a*(f))(z) # 0 for any point z € a~!(y).
This implies that a*(f) is a local equation at z of the subva-
riety a~1(S) of Z. Hence if C € Div(Y) and C’ € Div(Z) are
prime divisors, then Mo ox(c) = 0 or 1, depending on whether
supp(C”’) is an irreducible component of a1 (supp(C)) or not.

Lemma 3.7.1. Let 7 be a nonzero rational tensor field on'Y
and let B € Div(Y') be a positive divisor. If C' € Div(Y) and
C" € Div(Z) are prime divisors such that me, ..y =1, then

(3.7.1) MG divg(r) = MO div o (7))

Proof. We use the notation of Subsections 3.1, 3.2 and 3.3,
so that (3.1.2) and (3.3.5) hold, and ¢ is a local equation of
C. Then a*(t) is a local equation of C’ in an appropriate
neighborhood of a point of supp(C’). Hence

(3.7.2)

m_, . i, =M )
C,dlv(r;ll'_';s) C’,dlv(a*(r;ll_”;é’))

for all 41,... ,ip,J1,-.. ,jq- Then from (3.1.2), (3.3.4), (3.3.5),
(3.2.1), (3.2.2) and (3.7.2) we deduce that

(3.7.3) Me div(r) = Mer div(a* (1))

From (3.7.3) and (3.6.22) it follows that (3.7.1) holds if C # B;
for each B; in decomposition (3.6.2).

Now assume that C' = B, for some [. Then b, = msp =
M o+ (p)-  Use the notation of Subsection 3.6. By (3.3.3),
the local equations of C' and C’ in the appropriate neighbor-
hoods are respectively v, and u,. Therefore from (3.1.2),
(3.3.5), (3.6.5) and (3.6.6) we deduce the equality o(b;C,7)=
o(b;C",a*(7)). By (3.6.22), this yields (3.7.1). O
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Corollary 3.7.1. The following properties are equivalent:
(i) divg(T) =0,

3.8. Regularity of the pull back of a tensor field on
a quotient variety: General criterion. Let X be an irre-
ducible smooth algebraic variety endowed with a faithful action
of a finite group G. Assume that there exists a geometric quo-
tient (2.4.1). Recall that we defined by (2.6.2) the reflection
divisor Rx,q of X/G,

RX/G = 7“1R1 + ...+ Tde € DIV(X/G)

The following theorem is the main result of Section 3.

Theorem 3.8.1. Let X be an irreducible smooth algebraic va-
riety endowed with an action of a finite group G. Assume that
there exists a geometric quotient (2.4.1). Let T be a nonzero
rational tensor field on X/G. Then the following properties are
equivalent:

(i) div(m% (7)) = 0, i.e., the pull back 7% (7) of T is reqular

on X;
(i) diva, (1) > 0.

Proof. We can (and shall) assume that the action is faithful.
By the definitions of div(7% (7)) and div Ry (1), either of con-
ditions (i) and (ii) implies that 7 is regular on (X/G)o and
% (7) is regular on Xy. So we can (and shall) assume that 7
and 7% (7) share these properties.

If Ry, = 0, the claim follows from (2.6.3) and Corollary
3.5.1. So we shall assume that Ry, >0, ie., (X/G), # 2.
As dom(7% (7)) 2 Xo, regularity of 7% (7) on X is equivalent
to regularity of 7% (7) on X; (see (3.1.5)—(3.1.6)).

Let = be a point of X; and z := 7y (x) € (X/G)1. By (2.6.4),
there is a unique irreducible component (X/G)} of (X/G); (see
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(2.6.1)) containing z. As my|y, : T (W) — W for any open
subset W of X/G is the geometrical quotient for the action of
G on W;(l(W), cf. [PV, 4.2], the problem is local, i.e., we have
to prove that 7% (7) is regular at x if and only if o(r,R;, 7) > 0,
see (3.6.22), (2.6.2). To that end we apply Lemma 2.5.1.

Let U be the G,-stable neighborhood of = from the proof of
this lemma such that the commutative diagram (2.5.2) holds.
Then we have

mx(1)lv = ((05/G) o 1y, )" (T) = 10,6, (),
where 0 = (05/G)"(7) = (Ty,6, )« (Tx (7).
Let D € Div(U/G,) be the prime divisor such that supp(D)

is the irreducible component of (o5/G)~((X/G)}) containing
Yy =Tx g, (z). Since 0g/G is étale, we have m p, (04/G)* (R

(3.8.1)

) prm—
X/G
r;, and by Lemma 3.7.1, our problem is reduced to proving that

the following properties are equivalent:
(a) 7% (7)|y is regular at x,

(b) o(r,D,0) > 0.

Let uq,...,u, and vq,...v, be the local parameters from
Lemma 2.5.1. Replacing, if necessary, U by a smaller neighbor-
hood U’ of z, and then U’ by Nyeq, ¢9-U’, we can (and shall)
assume that

U= 7T)_(1Gx (V') where V is a neighborhood of y in X /G,
X, NU is irreducible,

Ulyeoo Uy € k[U],

Viy...,Up € k[V],

the ideal of X; NU in k[U] is generated by uy,,

the ideal of m; o (X1) in k[V] is generated by vy,
duy(a),... ,duy(a), is a basis of T, ; for each a € U,
dvi(b), ... ,dvn(b) is a basis of Ty, for each b € V.

From (2.5.1) and (3.1.1) we deduce that

O O 0O O 0O O O ©o

Tx ¢ (dv;))=du; for 1<i<n — 1, and
(3.8.2) HGe

* ri—1
T™x.G, (dvy)=rult™ "duy,,
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ﬂ}7G$( 84):8%14 for 1<i<n—1, and
0 1 0

(3.8.3)
(avn iUy 1 6un

By Lemma 2.5.1 and dui(a%j) = 0;;, for each g € G, we have

(3.8.4)
g-duy =duq, ..., g-dup—1 = dup—1, g-du, = x(g9)du,,
o _ 0 o) _ o _ —-1_0
99w = Burr 0 9 Bus = a9 aw = X9 g
In view of the properties of uy,...,u,, there is a unique
decomposition
* _ 11...% o) o)
(385) 7TX<T) - Eil,...,ipaj17~ Jq w]l Jz Oui, Q- ® ui,

®duﬂl " ® du]q )

where 1/1 p € k(U).

Since 7TX(T) is G -invariant, (3.8.4) and the uniqueness of
decomposition (3.8.5) imply that each summand in the right-
hand side of (3.8.2) is G,-invariant.

Consider such a summand

(3.86)
(T () =it O g g O

Ji---Jq Ji---Jq Ouqy

® du]l " ® dujq’

u

and assume that in (3.8.6) there are exactly p’ factors ai and

exactly ¢’ factors du,,. Divide p’ — ¢’ by r, := |G| (see (2.6.2))
with reminder:

(3.8.7) p—q =sr+t, s,teZ, 0<t <.

Since the order of yx is |G.|, and the field (3.8.6) is G-
invariant, (3.8.4) and (3.8.7) yield

(3.8.8) g @ZJJI o= (g)tz/);i::'_;’; for all g € G,.
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(a)=-(b). Assume that 7% (7)|y is regular at z. Shrinking
U if necessary we can (and shall) assume that each gbh g 18
contained in k[U]. We claim that
217, T p ~’i1...ip Gy
(3.8.9) = U i for some ;P € kU7
Indeed, if ¢ = 0, then ' 7 € k[U]* by (3.8.8), so (3.8.9)
holds. Let ¢ > 0. As t < |G|, there is g9 € G, such that

X(g0)! # 1. Take a point a € X1 NU. Since a € X,
from (3.8.9) we obtain that g- wjl (a) = w“”'z"’ (g71a) =

J1---Jq
Ui (@) = x(g0)'w5) ) (a), whence 3P (a) = 0. Thus
w;i:::;‘; vanishes on X7 NU. Hence ¢J1,..jq = n"ljh i » for some

1;;13}; € k[U]. As k[U] is an integral domain, from thls (3.8.9)

and Lemma 2.5.1 we deduce that 91;;1;2 = X(g)t_lw;i ;p for

all g € G,. Now the same arguments can be applied to wjl‘.:;-’;,
and so on. Whence the claim. o o

Now, as 1/) ;” € k[U]%=, we have 1[};1;’; = TX%.q, (5;;’;)
for some

(3.8.10) € k[V].

Jl]

Hence using (3.8.2), (3.8.3) and (3.8.9), we can rewrite the
field (3.8.6) as follows

P 0 o
(71-;((7—));11 Jq - 7T)( Gy (Tf Up ¢ 86311 ;}; 81}11 Q- & 8vip

®Rdvj, @ - @ dvj,).

This equality and (3.8.5), (3.8.6), (3.8.1) imply that
(3.8.11)

0 = Zz’l,...,ip,jl j (7TUG )*(77;((7'));1132

_ i1 Q... ,
= D it iy dioda O anvz ®- ®av ®dvj, @ - -@dvj,,
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where

i1...0p p'—q p'—q'—s t1...ip
(3.8.12) 0, =mr Tt e T
Since v, is the local equation of D at y, it follows from
(3.8.12) and (3.8.10) that

(3.8.13) —p' +¢ +s=0.

m . i1...ip
D,dlv(Ojlqu)

Taking into account the identity

(rl - 1)(q/ - p/) + TlmD’div(ez'_l.uip)
(3.8.14)

J1---Jq

=7 (m —p +qd +3s)+t,

. pil.ip
D,dlv(0jlqu)

we deduce from (3.8.13), (3.8.7) and r; > 0 that

J1---dq

(3815) (T‘l - 1)(q/ —p/) + TlmD’div(eilmz‘p) > 0.

Now (3.8.11), (3.8.14) and definitions (3.6.5), (3.6.6) imme-
diately imply that o(r,D,6) > 0.

(b)=(a). Assume that o(r,D,6) > 0. In view of the proper-
ties of vq,... ,v,, there is a unique decomposition

(3.8.16) ezzil,..,,ip,jl,..., 9" where

jq j1~-~jq,
(3.8.17)
i1...p _ pl1...0 o o
ﬁji..,j;; = gji..,jz dui, Q- i, ® dvj, @ -+ @ dvjy,

for some 9;13’; e k(V).
Assume that in (3.8.17) there are exactly p’ factors 8% and
exactly ¢’ factors dv,. Let s and t be defined by (3.8.7). As

v, is a local equation of D at y, the definition of o(r,D,0)
(see (3.6.5), (3.6.6)) and the inequality o(r,D,6) > 0 imply
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that (3.8.15) holds. From here, (3.8.14), (3.8.7) and r; > 0 we
deduce that (3.8.13) holds. In turn this implies that shrinking
V' if necessary, we can (and shall) assume that

Wiy g —s iy it eip
(3.8.18) ¢ = vl 71750, where A; " € k[V].

Ji---Jq Ji---Jq?

Then (3.8.17), (3.8.18), (3.8.2), (3.8.3), (2.5.1) yield

* ’il...ip _ q/—p/ t % ~i1...ip o . o
(v ) = Ty UnTy,G, (ejl...jq) ® ® dus,,

TU,G.\Vj1...4, duiy
®duj, @ ® dujq.

Ast>0and 03" € k[V], this shows that 7}, o, (¥}""7) is

regular on U. Hence by (3.8.16) and (3.8.1), the field 7% (7)|,;
is regular on U. [

4. Some Applications

4.1. Generalization of Solomon’s theorem. Let V be a
finite dimensional vector space over k and G a finite subgroup
of GL(V). It is well known that the following properties are
equivalent, e.g., see [PV]:

(i) V/G is smooth.
(ii) V/G is isomorphic to affine space.
(iii) G is generated by pseudo-reflections.

Assume that conditions (i)—(iii) hold. Then Solomon’s the-
orem can be reformulated as the statement that the algebra of
all invariant regular differential forms on V' is the pull back of
the algebra of all regular differential forms on V/G.

In [M] this statement was generalized to proper smooth polar
actions of Lie groups on Riemannian manifolds, and in [B] to
algebraic actions of reductive groups on smooth affine algebraic
varieties with smooth categorical quotients. From Theorem
3.8.1 we deduce the following
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Corollary 4.1.1. Let X be an irreducible smooth algebraic va-
riety endowed with an action of a finite group G. Assume that
there exists a geometric quotient (2.4.1). Let T be a rational
differential form on X/G. Then % (7) is reqular on X if and
only if T is reqular on (X/G)sm-

Proof. By Theorem 3.8.1, we have to show that dom(r) =
(X/G)sm is equivalent to div Ry (1) > 0. As either of these

conditions implies dom(7) 2 (X/G)o, we can (and shall) as-
sume that this inclusion holds. As (X/G); C (X/G)sm by
Lemma 2.5.1, it follows from (3.1.5), (3.1.6) that dom(7r) =
(X/G)sm is equivalent to dom(7) DO (X/G)1.

We can (and shall) assume that the action is faithful. We
use the notation of Subsection 3.6 for Y = X and B = Rxq.
The problem is local, i.e., we have to show that dom(r) D
(X/@Q)} (see (2.6.1)) iff o(r,R;,7) = 0. For each field (3.6.4) we
have p’ = p = 0 and ¢’ < 1 by the skew symmetry condition.
Whence p’ — ¢’ = 0 or —1. This easily implies that (r; —1)(¢' —
p’') + rym > 0 is equivalent to m > 0, and we are done. [

4.2. Rational tensor fields of type (%’). Consider a more

general type of rational tensor fields than differential forms.
Namely, let Y be an irreducible algebraic variety. Consider the
vector bundle T(Yy)®P @ AIT*(Yyy) over Yy,. Its rational
sections are precisely rational tensor fields of type (5) on Y
that are skew symmetric with respect to the covariant entries.
We call them rational tensor fields of type (Q/%zq)). It is clear that
pull backs and push forwards of rational tensor fields of type

(‘%s) are rational tensor field of type (%Z) as well.

Corollary 4.2.1. Let X be an irreducible smooth algebraic va-
riety endowed with an action of a finite group G. Assume that
there exists a geometric quotient (2.4.1). Let ¢ be a G-invariant
reqular tensor field of type (@/3\)5) on X. Then 7y, (p) is regular
on (X/G)sm-

Proof. We have ¢ = 7% (1) for 7 := 7y, (¢). Arguing like in
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the proof of Corollary 4.1.1 we reduce the problem to showing
that o(r;R;,7) > 0 implies dom(7) 2 (X/G)}. For each field
(3.6.4) we have ¢’ < 1 by the skew symmetry condition. Hence
p'—¢q > —1. Therefore (r; — 1)(¢ —p') +rim < r(m+1)—1.
It is easily seen that nonnegativity of the left hand side of the
latter inequality implies m > 0, so we are done. [J]

4.3. Partially symmetric tensor fields. Let Y be an irre-
ducible algebraic variety. Rational sections of S (T (Ysm)) ®
o @ SU(T*(Ysm)) are called rational multi-symmetric covari-
ant tensor fields of type (q1,...,qq4) on Y. If Y is smooth and
o is such a field, then

T(dom(c))®? — k, v — (0(a))(v) for each

a € dom(o),v € Tf{f,

is a rational function on the algebraic variety T'(Y)®¢, homo-
geneous of multi-degree (¢1,... ,qq) with respect to the natural
diagonal action of kX on T(Y)®¢. This function is regular on
T(Y)® iff o is regular on Y. Every such rational function is
obtained in this way. Therefore if Y is smooth and endowed
with an action of a finite group G, Theorem 3.8.1 provides
a characterization of G-invariant regular functions on T(Y)®¢
in terms of rational multi-symmetric covariant tensor fields on
Y/G.

If Y =V is a vector space and G a subgroup of GL(V),
we have T(V)®4 = V®(@+1) and the action of G on T(V)®4
coincides with the diagonal action on V®(@+1  Thus Theorem
3.8.1 yields a characterization of G-invariant polynomials on
V®(d+1) in terms of rational multi-symmetric covariant tensor
fields on V/G. Note that algebras k[V @&...® V]¢ were studied
in [Hu]| for some groups G generated by pseudo-reflections (i.e.,
when V/G is smooth).

5. Lifting Automorphisms of Quotients

5.1. Let X be an irreducible algebraic variety endowed with an
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action of a finite group G such that there exists the geometric
quotients (2.4.1). If « is an automorphism of X/G induced
by a G-automorphism of X, then a((X/G)o) = (X/G)o and
. (Ryq) = By

The following theorem is a conversion of this statement for

linear actions. It can be seen as complementing the results in
[B], [Sch], [Lo], and [KLM].

Theorem 5.1.1. Let V be a finite dimensional complez vector
space and let G C GL(V) be a finite group. Let 1 be an au-
tomorphism of the algebraic variety V/G such that ¥ (V/G)o C
(V/G)o and w*(RV/G) = Ry, . Then there is an automorphism
@ of the algebraic variety V' such that the following diagram is
commutative

V—2 sy
(5.1.1) WV,Gl lﬂ’v,c
vic—Lsvia

Proof. 1t is proved in [KLM] that there is an analytic automor-
phism ¢ of the analytic space V' such that the diagram (5.1.1)
is commutative. Hence the claim immediately follows from

Lemma 5.1.1. Let X, Y and Z be complex algebraic varieties.
Assume that 'Y 1is irreducible and smooth and X is endowed
with an action of a finite group H. Let the maps «, 3,7 in the

commutative diagram
VN
B

Y A

have the properties:

(i) a and B are morphisms,
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(ii) every nonempty fiber of a is an H-orbit,
(iii) ~ is analytic.
Then v is a morphism of algebraic varieties.

Proof. Consider in X x Y the subsets

A={(zx,y) e X xY | a(zx) =)},
I'={(y(y),y) e X xY |yeY}

Clearly A is Zariski closed. As I' is the graph of v and Y is
smooth, (iii) implies that I' is an analytic subset of X x Y,
cf. [He, Ch.IV, no.5]|; clearly it is analytically isomorphic to Y.

Consider the action of H on X x Y through the first factor.
By (ii), we have

(5.2.1) A =g b(D).

Taking into account that the decompositions of any complex
algebraic variety into irreducible components in the categories
of algebraic varieties and analytic sets coincide, cf. [GR, Ch.V,
B, Proposition 1], we deduce from irreducibility of Y that I is
an irreducible analytic set. Hence (5.2.1) yields that each h(T")
is an irreducible component of the analytic set A. Thereby
h(T) is an irreducible component of the algebraic variety A.
Thus I' is a Zariski closed subset of X x Y.

Let X - XxY <2 Y be the projections. As Tolp: ' =Y
is a bijective morphism of algebraic varieties and Y is normal,
Zariski’s Main Theorem implies that m,|p is an isomorphism
of algebraic varieties. Therefore (m,y|p)~! is a morphism (ac-
tually, an isomorphism) of algebraic varieties. Whence v =
7y 0 (my|p) "1 is @ morphism as well. O

5.2. Remarks. By Lefschetz’s principle, see, e.g., [Si, p. 164],
Theorem 5.1.1 remains true over any algebraically closed field
of characteristic 0. Notice that the proof of the result from
[KLM] used in the proof of Theorem 5.1.1 involves lifting of a
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flat torsion free connection (that could be carried over to the
algebraic setting) and the geodesic exponential mapping that
in turn involves solving ordinary differential equations.

For general actions and k = C there are further obstructions
for lifting of automorphisms of X/G that are related to the
fundamental group of X/G.

6. Appendix

Here we give some details of the proof of Theorem 2.2.1 for
finite G.

This proof is based on the following preliminary results all
proved in [Lu].

(a) Let X be a normal affine variety with a faithful action
of G. Let H be a subgroup of G and let z be a point of X.
Then the natural map o : X/H — X/G is étale at 7y 5 (z) if
and only if H O G,.

(b) Let in addition ¢ : X — Y be a finite equivariant mor-
phism to another normal affine G—variety. If ¢ is étale at z,
and if G, () = G, then the map ¢/G : X/G — Y/G is étale
at Tx ().

(c¢) If z € Xgm, then there exists a G;-equivariant morphism
¢ : X — T, x such that ¢ is étale at x and p(z) = 0.

Statement (a) is [Lu, Lemme 2], proved by references to
results of commutative algebra; (b) is [Lu, Lemme 1], proved
on p. 92, Case (B); and (c) is [Lu, Lemme, p. 96] (one can
assume that X is a G-stable subvariety of a G-module k™ and
z =0, cf. [PV, Theorem 1.5]; if 7 : k™ — T,  is the projection
parallel to a G,-stable complement to T, x, then clearly one
can take ¢ = 7|x.)

Note that (a) implies that X — X/G is étale whenever G
acts freely.

To prove Theorem 2.2.1 (i), note that X/G, — X/G is étale
at mx . (z), by (a). So there exists a Gix-invariant open subset
S C X such that S/G, — X/G is étale. Then its base change
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X XX/GS/GQC — X is étale as well. But the composition of v :
Gxg,S = XXy ,65/Ga; Gar(g,8) — (g5, Go-s), with this base
change is just the natural map G*, S — X, which is obviously
étale (since it factors as the open immersion G'x5 S — G5 X,
followed by the projection G x5 X = G/G, x X — X). Thus,
1 is étale as well. On the other hand, the (set-theoretic) fiber
of Y at T = G- (e,x) € G x5 S is the unique point . Thus,
shrinking S, we may achieve that 1 is an isomorphism.

To prove Theorem 2.2.1 (ii), consider ¢ from (c). Then
/Gy X/Gy — Ty x /Gy is étale at my o (), by (b). By the
preceding argument, the natural map X — X/G, X1y x/ o to x
is étale at x, and its fiber there is the unique point . This yields
a G -invariant open subset U C X such that U/G, — T, x /G,
is étale, and U — U/G, XTx,x/Gsz:X is an isomorphism.
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