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Abstract

The Korteweg-de Vries (KdV) equation is a nonlinear partial differential equation
that arises in various physical and mathematical contexts. The question of global
well-posedness in appropriate function spaces, ensuring the existence and uniqueness
of solutions, has been the subject of extensive research. In this thesis, we delve into
the work of Killip and Vigan [2018], who provided a proof of global well-posedness of
the KdV equation for initial conditions in the Sobolev space H*(R) for s > —1. In
the class of H*(R) spaces, this result is sharp, in the sense that the KdV equation is
not globally well-posed for s < —1.

Zusammenfassung

Die Korteweg-de Vries (KdV) Gleichung ist eine nichtlineare partielle Differen-
tialgleichung, die in verschiedenen physikalischen und mathematischen Kontexten
auftritt. Die Frage der globalen Wohlgestelltheit in geeigneten Funktionenrdumen,
die die Existenz und Eindeutigkeit von Losungen sicherstellt, war Gegenstand um-
fangreicher Forschung. In dieser Arbeit behandeln wir die Arbeit von Killip and
Visan [2018], die einen Beweis der globalen Wohlgestelltheit der KdV-Gleichung fiir
Anfangsbedingungen im Sobolev-Raum H*(R) fiir s > —1 lieferten. In der Klasse
der H*(R)-Réume ist dieses Ergebnis scharf, in dem Sinne, dass die KdV-Gleichung
fiir s < —1 nicht global wohlgestellt ist.
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1 Introduction
The Korteweg-de Vries equation
dhq+q" —69g =0 KdV (1)

is a prototypical example of the propagation of solitons. It was originally derived to
describe shallow water waves but has been used to model a wide variety of phenomena, such
as lon-acoustic waves in plasma or acoustic waves in a harmonic crystal |Wazwaz, 2009].
Even though it is a non-linear equation, it resembles linear dynamics in certain aspects,
and under certain conditions [Erdogan et al., 2011|. As for every partial differential
equation, the question of local as well as global well-posedness in varying function spaces
is of great interest. Global well-posedness for the KAV with Schwartz initial conditions has
been known for a while now. For H*(R), s > —3/4 global well-posedness was established
by Colliander et al. [2001] and Guo [2009]. For s < —1 Molinet [2010] showed that global
well-posedness can not hold. In the cases s < —3/4 the solution map fails to be uniformly
continuous as proven by Christ et al. [2004]. This, however, does not prevent global
well-posedness for —1 < s < —3/4, as the solution map might still be continuous. This is
what Killip and Vigan [2018] showed quite recently. We will review their proof, offering
supplementary information that was omitted.

Notation
We will use the notation f’ solely for the derivative with respect to the spatial variable.

1.1 Proof Idea
Lax Pair

For the two operators
L(t) = —8% +q(t,z) and A(t) = —48§ + 3(azQ(t,.'L') + q(t,a:)@x)
we have that
[A, L] = —¢" + 644,

and thus they form a Lax pair

d
aL =[A,L] <= ¢ solves the KdV (1).

Now observe that if we define U as the solution to

d
U =AU, U@ =1



then, as A is anti-self-adjoint (A* = —A), we have that U is unitary by

%U*U =-U"AU +U"AU =0.

So observing

SULOU* = AULOU* ~ULO)U" A
— [A,UL(O)U"]
we see that
L= UL(O)U*,

For more details on this c¢f. Abraham and Marsden [2008].

Renormalized Fredholm Determinant

Unitarity of U suggests that the spectral properties of the Schrédinger operator L
are conserved under the flow of the KdV. One might want to consider something like
det (L + I€2) to investigate and exploit these spectral properties, however, there is no
chance of existence for such an object. So we would like to normalize it in some way, say
using the resolvent of the free Schrodinger operator Ry = (—02 + x2)~1

L+ K? q — =

Again, we run into the problem that this Fredholm determinant fails to exist, at least
for v/Rogv/ Ry not trace class. So we use the renormalized Fredholm determinant (cf.
Simon [2005])

det(1+ A) = det(1 + A) exp(— Tr(4))

which is well-defined on trace class operators and extends to Hilbert-Schmidt operators
via

logdetl—l—A:i k: ( )

k=2

As we will see v/Roqv/ Ry is Hilbert-Schmidt for ¢ € H~'(R) and the quantity

() = —logdet (1 +\ﬁq\/§0>:i’: k1>k (VFoav/ T

is conserved under the flow of the KdV.



Hamiltonian Flow

The idea is to then approximate the KdV flow by a family of commuting flows that are
easier to handle. Zakharov and Faddeev [1971] showed

_ L1 1 1, 2 3 .
a(m)—4m3/2q(x) dx + 65 <2(q (2))” + q() )d.%'—i-O(/i )
1 1 B
= 18l g haay + 007,

where P is the momentum and Hykqy is the Hamiltonian of the KdV. This suggests that
if we were to take the Hamiltonian

H, = —16r°a(k) + 4K%P,

we may get a reasonable approximation for the KdV Hamiltonian for large k.

Equicontinuity

As it turns out, (k) is not only conserved under the flows of both Hkgy and H,, but it
also serves to bound the H_!(R) norm of ¢, and it gives a fitting criterion on equicontinuity.
This will then allow us to upgrade local well-posedness to global well-posedness, and the
equicontinuity will help us transfer the well-posedness result from the H, flow to the
HKdV flow.

2 Preliminaries

Notation
We write

fSg < Fe>0: f<eyg,
f2g < 3Jc>0: f>cg,
frg <= fZg and fZg.
If the implicit constant depends on further parameters, and this dependency is important,

we indicate this by a subscript.

2.1 Sobolev spaces and Fourier transform

We denote the Fourier transform of a function by Ff and its inverse by F~!f. For the
Fourier transform and its inverse we use the normalization

Ff(w) = jg [ H@yexp(-iwz) da,
Flfz) = \/127/]‘(10) exp(iwz) dw .



We use
1 1
(@)= (4+z|*)? and (x), = (4x* + ||2]*)?

to regard the Sobolev spaces H*(R), HS(R) as completions of S(R) with respect to the
norms

1 sy = 1CVF ey and [ fllag@y = 1€ )RF Fll 2 gy

Remark 2.1
We have (-) =, (), and therefore H*(R) = H{(R) = H(R). Furthermore, by taking
the L2(R) pairing on S(R) we have

[(F19) 12| = [(F 117 9) 12|

[(CRFICRF ) pagey | < I o9l ey

So by extending this pairing, we can identify

H*(R) = (H(R))"

K

2.2 Hilbert-Schmidt and Trace Class operators

For a compact operator A the Schatten p-norm is defined as

4, = (Xlsatar)' pz
n=1

where s;,(A) are the singular values of A. The space of operators with [|A[[; < oo is
called Schatten p-class J,. The cases p = 1,2 are called Trace Class and Hzlbert Schmidt
respectively. For trace class operators, we can define the Trace as

RS

(o)

Te(A) =) (enlden) < Al

n=1

where {e, },, is an orthonormal basis.



The Schatten p-classes work analogously to the #P spaces.

Lemma 2.2
We have that

Wy, <My, p=a
hence 3, € Jq for p > q. For A € J, and B bounded we have that
1Al < [[Ally, = [1A%]l;5, -
2. AB,BA €3, with |ABl, <Al IBIl and |BAl, < |B]All,.

Lemma 2.3
For r=! = p=' + ¢7' we have that A € J, iff there exists B € Jp and C € J,4 such that
A= BC. In this case, we have [|[Al|ly < ||Blly [[Cll5, . Furthermore, for A Hilbert-Schmidt
we have that

14]15, = Tr(A"A).

Remark 2.4
If pe N and A € J, with bounded inverse, then A is trace class as AP is trace class by
Lemma 2.3 and therefore A = AP AP is trace class by Lemma 2.2.

Remark 2.5
For B,C € J5 we have that

Te(BO)| < [|Bll5,[IC1l5,-

Lemma 2.6
For A trace class, B bounded we have that

Tr(AB) = Tr(BA).

In the case of operators on L?(R) we have further characterizations of Hilbert-Schmidt
operators.

Theorem 2.7 cf. Simon [2005]
An operator A is Hilbert-Schmidt iff

Af@) = [ Kato.n)f)dy
where K4 € L*(R?). In this case, we have

IAN3, = 1 Kall 222y = // |Ka(z,y)|* dzdy.
5!



Remark 2.8
For A, B € Js and f € L>*(R) we have

KfA(x7y) = f(‘r)KA(xﬂy)v
Kayp(z,y) = Ka(z,y)f(y) and

Kyp(z,y) = /KA(m,z)KB(z,y) dz.

Theorem 2.9 cf. Bernat [1972]
If A is trace class with K 4o continuous then we have

Tr(A) = /KA(JU,J:) dz.

2.3 Differentiability

A function A : Hy — Hs is called Fréchet differentiable at f if there is a linear, bounded
operator dA(f) : Hy — Hj such that

IA(f +9) — A(f) — dA(S)gll Nlal—0
gl
The operator dA(f) is called the Fréchet derivative of A at f.

0.

Remark 2.10
If we have a Fréchet differentiable A : H*(R) — R then dA(f) € (H*(R))* and hence
there is a 6A/6f € H™*(R) such that

dA

dA(f)(g) = W(m)g(az) dx .

We call §A/df the functional derivative of A at f.

Lemma 2.11
If A is Fréchet differentiable at f, then A is directional differentiable at f and

| AU+ 59) = dA(T)(g).

Theorem 2.12 cf. Lang [2012]
Let A : Hy — Hs be continuously Fréchet differentiable in some neighborhood of f such
that dA(f) is invertible as a bounded operator. Then A is a local diffeomorphism at f.
Furthermore, if
_ 1
[A(H) 144 ~ dA)] < 3

for all g in an r-ball around f, then the size of the neighborhood on which A is a
diffeomorphism depends only on .



2.4 Hamiltonian Flow
For a symplectic Manifold (M,w) a Poisson bracket is a map
{+,-}:C®(M) x C®(M) = C=(M).
Along with other very important properties, it obeys
Xirey = [Xr, Xal,
where
Xa={-,A}

is the Hamiltonian vector field of A. Meaning that if two functions Poisson commute, then
their Hamiltonian vector fields, and in extension their flows, commute as well. Another
important property is that G is constant along the flow of F iff {F, G} = 0. In our setting,
we will work with M = S(R) and the Poisson bracket is

wa = [ ‘fj;(ffq’)

I ((Zf) — (P 1))

= Xu(F)(q)
= dF(q)(Xu(q))

oF
- | Yx
5q u(q)

where we have

ie.,

Xn(q) = <(;I;>/

Hence, for the flow of X, denoted by F lfl , we have

dea(t) = OiF1{ (q) = Xu (FIf () = <5(;Z)>

if we write g(t) = F1¥ (q). If a PDE is of this particular form, we call H the associated
Hamiltonian. The exact details on this topic are not of importance to us, it mainly
provides us with convenient notation for flows. For more details on this topic c¢f. Abraham
et al. [2012], Lee [2012] or Arnold [2013].



3 Diagonal Green’s function

As we have seen, the KdV is closely related to the Schréodinger operator, so let us first
investigate the Schrédinger operator

L=-0°+¢q
with potentials
g€ Bs={q€ H '(R) | llqll -1 (g < 0}

for some § > 0 sufficiently small. We want to describe the corresponding diagonal Green’s
function as well as possible. So let us first look at the case ¢ = 0 and recall that the
resolvent

-1
Ro(k) = (- 0% + /-§2)
with £ > 0 has the integral kernel

1
Golw,yi ) = o exp (= rlz = ).

as

ol = (s 7 1) = 7 ()

So the case ¢ = 0 we already understand quite well, and we can use this to express the
resolvent of L in the general case. Assuming that all the objects exist we would have

(L4~ = (Rl +q)

= VB (1 + VR ®avEo®)  vEolr)

and the inverse we could express in terms of a series.

Lemma 3.1 cf. Reed and Simon [1975]
Let A be positive self-adjoint, 5 a symmetric quadratic form on Q(A), a <1 and b € R
such that

1B(f, )l < alfIAF) +b{FF),

then there exists a unique self-adjoint C' with Q(C) = Q(A) and

(fICq) = (flAg) + B(f,9)-



Proposition 3.2
For g € H-1(R) and given the quadratic form

HY(R) - R
o / 17(@)]? + g(@)| £ (@) da
R

there exists an unique associated self-adjoint operator L. If in addition q € Bs for 6 > 0
sufficiently small, then the resolvent of L is given by the series

Rlg.k) = (L+#) 7 = Y (D VEW (VRWE®) VE® (@)
=0
for k > 1.

Notation
For better readability, we omit the dependence on extra parameters like ¢ and x whenever
the context permits.

Proof. We have for ¢ € S(R)

Wl < |V
= Tr (V'RogRoq/Ro)

= Tr(qRoqRo)

:// z)Go(x,y)*q(y) dz dy

— [ at@) [ 4 exp(-2ule ~ sl)aty) dyds

— - [ @) Ro(2n)q(a) do

=+ [a@)F ()20 @) ds

K

1 _
=+ [ P de =l ),

and by density, it holds for all ¢ € H~!(R).



Now note that with h = \/Rio_lf we have
(£1af) c2(g) = ( VFoh|av/Roh)
= (n ’\ﬁq\/ﬁo >

<K 2H(JHH—l(R)”hHL2(]R<)
1 _
= &2 |qll o) (F1 RS F) oy

= 572 qll -1y / @)+ w1 ()

L2(R)

Q(R

So by Lemma 3.1 there exists a unique L such that

(FILS) 2wy :/‘f/(ﬁf)‘z—i-q(x)!f(:c)]zdx.

Moreover, Equation 3 shows that Equation 2 indeed converges for ¢ € B, § < 1 and
k> 1. O

3.1 Regularity

We would like to know if the resolvent has an integral kernel, and what its properties are.
Specifically, we are interested in the diagonal of the integral kernel and its regularity.

Lemma 3.3
For q € Bs, § > 0 sufficiently small and k > 1, the resolvent R admits a continuous
integral kernel G(x,y; K, q).

Proof. First note that by Equation 3
A A e e
< Z ”Jﬁoq@“s < 00
i=1 2

for ¢ € Bs and ¢ sufficiently small. So on the one hand, we have

IR~ Rolly, < |[v/Ral||[vRo (R ~ Ro) VR

which shows that R does have an integral kernel GG, while on the other hand, we have

-1 —1
G = Gollmamom = ||VE: (R~ Ro)vE || <o,
from which we conclude that G is continuous. O

10



Proposition 3.4
The diagonal of the Green’s function G we denote by

9(z; 5, q) = G(z, 73 K, ).

If 6 > 0 is sufficiently small and k > 1 then the maps

1 1
=g — — d g—K——
Qg =g, ond g = o

are real analytic diffeomorphisms from Bs into H'(R).

Proof. Since /Ry is essentially <~>71 on the Fourier side, it is continuous as a map on

the Schwartz space. So we may extend it to S(R)’ in the usual way, and we have

Ve (£)| = |5 (VEor )|

~ 53,;(}"*1(-)_1]-"1”))

$ [ et Fiw)]du

S Al L2y

i.e., vVRob: € L?(R). By continuity of G and Equation 2 we may write
g(x) = <5 | Ros >

Now let ¢ € Bs, 6 < 1/2 and k > 1 and observe that for all f € S(R) we have

V| (VFoay/Ro) Vb )

*(R)

[ 1@ (at0) - 51 ) o] =117 (R - )
<> [ (rvm(viaym) V)|
=S [o(VRrVR(VRav) )|
9 Ve N Ve 8
=1
< Wl

< 20K~ l”f”H—l R

by Equation 2 and Equation 3.
11



Hence, g — 1/2x is in H*(R) with

<20k~ 1. (5)
H(R)

b

This also shows the convergence of Equation 4 and thus ¢ — g — 1/2k is real analytic.
For f € H™1(R) we have

d

0= | o(Rla+ 5N R(g+ /)

= FR() + Rla)" | _oRla +51)

ie.,

4
ds's=0

Taking the diagonal of the corresponding integral kernels yields

R(q+sf)=—R(q)fR(q)

dg(@)(Ha) = 5|90+ 50) = = [ Gl )Gy ©
Specializing to ¢ = 0 we obtain
dg(0) = —k ' Ro(2k).
Using Equation 2 and Equation 3 we see that

1dg(a)(f) — dg(O) ()| 1wy
~|VR ' RFRVERS '~ VR RofRoVRs .

J2

= Y (1) (\/Roav/Ro)'VRofv/Ro(v/Roa/Ro)’

i£0Vj£0

> |VEavEs

i£0Vj£0

IN

VR vRs

J2
< ~lall syl 1
~ M E @) W (R)
i.e., we have
|dg(0) — dg(Q)HH;l(R)_)Hi(R) < "{_IHQHH;I(R)' (7)

Further, as HR()(QI{ =1, we have

)_1HH;(RHH;1(R)

1’—1

"iiluq”H;l(R) < 5H(dg(0))_ HL(R)—H; '(R)

12



By Theorem 2.12 the map

1

}_> PR —
a9 0%

is a local diffeomorphism from Bjs into H}(R) for some ¢ sufficiently small. Note that
Equation 7 and Equation 8 guarantee that we may choose § independent of x. By the
Sobolev embedding and Equation 5 we may choose § even smaller to get

1 3

— <g< — 9

4k — 9= 4Kk ©)
for all ¢ € Bs, which implies that ¢ — k — 1/2g is also real analytic. Using that
f f/(1+ f) is a diffeomorphism from a neighborhood of 0 in H(R) into H*(R) and

observing that

1 26(g — 1/2k)
— — =K ,
29 1+ 2k(g — 1/2k)
we have that ¢ — k — 1/2g is also a diffeomorphism. O
Remark 3.5

We have the inherent symmetry that translating the potential ¢ is equivalent to translating
the Green’s function

g(x+h,q) =g(x,q(- +h)). (10)

Lemma 3.6
For q € S(R) and a multi-index o = (01, ...,07) we have

1~
k=1

(o))

Hs(R) = Hq ‘HS(R)HQHZSI(R)'

Proof. We want to apply Holder’s inequality in every factor of the product. So take
ol 1,1
P = + = =1 then

ok’ Pk dk

2

(ok) — |[(.\28( .20k 2
[y = [ F0|
1 1
<[ (1 (Fa?)™ (¢ Fa?)™
LPk(R) L (R)
1 1
— (. )20kpK ) \28 2|7k .\2s 2|| %
Crom @ Fe? | | Ea| )
o ||75 o
= 1|9 Hs(R)HqHHs(R)‘
The claim follows by taking the product over k. O

13



Proposition 3.7
If in addition to q € By with § > 0 sufficiently small and k > 1 we have q € S(R) then

1
- d _
g—5. and & %

are also in S(R), and we have the bounds

Hg/HHS(R) Ss HqHHS—l(R)v
19 | paggy Ss 10l i1 gy-

Proof. Using Equation 4 and Equation 10 we have for every s € N

o0

= %‘hzo (;ﬁ + Z(_l)i<\/R>05‘x

Seo{mg (e

(VRua(- + mV/Ro) Vs ))

and thus for f € S(R)

[ ozatorswyaa] = 3 (NRT) > () TT (VA Vo) ﬁ)
i=1 lo|=s k=1
<Y ¥ (o )IvAr /]| TL VAo ]
ST{PTES 30 S 8 D 1 1 il .
i=1 |o|=s k=1
Applying Lemma 3.6 we get
JEZCYCIE R T oty M
i=1 "
Sy P il

i.e., we verified the first bound

(s)

10291l 1 s ||

a-1@) S Nall gre-1(m)-

14



For the second bound, we first need to verify that

ﬂC>SRO = Z \/R>0Ar,s\/R>0<$>
r=0

where [|A; 5| [2(R)—[2(R) ~s 1 are bounded. For s = 0 this is trivially true and for the
induction step, we note the commutator relations

[(z), Ro] = Rol Ry,

[(z),I] =S
Wmh, I << >ar+'ab<>>7
$2
S=2——.
i

Then we have
()" Ry = (z)*(RoI Ry + Ro(x))

—ZWAMW IRHZJRT)AMW T

The trailing sum is already of the wanted form, so let us focus on the leading sum. Observe
that

()T = rS{z)" ' + I{z)"

and hence

Z\/ROATS\/ IRO—TZ\/ROATS\/ROS "Ry

r=0

+ Z VRoArs\/RoI(z)" Ry
r=0

s r—1

=r Z Z V' RoAr.s\/RoSv/RoAgr—11/ Ro(x)

r=0 k=0

+ 3N VRoAr o/ Rol/Ro Ao/ Rola)*

r=0 k=0

Thus, we only need to verify that both v/RyS+v/Ro and /RoI+/Ry are bounded. The first
one is bounded as S is bounded. The second one is bounded as both /R0, and 0,/ Ry
are bounded, which can be seen by conjugating with the Fourier transform and observing
that they are essentially z/(z) on the Fourier side.

15



Using this representation, the second bound is now a straightforward calculation, we have

for f € S(R)

(-)7(
TY(f VoV Toa/Ta) V)|
(VRor () oo/ (VFuay/a) )|

Tr(\ﬁf\/RTJArs\ﬁ "q Ro(qu) >‘

=1 r=0

Ssz ||f||H R)||< >Q||H 5Z !

=1 r=
Ss HfHH ®I{ )l g gy

so we verified the second bound

H< ’ >89/HL2(R) Ss

(97 50) |, = 10 ol
U

Now that we have some information about the regularity of g, we want to turn our
attention to other characteristics and properties of g.

Lemma 3.8
For ¢ > 0 sufficiently small and k > 1 the diagonal Green’s function satisfies

gl// — 2(qg)/+2qg/+4l‘§/2gl

Proof. For the kernel of the resolvent we have
(=02 +4q(2))G(z,y) = —K*G(x,y) + 6(z —y) = (= 95 +a(y))G(z,y).
Hence, differentiating with respect to x and y yields

0x(— 02 +q(2))G(x,y) = —0.K7G(x,y) + 8 (z — y)

= acc( - 873 + q(y))G(.T,y),
Iy (- 05 +q(y))G(z,y) = —0yk*G(z,y) — ' (x — y)
= 0y(— 97 + ¢(2))G(z,y),



and adding them appropriately gives

02 (02 4 307)G(z,y) + 0, (0; + 307)G(x,y)
= 0, (q(x) + 3q(y) + 45*) G(z,y) + 9y (q(y) + 3q(z) + 4x*) G(z, y).

Therefore,
(02 + 8,)°G(x,y)
= 0, (q(x) + 3q(y) + 46?)G(z,y) + 9y (aly) + 3q(z) + 4x%) G (z, y)
= ¢ (2)G(z,y) + ¢(2)0:G(z,y) + 3¢(x)9,G(z,y)

+4'(y)G(z,y) + q(y)9,G(z,y) + 3¢(y)0:G(z, y)
+4 (6 +0y)G(z,y)

= ¢ (2)G(z,y) + 2q(2)0.G(x,y) — q(x)0:G(x,y) + 3¢(x)0,G(z,y)
+4'(y)G(x,y) +29(y)9,G (2, y) — q(y)0,G(x,y) + 3q(y)9.G (x,y)
+ 4&2(633 +0y)G(x,y)

= (¢'(2) + ¢ () G(z,y) + 2(q(x) + q(y)) 0z + 0,)G(z,y)
— (q(z) — q)) (02 — 0,)G (2, y) + 45> (0 + 0,) G (, y).

For x = y this yields the desired result

/l/:2q/g+4qgl+4ﬁ29/

Remark 3.9

Lemma 3.8 needed the assumptions on ¢ and k merely to ensure that the Green’s function
is well-defined.

Lemma 3.10
The Green’s function satisfies

I e (1)

for q € Bs, d > 0 sufficiently small and k > 1.

Proof. Choosing § small enough we see that both sides of Equation 11 are real analytic
by Proposition 3.4. Hence, due to density, we may assume that ¢ € S(R). There are
solutions to the equation

"+ af = -]
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with

fr= O( exp(:Fms))

for both © — 0o and x — —oo (cf. Teschl [2014]). By differentiating the Wronskian of the
two solutions we see that it is constant, further, the Sturm oscillation theorem guarantees
that these solutions cannot change sign. Hence, we may normalize such that

frfl = fif- =1, (12)

and fy > 0. Using these solutions we can represent the Green’s function as

G(z,y) = f+(zVy)f-(z Ny)

since we have

2(f+(@Vy)f-(zAy))
=0 (fix V) f-(x Ay)0(z —y) + fr(@zVy) filzny)bly —))
= flaVvy) f-(xAyb(xz—y)+ filzVy) f(zAy)dz—y)
+ frlxvy) fi(xAny)dy — ) — fr(zVy) fLzAy)d(y — =)
=(q(@Vy) + ) f(@Vy) f-(zAy)b(z —y)
+ (q(z Ay) + K2 fr(z V) f-(x Ay)bly —z) +6(z —y)
= (q(z) + ) fr(@Vy) f-(x Ay) + 5(z —y)

ie., R7! (f+( Vy)f-(- A y)) = 6,. By reformulating the identity we want to prove in
terms of fi the problem reduces to showing

Splitting the integral into the parts x < y and z > y we have

T fe(@)? * f-(2)
—0o0 2f+(y)2 dy " T 2f—(y)2

@) 1 fo(@)? [~ 1
2 /_oof+(y)2der 2 /xf—(y)Qdy'

Using the asymptotic behaviour of fi and that

d f- 1 d fi 1
— 4=~ and —1F - __—
dz fr ~ f2 de f- = 2
which follows from Equation 12, we indeed obtain Equation 13. ]
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Lemma 3.11
If in addition to q € Bs, 6 > 0 sufficiently small and k > 1, we have f,q € S(R) it holds
that

[ 6 (= ) + 20 + 20a)5 W) + 425 ) Glx) dy
=2f'(z)g(z) — 2f(2)g'(x),

Proof. Applying the commutator relations [9,, f] = f' and [02, f] = —f" + 20, " we
have

R —2qf + /R — 2R f0, — 2(qf) + 20, fR™" — 4> f’
=R ' —qf' + R~ flq— 2RO, +2qf0, + 20, fR'
— 20, fq — 4K%f'
= (=0 + )+ (-0 +r) —2(- 2+ k) [0,
+20,f(— 92 + K?) — 4r2f
= (=2 +rY)f + (02 f] - 2f +K*f
+2( = 02+ 1) (00, f] = Ouf) + 200 ([02, f] = O2F + K2f ) = 42"
= (= R+ &) — " 20" = Oof + K
+2( =05+ R2) ([ = 0uf) +20u(— f" + 2001 — Oof + K°f) —4r* [’
=—f".

Multiplying by R from left and right gives

—Rf"R+ R2qf'R+ R2(qf)R+ R4x*f'R
= f'R+ Rf' —2f0,R+ R20,f
= f'R+ Rf —2f0,R+ 20, Rf — 2[0,, R /.

Taking the diagonals for the corresponding integral kernels yields the result. O

Remark 5.12
Lemma 3.11 also holds for f + ¢ € S(R) for some constant ¢, as the equation is linear in
f and the case of f being a constant is easy to check using Equation 10.
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3.2 Introducing « and p

Proposition 3.13
For k > 1 and q € Bs, 6 > 0 sufficiently small it holds that

1

-~ K K T ! ! .
29 (e d) +2kRo(26)q(x) € L'(R)NnH'(R)

p(x;k,q) =K —
Moreover, if we define
a(e.) = [ plassa)d,
then « is real analytic with

a(k,q) ~

e

2
||QHH;1(R)
uniformly for q € Bs.
Proof. First note that p is in H*(R) by Proposition 3.4. To see that p € L'(R) we rewrite
! + 2kRy(2kK)
=Kk—— 42k K
P 2 0 q

1 1 252 1)\?
=22 g— — + “Ry(2 - =
K (g o + nRO( n)q) p (g 2&)

from which it is clear that the latter term is in L' (R) as g—1/2x € L*(R) by Proposition 3.4.
For the first term take f € S(R), then

[ (st - 5 + LRof20)a(0)) (o) o )

= ‘Tr (f(R — Ry + RoqRo))‘

< 311/ (VR o) Vs )
i>2
ST P e [V i il
i>2
<l oo | B

and by duality, we have p € L'(R).
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By Equation 6 and Lemma 3.10 we have

do(q)(f) = / dp(q)(f)(x) dz (15)

- / (‘ lez/G(x,y)f(y)G(y,:c) dy + 2;~;R0(2n)f(x)) dz
// < (2 ?) + 26Go(, y; 2m)> dx f(y)dy
- [ (5 - ato >) () dy

Note that both a and da vanish at ¢ = 0. Moreover, « is real analytic by Proposition 3.4.
To find an approximate representation of « in some small neighborhood Bs around 0 we
thus only need to consider the Hessian of o at 0. For the Hessian, we have by Equation 6

ala)(f 1) = [ (= dgla)(£)(@) f(2) ds
- [[ ¢ sw)Gw 1) dyde,
and in particular, for ¢ = 0 we have
a(0)(f, ) = [ 5 Ro(20)f () (x) do
= ’171”]“”?{;1(]&)7
by a calculation similar to the one in Equation 3. So we do indeed have that
L2
O‘(K/a Q) ~ EHq”Hﬁ_l(R)

in some neighborhood of 0. Moreover, Equation 7 allows us to control the modulus of
continuity of the Hessian

a(@)(f, f) — Pa(O)(f, /)| = \ [ Qo)) — dg(O) () @) 1)
< ldg(a)(F) — dg(0 ><f>uH1(R>uf||H4<R>

< 5 Ml A1 gy

which verifies that the size of the neighborhood can be chosen independently of . ]
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4 Dynamics

By virtue of Equation 15 we have that

oo 1

7 i g(x). (16)

Moreover, by Equation 4 we have

(fs|3:0< - logdgt (1 +V/Ro(q+ sf)@)>
- 4 e ( (VRia+ sV
k=2

=St ((VRey ) Vs Vi)

~ [ (55~ 9@) f@)aa.

Combining these two equations we see that

o _ L )= ;q(— log det (1 + \/R>oqx/R>o)>

5q 26
and hence

oa=— logdgt (1 + \/R>0(J\/R>(]>

is indeed the quantity we wanted to look out for. So, we expect « to be conserved under
the flow of the KdV.

Notation
We will abbreviate

G(t,x,y) = G(x,y;q(t)), g(t,x) = g(x;q(t)) and p(t,z) = p(z;q(t)).

Proposition 4.1
For a Schwartz solution q(t) of the KdV (1) with initial condition q(0) € Bs, § > 0
sufficiently small and k > 1 it holds that

S glt.) = ~24/ (L 2)a(t, ) + 20(t, 2)g'(1,2) — 4%/(1, ) (1)
ci?g(;fv) B <3$ 2 - 9(2:1) +4’€3>/ 1s)
olt ) = (6/130(2&)&(@:(;) 4 2(t, 2) (ﬁ -5 (ix)) _ 4H2p(t,a:)>/ (19)

S almalt) =0 (20)
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Proof. Equation 17 follows from Equation 6, Lemma 3.11 and by virtue of ¢(¢) being a
solution of the KdV (1)

< g(t,2) = dgla (1)) (Dua(1) (&)
- / G(t7 xz, y)atQ(t7 y)G(tv Y, .%') dy
_/G(t)xvy)( —q"(t,y) + 64 (t,y)q(t,y))G(t,y,z) dy

— 2 (t,)g(t,2) + 2a(t,2)g'(t.2) + 6% [ Glt.2. ) (60)Gt v, dy
= 24 (t,x)g(t,x) + 2q(t,x)g (t,z) — 4x>g(t, x).

For Equation 18, just note that

d 1 _ 1 4.,
@ 2g(0) ~ 20 &9”

Using this and that ¢(¢) satisfies the KdV (1) we get for Equation 19

d 2k '
—p=— <q - % + 4n3> + 26R0(2r)(0eq)

dt g
2 /
= _ <Z — % + 4K ) + 2/@R0(2/£)( - q”’) + kRy(2kK) (3q2)/

/
92 2
= < — (5 - % + 4/{3) +26Ro(26)( — ¢" + 4k*q — 4K2q) + KRo(2k) (3q2)>

22 '
= < - (Z — % + 4;{3> + 2kq — 8% Ro(2K)q + 2R (2K) (3q2)>

= <6/~;R0(2/€) (q2) + 2q (K, - ;) — 4k? (/—; - 219 + 2/{R0(2/£)q)> :

Equation 20 is just a simple consequence of Equation 19 after integrating

:/jtp(t,:v) dz =0

as dp/dt is a spatial derivative of a Schwartz function. t
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Corollary 4.2
For 6 > 0 there is a dg > 0 such that for every Schwartz solution q(t) of the KdV (1) with
initial condition q(0) € Bs, one has

sup [[q(t) || -1 gy < 0.

teR

Proof. Choosing §p such that Proposition 3.13 and Proposition 4.1 are applicable, we
have

a1y = (1, 4(t) = a(1,4(0)) = [[¢(0) ]| -1 (m) < o

and the claim follows after updating &g if necessary. O

The Hamiltonian associated with the KdV is
Hygav = / (;ql(l‘)2 + q(:n)3> dz
as
o [ 5 (@ + 57 @)) + a(o) + 5@ do

~ [d@r@ + 30 f(a) da

— [~ @) + 30 f(o) do
As noted previously, we want to look at the Hamiltonian

H, = —16k°a(k) + 4K*P, (21)

to approximate the KdV Hamiltonian. Note that since « is preserved under the flow of
the KdV we know that { Hkqy, o} = 0. Furthermore, the momentum

1
P = / —q(z)? dx
2
also Poisson commutes with Hiqy as

and

{Hkav, P} = / (—q"(2) +3¢°(2)) ¢ (z) da = / (;q’(%)2 + qg(x)),dx = 0.

So by the linearity of the Poisson bracket, we also have { Hxqy, H.} = 0.
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Proposition 4.3
The flow associated with H, is

&q(t, x) = 16n5g’(t, T k) + 4/€Qq'(t, x), (23)

and it is globally well-posed for q(0) € By for § sufficiently small and independent of k.

The flow commutes with that of the KdV (1), and a(s) is conserved under this flow for
all 2 > 1. For Schwartz initial conditions, the diagonal Green’s function obeys

d 1 4KD g(t,z;r) 2\ 9 1 !
= =— ) kR
dt 2g(t, x; ») k2 — 32 \g(t,z; %) K 2g(t, x; 5)

as long as » # K.

Proof. By Equation 16, Equation 21 and Equation 22 we have

0H, 5000 90P
= —16K°— + 4Kk"—
oq " oq tan dq
1
= —16x° ( — g) + 4k%q
2K

from which we get Equation 23. Using that
Dsq(s,x +4r%(t — 8)) = qu(s, + 4r>(t — 5)) — 4r%q/ (5,2 + 4K%(t — 5))
= 16k°¢ (x + 4k%(t — ), q(5))
we can integrate over s to obtain the equivalent integral equation

t
q(t,x) = q(0, 2 + 4K>t) + / 1655 (x4 4K2(t — 5),q(s)) ds.
0

From Proposition 3.4 we get

19'(@) = 9" @] -1z < 19(0) = 9@ iy S Nlg = Al w)

and hence local well-posedness follows from Picard iteration. Once we proved the
conservation of a(s¢), global well-posedness follows from Proposition 3.13, as conservation
of a(s) gives a bound on [|q(t)|| y-1(r). From Equation 6 and Equation 23 we get for the
diagonal Green’s function

d
dt 29(31?; %) _2g(:c1; Sz d9(@ ) (91g) ()
8:%5 4/452
= —de(% ) (g’(/ﬁ))(x) - de(Q(t); ) (q/) (x)
/€5 K‘Q
B g(iﬂ)z / G, y; 7)g'(y; ) Gy, w5 ) dy — 29&%)29/(9&; ).
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By Lemma 3.8 we have

(4k% — 45%) g/ (r) = —( — 4" (k) + 2(qg(f<;)), +2q9 (k) + 4%2g’(/<;)).
Substituting this into the above equation and calling for Lemma 3.11 gives

d 1 8k5 1

At2g()  g(50)? (4% — 4522) <29/(“)9(%) - 29(%)9’(%)) + 4/<a2<

i) ()

Using this as well as Equation 23 we can see immediately that () is conserved

)

d d
aa(%) :/dtp(x;%) dz

_ / % (,{ _ 2g(;;%) n Q%RO(Q%)q(x)> da =0

as dp/dt is a spatial derivative of a Schwartz function.
As mentioned previously, the two Hamiltonians H,, and Hgqgy Poisson commute, so we
conclude further that their flows commute. O

5 Equicontinuity

To transfer the well-posedness result from the H, flow to that of Hkqv, we need equicon-
tinuity.

Definition 5.1

We call @ C H*(R) equicontinuous in H*(R) if

h—0
+h) -2
q(- + )HS(R) q

uniformly for g € Q.
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Lemma 5.2
For o < s and @ bounded in H*(R)

1. the following are equivalent.

(a) Q is equicontinuous in H*(R).
(b) It holds

/| V) dw
w|>kK

uniformly for q € Q.

(24)

2. a sequence {qn}tn C H®(R) is convergent iff it converges in H°(R), and it is

equicontinuous in H(R).

Proof. Property 1b implies Property la follows from

lg(- + k) =l gsm) = / lexp(iwh) — 1[*(w)**| Fg(w)|* dw
noting that

lexp(iwh) — 1)* = 2 — 2cos(wh) < K2h%,  |w| < k
and
lexp(iwh) — 1| <1,  |w| > k.

Hence, by splitting the integral into two parts we get

la( +B) — all ey S 5202 / ()| Fq(w)[? dw

|lwl<k

2s 2
T /@Jw) |Fa(w)[? dw

< K22 gl ey + / ()| Fa(w)[? duw.

lw|>r

Fork =1/ vh and h — 0 we see that this vanishes uniformly as Q is bounded, so we have
equicontinuity in H*(R). The direction Property la implies Property 1b follows from

/ lexp(iwh) — 1%k exp(—2k|h|) dh = / (2 — 2 cos(wh))k exp(—2k]|h|) dh

=2 /R+ (2 — 2 cos(wh)) k exp(—2kh) dh

2

2w
= 12 Tl 21— X[fﬁ,/ﬂ(w)
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and
[l + 1) =l ey exp(~2xbl) i
— [ lexpiuh) 1 w)|Fatw) P exp(-2nf]) du di
> /| I Fg)Pdw

Since kexp(—2k|h|) forms a good kernel, we know that the left-hand side converges to
zero as Kk — oo uniformly for g € Q).

For Property 2 let ¢, be a sequence in H*(R) convergent. Then it clearly converges in
H?(R) and equicontinuity in H*(R) holds by Equation 24 and the fact that @ is bounded
in H*(R). Conversely, let ¢, converge in H?(R) and equicontinuous in H*(R). Using
(w)** < (k)72 (w)* for w < K we get

g — ey = / ()| Fa — Fapl? duw
< (r)2 2 / ()2 | Fan — Faul? du

+/ (W) | Fgn — Fm|? dw .
|w|>r

Since the g, are equicontinuous in H*(R) we may take x large enough so that the last
term is smaller than some € > 0, and then let n,m — oo. ]

As mentioned previously, equicontinuity is strongly tied to a(k).

Lemma 5.3
A bounded set Q C By is equicontinuous in H~'(R) iff

K— 00

0

ka(k)

uniformly for q € Q.

Proof. As a result of Proposition 3.13, we want to show that equicontinuity of @ in
H~1(R) is equivalent to

. 2 .
A sup lall -1y = 0

That this implies equicontinuity in H~1(R) follows immediately from Lemma 5.2 and the
fact that

/| ) I F g dw S ol ey
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Conversely, if @ is equicontinuous in H~!(R) we have by Lemma 5.2 that
[ ) tiFaw) dw =50
[w|>K

uniformly for ¢ € (). So using the estimate

[\

v

JwFawlPaws % [ ) iFgw) e
lw] <>

=

-2 2
+ /w2%<w> Fa(w) dw,

2

which tends to zero uniformly on @) as »° = Kk — oo, we get the desired result. O

Proposition 5.4
For a bounded set of Schwartz functions Q C BsNS(R) that are equicontinuous in H1(R)
we have that

Q* = {FI’*VFiflg | g€ Q, t,s € R, x> 1} (25)

is equicontinuous in H—1(R) and

uniformly for q € Q*.

Proof. Lemma 5.3 shows that equicontinuity is a property that is contained in the
asymptotic behavior of . As a(k) is conserved under the flows of H, and Hggqy,
equicontinuity is therefore also conserved under these flows and hence Q* is equicontinuous.
By Equation 14 we have

1 1
——g— — 2
H2/~€ g /-@RO( )

<o
LY(R)
< %a(/ﬁ)

and using Lemma 5.3 we get

1 1
2,%9&

3 K—00

K

Ry(2K)q

LY(R)

uniformly for ¢ € Q*.
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Since

we only need to show that

1 1 1
()] oo o
K H-1(R) 2 K

" H-1(R)
+ ||45*Ro(2K)q

- qHHﬂ(R)

KR—00

H4/@2R0(2/<;)q - qHH_l(R) —0

uniformly for ¢ € @Q*, which follows from

2 4/&2 2 —
!\4H2Ro<2ﬁ>q—QHH—1<R>:/<w2+w1) () FaCw)l dw

- [ (#5) @ Fa
< [ (whAFaw) du

KR—00

= gl 1 gy = mr(x) 0

by Lemma 5.3. ]

6 Well-posedness

Theorem 6.1

Given Schwartz solutions qn(t) of the KdV (1) with initial conditions g,(0) converging
in HY(R) we also have that q,(t) converges in H~'(R) uniformly for compact time
intervals.

Proof. First note that we may assume that ¢,(0) € Bs for § > 0 small enough that all
the previous results are applicable, since the scaling

g qa(t,z) = N2q(M\3t, \x)
maps solutions of the KdV to solutions with

2 _ |]:q/\(07w)|2
||q/\(0)”H71(R) = w2y dw
2
e [0,
w2 +4
_ | Fq(0, w)[?

= [ LY
w? + ax-2

which can be made arbitrarily small.

30



Setting Q = {gn(0)},, we have that Q is equicontinuous in H~1(R) as it converges there,
By Proposition 5.4 we have that Q*, as defined in Equation 25, is equicontinuous in
H~1(R) as well. What we want is that

n,Mm—00

HQn(t) - Qm(t)HHfl(R) 0
uniformly for compact time intervals. So we bound
192(8) = @ (Ol
_ HFldevqn(O) N Flf}(dvqn(o)’
< ||F1H g, (0) — F1H% g, (0 H
< [P - P )|,
+ [P g 0) = F1ffeq, (0)

+ HFII{{KdVQn(O) - Flz{{K‘Im(O)H

H=1(R)
st
+ 2 sup IHKdVFlH“q — qH
qeQ*

and taking the supremum over ¢ we have
D (g (t) = @ (®)ll -1z < sup |[F1fq0 (0) — F1f"gun 0)
t|<T [t|<T

+ 2 sup sup HFIfIKdVFIﬂ‘q — qH B
q€Q" |t|<T H

H=(R)

Now by the well-posedness of the H,, flow, we see that the first term will converge to zero
as n,m — 0o. The second term is a bit more involved. Fix x — 1 > 3 > 1 and write
q(t) = FlHKdVFlH”q for ¢ € Q*.
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Then we have by Proposition 4.1 and Proposition 4.3

d 1
dt 2g(sc)
22 / 45 / 1 /
(L 2E o 8) 2 g(k) = P Y
g(x)  g(5) K2 =2 \g(%) K 2g()
2542 4k 4k 1 !
(L2 s, R g(k) 4k A2 4 4k2s
g(>)  g(5) K2 =2 g(x) K2 =3k 29(>)
q 2¢% 4P 9(k) 52 1 456 )’
2_%2

(s - 50) -2 o)) )

Therefore, using Equation 9, we can conclude that

)| A
H—2(R)

() + 45* (g(s) — 5-)

‘Hl(R)

H-1(R)

uniformly for ¢ € @*. Using the fundamental theorem of calculus and taking suprema
and limits we get using Proposition 5.4

1 1

o 50|
e
dt 29(50) ) | g-2(r)

Note that by Proposition 3.4 and by Equation 10

(26)

lim sup sup
K—00 qu* ‘t|<T

<T lim sup sup
K—00 qeEQ* |t|<T

=0.

{%_1
29(5,4(1))

is equicontinuous in H'(R), so we may upgrade the convergence in Equation 26 to H*(R)
by virtue of Lemma 5.2.

IquﬂteR}
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And again by Proposition 3.4 we may conclude

lim sup sup HFIHKdVFle“q — qH
K0 geQ* |t|<T ! ! H=1(R)

1 1

507 5

= lim sup sup
KR— 00O qu* |t‘<T

=0.

Theorem 6.2 Killip and Visan [2018|
The KdV (1) is globally well-posed in H~1(R) in the sense that the solution map

®:RxSMR)— SR)
extends uniquely to a continuous map
d:Rx HR) - HY(R).
The orbits {®(t,q) | t € R} are bounded and equicontinuous in H 1 (R) with
SUp [lg(0) | -1y S 2Ol 511y + 1g(0) 11271 x)
and ® fulfills
D(t+5) = B(t) 0 D(s).

Proof. For ¢ € H~(R) choose some g,(t) € S(R) which solve the KdV (1) and whose

initial conditions converge to ¢

Then we define the extension of ® as
O(t,9) = lim gn(1)

which exists in H~!(R), is independent of the choice of ¢, and convergence is uniform for
compact time intervals by Theorem 6.1. To show continuity, take ¢, — ¢ € H~*(R) and
T > 0. By Theorem 6.1 we know that there are Schwartz solutions ¢,, with

n—oo

sup ||¢,,(t) — ®(t, qn)ll g1 @) — 0.
[tI<T
Especially, g,,(0) %) q, and again by Theorem 6.1 we get convergence
H-1(R
sup (|3, () = D(t, ¢)|| -1 gy —— 0.

[t|<T
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Since the §,,(t) are H~(R) continuous in time, we see that ® is continuous. The group
property follows from continuity and the group property of ® on S(R). For an orbit
{®(t,q) | t € R} we know that a(k) ~ L[|®(t, q)HQH’Zl(R) is conserved. Hence, we see that
the orbits stay bounded and are equicontinuous by Lemma 5.3. We especially have

la@l @) = (1) = lg0)| -1 (m)

for sufficiently small initial conditions and by scaling we have for initial conditions with
lall -1y = 0

el -1y < 1900171 y-

In general, we thence have

()l 1y S 1900 -1y + IO -1 ).

Corollary 6.3
In the same sense as in Theorem 6.2 the KdV (1) is globally well-posed in H*(R) for all
s> —1.

Proof. We will restrict ourselves to s < 0, for a more direct proof. Let ¢,(t) € S(R) be
solutions with ¢, (0) convergent in H*(R). Using Theorem 6.1 we get that g, (¢) converges
in H~*(R) uniformly for compact time intervals. Integrate

oo o0
/ a(k)R*T2 dk ~ / HqH%{_l(R)nHQs dr
Ko

Ko
2 [ 1 142
= |]:q/ ———k Cdrdw
vy W2+ 4K2

~ [1FdP e + 4 du
and observe that the left-hand side is conserved under the KdV flow. So we obtain

/ | Fgn(0))? (w? 4 452)° dw =4 / | Fan(t)]*(w? + 462)° dw .

Now let kK9 — oo, then the left-hand side converges to 0 uniformly in n as the initial
conditions are H*(R) convergent and thus equicontinuous. Therefore, the same holds for
the right-hand side uniformly in ¢ and n so

{gn(t) | n € Nt € R}

is equicontinuous in H*(R) and combined with the convergence in H~!(R) we obtain
uniform convergence of ¢,(t) in H*(R) by Lemma 5.2. O
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