THE KDV HIERARCHY AND ASSOCIATED TRACE FORMULAS
F. GESZTESY, R. RATNASEELAN, AND G. TESCHL

ABSTRACT. A natural algebraic approach to the KdV hierarchy and its algebro-geometric
finite-gap solutions is developed. In addition, a new derivation of associated higher-order
trace formulas in connection with one-dimensional Schrodinger operators is presented.

1. INTRODUCTION

The purpose of this paper is to advocate a most natural algebraic approach to hierar-
chies of completely integrable evolution equations such as the AKNS and Toda hierarchies
and a systematic treatment of associated trace formulas. Specifically, we shall treat in
great detail the simplest example of these completely integrable systems, the Korteweg-de
Vries (KdV) hierarchy, and derive the corresponding higher-order trace formulas for one-
dimensional Schrédinger operators. Even though the main ingredients of our approach to
the KdV hierarchy (to be outlined below) appear to be well-known, it seems to us that no
systematic attempt to combine them all into a complete description of the KAV hierarchy
and its algebro-geometric solutions has been undertaken in the literature thus far. The prin-
cipal aim of this paper is to fill this gap and at the same time provide the intimate connection
with general higher-order trace formulas for the associated Lax operator.

The key ingredients just mentioned are a recursive approach to Lax pairs following Al’ber
[1], [2] (see also [9], Ch. 12, [15]), naturally leading to the celebrated Burchnall-Chaundy poly-
nomial [0], [7] and hence to hyperelliptic curves K, of genus g € No(= NU{0}) and a classic
representation of positive divisors of K, of degree g due to Jacobi [27] and first applied to the
KdV case by Mumford [36], Section III a).1, with subsequent extensions due to McKean [33].
Finally, following a recent series of papers on trace formulas for Schrédinger operators [16]-
[19], [22]-]24] we present a new algorithm for deriving higher-order trace formulas associated
with the KdV hierarchy.

In Section 2 we briefly review Al’ber’s recursive approach to the KdV hierarchy. In par-
ticular, we illustrate the role of commuting differential expressions of order 2g + 1, g € Ny
and 2, respectively, in connection with the Burchnall-Chaundy polynomial, hyperelliptic
curves K, of genus g branched at infinity, and the equations of the stationary (i.e., time-
independent) KdV hierarchy. Section 3 combines Al’ber’s recursion formalism with Jacobi’s
representation of positive divisors of degree g of K, as applied to the KdV case by Mumford
and McKean and provides a detailed construction of the stationary KdV hierarchy and its
algebro-geometric solutions. The principal new result of Section 3, summarized in (3.50])—
(3-64)), concern divisors of degree g+1 of K, associated with Schrodinger-type operators with
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general boundary conditions of the type defined in . In Section 4 we present a system-
atic extension of this body of ideas to the time-dependent KdV hierarchy going beyond the
standard treatment in the literature. Especially, our t-dependent discussion in connection
with divisors of degree g + 1 of K, associated with the general eigenvalue problem as
presented in l} is without precedent. Moreover, our proof of the theta function
representation (4.51)) of the Baker-Akhiezer function ¢ (P, z, zg,t,ty) in Theorem [4.6] based
on the fundamental meromorphic function ¢(P,z,t¢) defined in ([.15)), is new. In Section 5
we turn to (higher-order) trace formulas for Schrodinger operators associated with general
boundary conditions (cf. ), a key ingredient in the solution of inverse spectral problems.
Unlike Sections 3 and 4, the approach in Section 5 applies to general (not necessarily algebro-
geometric finite-gap) solutions of the KdV hierarchy. The principal new results of Section 5
are the (universally valid) nonlinear differential equation for (2, 2), B € R (defined
in (5.4)), the resulting recursion relation , and, in particular, our method of proof of
Theorem (i). In Appendix A we provide a brief summary on hyperelliptic curves of the
KdV-type and their theta functions and establish our basic notation used in Sections 3 and
4. Finally, Appendix B provides an explicit illustration of the Riemann-Roch theorem in
connection with hyperelliptic curves branched at infinity which appears to be of independent
interest.

We emphasize that the methods of this paper are widely applicable to 1 + 1-dimensional
completely integrable systems. The corresponding account for the Toda and Kac-van Moer-
beke hierarchy can be found in [5].

2. THE KDV HIERARCHY, RECURSION RELATIONS, AND HYPERELLIPTIC CURVES

In this section we briefly review the construction of the KdV hierarchy using a recursive
approach advocated by Al'ber [1], [2] (see also [9], Ch. 12, [15], [20]) and outline its connection
with the Burchnall-Chaundy polynomial [6], [7] and associated hyperelliptic curves branched

at infinity.
Suppose
V(,t) € C®(R), t e R, V(z,.) € C'(R), z €R (2.1)
and consider the differential expressions (Lax pair)
d2
g
1 9-J 2
Pagir(t) Z filw, )7 =5 fia(@ )] L), g€Ny, (z,t) € R?, (2.3)
=0
where the {f;}o<j<, satlsfy the recursion relation
1 1 .
fO = 17 fj,z = _ijfl,:m:x + ijfl,x + 5‘/:13.]2?17 1 < J < g- (24)
Define in addition fy4; by
1 1
fg+1,x = _ng,aza:x + Vfg,a: + 5‘/;]89 (25)

Then one computes
[P29+17 L] = 2f9+1,x7 (26)
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where [.,.] denotes the commutator. The Lax equation
%L(t) — [Pog+1(t),L(t)] =0, teR (2.7)
is then equivalent to
KdVy(V) =V = 2fg11., tER (2.8)
Varying g € Ny yields the KdV hierarchy
KdVy(V)=0, ge€N,. (2.9)
Explicitly, one obtains from ([2.4)),
fo=1=fo,
1= %V+01 = c1fo + fi,
o=tV + V24 iVt =cafot+afi+ f (2.10)

f3: I%xmm_%v‘/:w—%‘/;:2""116‘/3—’_022‘/—’—61[ ‘/55$+gv2]+03

= 03f0 + szl + lez + f3>
etc.

Hence by ,
KdVo(V) =V, -V, =0,
KAV (V) =V, + $Vige — 3VV — 1V, (2.11)
KdVy(V) = Vi = 15Vaswae + 2V Vaae + ViV — 2V2V — &Va + 1 Vawa — 3V V2],
ete.
represent the first few equations of the KdV hierarchy. Here ¢, denote integration constants
which naturally arise when solving . Moreover, the corresponding homogeneous KdV

equations, obtained by taking all integration constants equal to zero, ¢, =0, £ > 1 are then
denoted by

KAV, (V) := KdV,(V (2.12)

) ‘CzEO, 1<t<g
and similarly we denote by Pay 1 := Pyyy1(ce = 0), fj := fj(ce = 0), etc. the corresponding
homogeneous quantities.

Before we turn to a discussion of the stationary KdV hierarchy we briefly sketch the main
steps leading to (2.3)—(2.8). Let Ker(L(t) — z), z € C denote the two-dimensional nullspace
of L(t) — z (in the algebraic sense as opposed to the functional analytic one). We seek a
representation of Py, 1(t) on Ker(L(t) — 2) of the form

L Gyalzat), (2.13)

P29+1(t)|Ker(L(t)—z) = Fy(z,, t)d$

where F,; are polynomials in z of the type

o(z, 2, 1) ng]xt (2.14)

Gg1(z,2,t) = Zgg]xt (2.15)
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The Lax equation ([2.7)) restricted to Ker(L(t) — z) then yields
0= {L - [P2g+17 L]}|Ker(sz) = {L + (L - Z)P29+1}|Ker(LfZ)

d (2.16)
= { — [Fg,:{:x + 2Gg_1,x]% + [V;t - Fg‘/x - 2(V - Z)Fg7x o Gg_lvl’x]}}Ker(L—z)
implying
Gy1=—F,,/2 (2.17)
(neglecting a trivial integration constant) and
1
Vi = —5F g + 20V —2)F,, + V. F,. (2.18)

Insertion of (2.14]) into (2.18) then yields (2.8)). We omit further details and just record a
few of the polynomials F},

Fy=1=F,

F1:c1+%V+z:clﬁo+ﬁ‘1, (2.19)
F=co+cV =W+ 3V 4 (a1 +3V)z + 22 = eofy + oo [y + B,

etc.

One verifies
g

P29+1 = Z Cg—mp2m+1a Co = 1. (220)
m=0
Finally, we specialize to the stationary KdV hierarchy characterized by V; = 0 in ([2.9)
(respectively (12.8))), or more precisely, by commuting differential expressions

(Pagir, L] = 0 (2.21)
of order 2g + 1 and 2, respectively. Eq. (2.18]) then becomes
Fopww — 4V —2)F,, —2V,F, =0 (2.22)
and upon multiplying by F, and integrating one infers
1 1
5 FoaaFy = ZF;QC — (V = 2)F} = Ryg11(2), (2.23)
where Ry,41(2) is of the form
29
Rygi1(2) = [[(2 = En),  {En}ocnzay C C. (2.24)
n=0
Because of (2.21)) one computes
2 1 1
|:P2g+1‘Ker(sz)] - [5 gty — ZF;x - (V- Z)F;] ‘Ker(sz) = —Ryy11(2). (2.25)

Since z € C is arbitrary, one obtains the Burchnall-Chaundy polynomial [6], [7] relating
Py41 and L,
29
~ By = Rega(D) = [J (2 - B). (2.26)

n=0
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The resulting hyperelliptic curve K|, of (arithmetic) genus g, obtained upon one-point com-
pactification of the curve
29
V2 = Rayr(2) = [[ (= — Eu) (2.27)
n=0
(cf. Appendix A), will be the basic ingredient in our algebro-geometric treatment of the KdV
hierarchy in Sections 3 and 4.
The spectral theoretic content of the polynomials F,, Gy_; is clearly displayed in (3.35)),
(3.37)), (3.40)—(3.44)).

3. THE STATIONARY FORMALISM

Combining the recursion formalism of Section 2 with a polynomial approach to represent
positive divisors of degree g of a hyperelliptic curve K, of genus g originally developed by
Jacobi [27] and applied to the KdV case by Mumford [36], Section III a).1 and McKean
[33], we provide a detailed construction of the stationary KdV hierarchy and its algebro-
geometric solutions. Our considerations (3.50)(3.64) in connection with the general 3-
boundary conditions for Schrodinger-type operators in (3.45) are new.

As indicated at the end of Section 2, the stationary KdV hierarchy is intimately con-
nected with pairs of commuting differential expressions P,41 and L of orders 2g + 1 and
2, respectively and hyperelliptic curves K, obtained upon one-point compactification of the
curve

29

y? = Rogi1(2) = H(Z - E,) (3.1)

n=0
described in detail in Appendix A (whose results and notations we shall freely use in the
remainder of this paper). Since we are interested in real-valued KdV solutions we now make
the additional assumption

{En}0§n§29 C R, EO < E1 < e <K< Egg, g c No. (32)
Writing

g g
1= 2o =T = (33)
: e
and combining ([2.23]) and ( . ylelds

g

(@) = ~ARogr (@) [[Is(0) = @)%, 1<j<g zeR (34)
k=1

Integrating the nonlinear first-order system (3.4)) as a vector field on the (complex) manifold
Ky x - x Ky = K, its solution is well-defined as long as the p’s do not collide. Since we
focus on real-valued solutions V' of the KdV hierarchy, we may restrict the vector field to the

submanifold ¥ 7Y ([Eaj—1, Fa;]) which is isomorphic to the torus S* x - - x ST =T9. Thus
j=1

g9
pi(x) = —2iRy% (i (2)) T s ()", 1<j<g, z€R, (3.5)
i

T
S
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with the initial conditions

{ij(wo) hejcy C Ky T(f15(20)) = p5(20) € [Eajn, By, 1<j<yg (3.6)
for some fixed zy € R, has the unique solution {/i;(z)}1<;<, C K, satisfying
() € C=(R,K,), #(i(2)) € [Byj1, Baf), 1<j<g aeR (3.7)

These facts are verified using the charts (A.7)), (A.8) which also shows that the solution fi;(z)
changes sheets whenever it hits Es;_; or Es; and its projection p;(z) = 7(ji;(x)) remains
trapped in [Ey;_1, Ey;] for all z € R.

Given . . and - one obtains
1 g
Gg—l(zux)__§ g,z Z I Z:U“] Hz_uk

g @) (3.8)
— R1/2 i 2 — HE(T
L Creer)
k#j
and hence
Ry () = 0,(2) Ragi (1 (2))'/? = iGlyoa (s (), @), 39
fij(x) = (1(2),iGy1(p;(2),2)), 1<j<g.
Moreover, since
[R29+1(Z) + G9*1<Z7':C)2Hz:uj(x) =0, 1< J<9, (310)
one infers
Ragir(2) + Gy (2,2)? = Fy(2,2) Hyia (2, 2) (3.11)
for some polynomial H,,q in 2 of degree g + 1,
g
Hy(z,2) H z— vz (3.12)

=0
Eas. (39), (B11), and (3.12) suggest defining {7 (x)}o<r<, C K, by
Ry (90(w)) = =iGy1 (ve(x), @), 0u(x) = (vel(@), =iGy 1 (ve(x),2)), 0<L<g. (3.13)
One verifies
Vo(ZL‘) < Eo, l/g([E) & [Egg_l,Egg], 1< 14 < g, T € R. (314)
Next, we define the fundamental meromorphic function ¢(P, z) on K,

iRy (P) = Gyr(R(P),2) iRy, (P) + L F,.(7(P), )

P(P,x) = Fy(#(P), ) a F,(#(P), ) (3.15)
_ _Hg+1<7~T(P>7$) — (7 1/2 . .
TIREP) + Gatr(py ey | R D) € R
with divisor (¢(.,z)) given by
(0(., 7)) = Doy()i(a) — DPOOE(QC)‘ (3.16)

Here we abbreviated
p(z) = (n(z),...,0(2), plz) = ((2),..., iy(x)). (3.17)
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Given ¢(P, x) we define the stationary Baker-Akhiezer (BA) function ¢ (P, z, z(), meromor-
phic on K,\{P}, by

(P, x,x0) = exp [/I dyop(P, y)}, (z,20) € R2 (3.18)

zo
Properties of V(x), ¢(P,x), and (P, z, xy) are summarized in the following

Lemma 3.1. Let P = (2,0 Rogy1(2)/2) = (7(P), Ry, (P)) € K\{Pa}, (2,7, 70) € CxRZ,
Then

(i).  V(z)=Ey+ Z[EQH + By — 2u;()].

(3.19)
(i1). (P, x)satisfies the Riccati-type equation
¢.(P, 1) + ¢(P,x)* = V() — 2. (3.20)
(11i). (P, x,xq) satisfies the Schrddinger equation
— (P, o) + [V(2) — 2]0(P, x, 1) = 0.

().  ¢(P,x)p(P*,x) = Hyr1(2,2)/Fy(z, x). 3.22
(v).  H(P,x)+ (P x) = =2G,_1(2,x)/Fy(z,x) = Fy.(2,2)/Fy(z, x). 3.23
(vi).  ¢(P,x) — o

(vii). (P, x, x0)p(P*,x,x0) = Fy(z,2)/Fy(z, x). 3.25

(viti). (P, x, x0)0s (P, x,x0) = Hyi1(2,2)/Fy(2, 20).

(1), UP0) = [Fz.0) Fy o) Pexp i35 (P) [ dyFy(e.) ).

Zo

(3.21)

(3.22)

) (3.23)

P*, ) = 2iRY% (P)/Fy(2, ). (3.24)
x (3.25)
(3.26)

(3.27)

Proof . Insert mto and compare the Coefﬁment of 2%9. (ii). Combine (2.17),
, and - iii) Follows from ../ = ¢, + ¢* =V — 2. (iv). Multiply the first
and third expression in (3.15)) replacing P by P* in one of the two factors (v), (vi) are clear

from ([3.15]). (Vii) Comblne 1-} and (3.23). (viii). Use , and ¥, = ¢, (ix).

Invoke (2.17)), , and ( 0

Eq. represents a trace formula for the finite-gap potential V' (z). The method of
proof of Lemma (i) indicates that higher-order trace formulas associated with the KdV
hierarchy can be obtained from and comparing powers of z. Since we shall derive
trace formulas for general potentials in Section 5, we postpone the special case of finite-gap
potentials at this point and refer to Example

We also record

Lemma 3.2. Let (z,2) € C x R. Then

(). Hyrlo0) = 3 Fyaalz,2) = V() — 2]Fy 2. 2).

(i),  Hyi1.(z,0) = =2[V(x) — 2]Gy_1(z, x). (3.29)
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Proof. (). By (ZI7), 223, and (B.11),
— %Fg,x;g = —%nglF;x — (V — Z)Fg — nglRQQ-l—l
=—(V—-2)F, - Fg_l(R2g+1 + G§_1) =—(V = 2)F; — Hyp1.

(i). By @19, €2), and (628,
Hg+17l‘ = _Gg—l,zx - (V - Z)FQJ - ‘/JCFQ
=2 F e — (V=2 =V, F, = (V= 2)F,, = —-2(V —2)Gy_y. O

2
Explicitly, one computes from , , and ,
H =H =-V+z,
Ho = —V + }le — %V2 + (01 — %V)z + 22 = 01]:11 + I:Ig,
Hy = =3V 4 c1(3Vaw — 2V?) — 3 Vagaw + 3V2 + 2V V,, — 3V3 (3.30)
tleo =13V + gVew — V32 + (a1 — 3V]22 + 23 = coHy + c1Hy + Hs,
ete.

We also mention the following well-known result connecting Dirichlet and Neumann eigen-
values.

Lemma 3.3. [33] Suppose ji;(zo) € {Eaj—1, Eaj}, 1 < j < g. Then vy(xg) = Eo, vj(x) €
{Es—1, Eoj P\ {1 (z0)}, 1 < 5 < g. Conversely, suppose vij(xg) € {Ea9j_1,Eq}, 1 < j <g.
Then vo(xo) = Eo, pij(x0) € {Eaj1, By P\ {vj(w0)}, 1 < j < g.

Proof. If j1;(zo) € {E2j_1, Ea;}, 1 < j < g then Gy_1(z,20) = 0 in (3.11)) yields Rog41(2) =
Fy(z,0)Hy41(2, z0) and hence proves the first claim. Conversely, assuming v;(xg) € {Es;_1, Ea;},

1 < j < g one infers from (3.13) that G,_1(v;(zo),z0) = iR;ﬁl(ﬁj(xo)) =0,1<j<uy,
ie., again Gy_1(z,29) = 0. Hence Rogi1(2) = Fy(2,x0)Hys1(2,z0) also proves the second

claim. ]
Given the bounded potential V' (z) in (3.19)), consider the differential expression 7 = —%
V(z) and define the corresponding self-adjoint Schrodinger operator H in L?(R) by
d2
Hf =1f, T:—WJFV(Q:), v €R, f € D(H)=H**R), (3.31)
x

with H™"(.) the usual Sobolev spaces. The resolvent of H reads

(H - 2)7 f)(z) = / d2'G(z,2,7) f(z'), = € C\o(H), f € LA(R), (3.32)

R

where the Green’s function G(z,x,z’) is explicitly given by
_ ! >
G / - W ) 3 ) -1 ¢+(Z,$>ﬂ3o)¢ (Z,.Z',ilfo), xr = 3.33
(z,7,2") (V4 (2, ., 20), Y- (2, ., 70)) {¢+(27 T (3.33)

with W (f,g) = fg'—f'g the Wronskian of f and g and ¢ (z, x, z¢) the branches of (P, z, x¢)
in the charts (I, 7). One computes

W (s (2, ., 20), (2, ., 10)) = (2/i) Rags1(2) 2 Fy(2,20) ™ (3.34)
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and -

ZHj:l[Z - :“j(x)] _ iFy(z,x)
2Rog41(2)"/? 2Rog41(2)'/?

taking into account our convention (A.3)) for Ry,.1(2)Y/2. In particular, the spectrum o (H)

of H is given by

G(z,x,z) = (3.35)

g—1
O'(H) = U [E2j7 E2j+1] U [Egg, OO) (336)
=0
Eq. (3.35)) illustrates the spectral theoretic content of the polynomial Fy(z,z). Moreover, the
Weyl m-functions m.(z, zo), associated with the restriction of 7 to (xy, +00) with a Dirichlet
boundary condition at xg, read

me(z,20) = ¢x(2,70) = [£iRag41(2)"* = Gy1(2,20)] Fy(z,m0) 7", (3.37)

where ¢4 (z, ) denote the branches of ¢(P,x) in the charts (I, 7). As a consequence, the
Weyl m-matrix M (z, xq) associated with H is given by (see, e.g., [32], Ch. 8)

_ _ m—(z,z0)m4 (2,70) [m—(z,m0)+m4(2,20)]/2
Al@”xd__hl@@“_m+www]lﬁm_uww+muamnm ! >
_ (1 010G (z, o, 7o) %(81 + 82)G(z,a:0,xo)) (3.39)
5(01 + 02)G(z, 20, T0) G(z, o, o)
_ ¢ ( Hyi1(2,20)  —Gya(z, 370))
2Ry11(2)12 \—=Gy-1(z,20)  Fy(z,m0) )’
where
0G(z,x0,2") = c%G(z,x,x/)L:IO, Gz, 1, 10) = 0pG(z,x,2") I (3.30)
010G (2, x0, T9) = agcf)le(z,x,x’)L:xO:z,, ete. '
The corresponding self-adjoint spectral matrix p(\, zg), defined by
M, ,(z,x0) = /R(z — Ny (N 20), (3.40)

A+d
Pr.a(As o) = ppg(, To) = 15{51 13\{61 L /u+6 dv Im[Mpq(v + i€, 7o)}, (3.41)

ApeR, 1<p,qg<2,
explicitly reads (cf., e.g., [32], Ch. 8)
H!H-l()‘? ZEO)

— I Neo(H)®
dpl@éi?%) = { 27 Rog 1 (M) o) ; (3.42)
0, A€ R\o(H)
-G 71(>\7:U0)
dp1a(A dpa1 (A — = Neog(H)
0, A€ R\o(H)
Fg()‘a xO)
9 H)°
dpméi,%) = { 2Ry 1 (N2 € o(H) (3.44)

0, NER\o(H)
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(Here A° denotes the interior of A C R.)
Closely associated with H is H? in L*(R) defined by

Hfof:Tf,ﬂ e RU{oo}, z9€R,
feDHL)={g€ L*R)|g, g € AC([zo, £R)) for all R > 0,
liﬁ)l[g’(xg +¢) + Bg(xo £ €)] =0, 7g € L*(R)},

(3.45)

with AC(10¢)(1) the set of (locally) absolutely continuous functions on I. Here, in obvious
notation, f = oo denotes the Dirichlet Schrodinger operator Hfo = Hy and 8 = 0 the
corresponding Neumann Schrodinger operator H:L,N0 = Hgo. Moreover, Hfo decomposes into

the direct sum of half-line operators

HS =H, @ H], , LR)=L*(—00,z)) ® L*([zg, 0)).

—,T0

The resolvent of H reads

(1, =2 Nla) = [ WG uad)f@), =€ C\olH), f € F(R),
(5 + aQ)G(Zv Z, 1’0)(6 + al)G(Zv Lo, :L‘/)
(B4 01)(B + 02)G(z, o, 7o) ’
BeER, z€ (C\{U(Hfo) Uo(H)},
Gz, x,2") = G(z,2,2") — G(z,2,30)G(2, 20, 2" )G (2, 7o, 9) ",
z€ C\{o(HZ)Uo(H)}.

Gfo(z,x,x’) =G(z,x,2") —

Next we define the polynomial Kg+1( x), B € R of degree g+ 1 in z,
Kﬁ
=0
In particular,
Hyii(z,2) = K§+1(z,x), vi(z) = N(x), 0</(<yg.
Explicitly, one computes
KP=p?—-V+4+2=K"
KS =ci(f2 = V) + 1V, — V2 4+ 18V, + 152V
+ (e + 32— §V)z+z zclf({3+f<§,
(

K =cy(B = V) + a1 (382V + 38Ve + 1Vaw — 3V?) = 18Visa
+3BVVy — 582 Vae + 26°V? — 5Vagwe + SV2 + AV Ve — 2V
+ [58Ve 4+ 821 + 182V — sV + o+ §Viw — V2 + o1 + 82 — 3V]2 + 28
= ,K? + K + KY.
etc.
Then and 'K§+1(z,x)

(B+01)(B+02)G(2,x,2) = feR

2Rog41(2)V/?

Jii(z@) = Hya(2,2) = 28G, (2, 2) + B°Fy(z,20) = [ [ - N (2)], BeR

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)
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together with (3.47) and (3.48) yield

o(HY) = o(H) U{X(z0)boce<y:. BER, (3.54)
o(Hgpy) = o(H)U{u;(ro) h<jzg,  1i(z0) = A7 (20), 1 <3j <0y, (3.55)

with
M (xzo) < Eo, B €R, N (x0) € [Ear_1, Eal), 1<€<g, BeRU{o0}. (3.56)

Next, one verifies

iRY2(P) = Gy (7(P), 2) + BE,(7(P), )

¢(P7 ZB) + 5 =
Fgﬂ( #(P),) (3.57)
_ Kg+1( T(P),x)
iRy (P) + Gyt (R(P), x) — BF,(7(P), )’
Rogi1(2) + [Gyor(2,2) — BFy(2,2)]* = Fy(z,2) K, (2, 2), (3.58)
[¢(P7 QJ) +5H¢( ) +5] g+1<2>x)/Fg(va)7 (3'59)

W:I;(Pa%xo) + ﬁw(P>$7x0>][¢x(P*?x>$0) + 6¢<P*>$ax0)] = K§+1(Z,ilf)/Fg(Z,.fE0). (360)
The divisor of ¢(.,x) + 3, f € R is given by

with

12 (38(2)) = —iG (N (@), 7) + iBF, (M (2).
Ry (X () = —iGy (Ag( ), ) +iBE (X (), @), (3.62)

A (@) = (V) (@), =iy a (N (2),2) + iBE,(M (), 2)), 0< (< g, BER,

The first-order system of differential equations for )\f (z), B € R, i.e., the analog of (3.5) in
the case 8 = oo, will be derived in the next section (see (4.45)) for r = 0). Here we only
record the final result for completeness,

X' () = —2i[8° = V(x) + N (@) RY2, (W (@) [ M () = A2 ()],
>
#(\(2)) = M(2) < Eo, #(A)(2) = N(2) € [Bx1, Ead, 1< £< g, (B,2) € B2

(3.63)

33
~O

In particular, taking 5 = 0 in - then yields the first-order system of differential equations
for vy(z), 0 < ¢ < g. (We remark that V() in (3.63) has been used for reasons of brevity
only. In order to obtain a system of dlfferentlal equations for )\ﬂ () one needs to replace
V(z) by the corresponding trace formula (see, e.g., (5.23), (5.30), and (-34)).)

We emphasize that due to our convention for R;gil(P), the differential equations

(3.5) and (3.63) exhibit the well-known monotonicity properties of p;(x) and )\? (x), B € R,
7 > 1 with respect to z € R. For instance, Dirichlet eigenvalues corresponding to the

right (left) half axis (z,00) ((—00,x)) associated with the decomposition ([3.46|) are always
increasing (decreasing) with respect to z € R, etc.
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We conclude with the §-function representation for ¢(P, x), (P, x, o), V(x) to be derived
in Section 4 (cf. Theorem |4.6)) in the general ¢-dependent case.

0(Er, — Ap,(P) + ap, (1)) |

¢(P7 :L‘) =—f+ _ B
En, — An(Pe) + a3 (@) o
—_ R B )
. Q(EPO - APO(P) +QP0(A (x))) exp [_ /P o3 }
0(Zp, — Ap,(P) +ap,(fi(z))) P Poo N0 (2)37
B(P.,20) = 0(Er, — An(P) +ap (i) 0(Er — Ap (Px) + ap (fw0)
sy Ly L0) — = ~ — IS
0(Zp, — Ap,(Px) +ap, (ii(z))) 0(Zp — Ap, (P) + ap,(i(x0))) 365
P ) ( . )
.eXp[—Z'(.%—iL'())/ w§30)0,0:|7 P(]: (Eo,O), ﬁERa
Py
with the linearizing property of the Abel map,
ap (f ﬁ — R? 3.66
ap((x)) = ap,(i(w)) + 5 —(z = 20),  (2,20) € R, (3.66)
U = WO, U U = [ 1<i<0 (3.67)
The Its-Matveev formula [26], [4], Ch. 3, [38], Ch. II for V' (x) then reads
g
V(z) = Eg+ Y (Bajo1 + By — 2X) — 202 [0(Zp, — Ap, (Poo) + ap, (iU()))]
, (3.68)
- A N
+ > (Eyjo1+ By — 2)) = 207 m[0(Ep, + Ap, (N (@) + ap, (A (2)))],
j=1
where \; € [Ey;_1, Esj], 1 < j < g are determined from
9
wgol70 QR;ﬁl -1 H [C + 0(1)] d¢ near P, (3.69)
7=1
and the second equality in (3.68)) is a consequence of the equivalence Dp_ j(z) ~ D/\ﬁ (3% ()’
ie.,
N ? B
Ap,(Po) + ap, () = Ap (Ao (7)) + ap, (X (2)), € R. (3.70)

4. THE TIME-DEPENDENT FORMALISM

In this section we construct algebro-geometric solutions of the KdV hierarchy correspond-
ing to g-gap initial values on the basis of a suitable time-dependent generalization of the
polynomial approach developed in Chapters 2 and 3. Even though the final results —
are well-known, in fact, classical by now, the approach presented in this section, based
on the fundamental meromorphic function ¢(P, z,t) in (4.15)), merits attention since it easily
extends to general 1 4+ 1-dimensional completely integrable systems such as the AKNS and
Toda hierarchies. (The corresponding approach to the Toda and Kac-van Moerbeke lattices
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is presented in detail in [5].) The results (4.36))—(4.50) in connection with the general /-
boundary condition in (3.45) and our strategy of proof of the theta function representation

of the BA function ¢(P, z, xq,t, 1) in (4.51)), based on (4.15) and (4.16)), are new.
Our starting point will be a g-gap solution V() of the stationary KdV, equation,

g
VO (2) = By + Y [Byjoy + By — 20" ()], 1 (@) € [Bojoy, Boj), 1<j<g  (41)
j=1

satisfying
g

> cgtferra =0, =1, (4.2)
=0
where fyy; are given by (2.4) with V = V(©_ Our principal aim then is to construct the
KdV flow

KAV, (V) =0, V(z,t0) =V (z), zeR (4.3)
for some r € Ny. In terms of Lax operators this amounts to solving
d
L) = [Pera(t), L)) = 0, t € R, [Pgia(to), L(to)] = 0. (4.4)
As a consequence one then obtains that
Prya (), L) = 0, teR (45)
29
— Payia(t)? = Raga(L(1) = [[(L() = Bu), teR (4.6)

n=0
since the KdV, flows are isospectral deformations of L(ty). In this paper we shall base
the explicit solution of (4.3)) not directly on (4.4) and (4.5) but instead take the following
equations as our point of departure,

1 . R R
V, = —5 P +2(V = 2)Fpp + V,F,,  (3,t) € R?, (4.7)
1
Fyunly — QF;m 2V = 2)F} = 2Ryy11(2), (x,t) € R?, (4.8)
where .
Fy(z,2,t) = [ ]Iz = my(ee, )] (4.9)
j=1

(cf. (2.14), (2.18)), and (2.23)). In order to stress the fact that the integration constants c,
used in F, and F, (cf. (2.10), (2 ) m general can differ from each other, we explicitly

employ the notation Fy, Gy_1, Hyy1, K, etc. and F,., G 1, Hyiq, KBH, etc. throughout

T
this section. Similarly to ( . - 3.11)), and ( - we have

,ujﬂ&(xvt) = —QZR;{]il(ﬂ](ﬂf,t)) H[,u](x,t) - uk($7t)]_1> 1 S] S g, ($7t) € RQ? (410)
iy
{1 (o, t) hi<jcg C Ky, 7(itj(zo,t)) = pj(wo,t) € [Eoj1, Eoj], 1 <j<g, teR, (4.11)
1 1/2 . J 2 — pg(w,t)
Gg1(z,2,t) = —éng z,x,t) = _ZZR25/1+1 )H < . (4.12)
k=1

_ :uj(xvt)_lj“k(x7t)
k#j
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Rogi1(2) + Gyoi(2,2,t)* = Fy(z,2,t) Hyp1 (2,2, t), (4.13)
g
Hyi(z,2,t) = HZ—I/gxt (4.14)

In analogy to (3.15]) and ( one then considers the meromorphic function ¢(P,z,t) on
K,,
iRy, (P) = Gy a(@(P), 2,1) —Hyo
¢(P,x,t) = —~ - = — g ., (z,t) eR?
Fy(7(P),x,t) iRy)5 1 (P) + Gy (7(P), 2, 1)

(4.15)
and the t-dependent BA function ¢ (P, z, o, t,ty), meromorphic on K,\{Px},

t x
BP0, 1) = exp | / ds{E, (2 20, $)0(P, 20, 5) + Gor1 (2, 20, 8)] + / dy(P.y. 1))},

zo

(.’I?,.l?o,t,to) e R%. (416)

Lemma 4.1. Let P = (2,0Rs011(2)"2) = (7(P), Ry)21(P)) € KNP}, (22,20, t,10) €
C x R* r € Ny. Then

(i). V(z,t)=Eo+ Y [Byjo1 + oy — 2p;(x,1)).

~ (4.17)
(7). (P, xz,t) satisfies
¢o(P,x,t) + ¢(P,z,t)* = V(z,t) — 2, (4.18)
Gi(P,,t) = O,Fy(z, 2, 1) 0(P, ., t) + Gr_y (2, 2, 1)]. (4.19)
(711). (P, x, xq,t,to) satisfies
— V(P x, o, t, t0) + [V(2,t) — 2|00(P, x, x0,t,t9) = 0, (4.20)
(P, o, L, to) = Fro(z, 2, )by (P, 2, o, L, o) + Groy (2, 2, (P, x, 20, t, 1) (4.21)
(v). ¢(P,x,t)p(P*,x,t) = Hyrq1(2,2,t) ) Fy(2, 2, t). (4.22)
(v). ¢(Px,t)+ ¢(P" x,t) = =2G,_1(2,2,t)/Fy(z,x,t) = Fy.(z,2,1)/Fy(z,2,t). (4.23)
(vi). ¢(P,x,t) — ¢(P* ,t) = 2iRy) (P)/Fy(z, 2,1). (4.24)

Proof. The proof of (i), (4.18)), (4.20)), and (iv)—(vi) is analogous to that in Lemma . In
order to prove (4. 19i one can argue as follows. By (4.7) and (4.18)),
000 + ) = ba + 2001 = Vi = (0 + Gy 1)aw + 20(F6 + Gy ),
which implies
(8, + 20) [y — (Fr¢p + Gy_1)a] = 0 and hence ¢; = (Fpp+ Gr_y)y + Ce 2" W9,

where C' is independent of z (but may depend on P and t). The high-energy behavior of
(P, x,t) derived from (4.15) yields gb(P r,t) = +i(2)Y2 +0(1), P € Il uniformly in
_)

(z,t) € R? and hence C' = 0 proving - 4.21]) then immediately follows from (4.16)) and
@.19). 0
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In analogy to (3.28)) we now introduce

Ho(z,2,t) = §F,,,m(z,x,t) — [V(z,t) — 2| F(z, . t). (4.25)
From (4.7) and (4.8)) one then computes
X 1. . . .
Hyiro = 5Frame = (V = 2)Fe = VoFy = =Vi = 2(V = )Gy, (4.26)

The t-dependence of F,, G,_1, and Hy; is governed by
Lemma 4.2. Let (z,7,t) € C x R? r € Ny. Then
(i).  Fyu(z,,t) = 2[F,(z,2,)Gr1(2, 2, ) — Fr(2,2,t)Gy_1(2, 2, 1)].

(4.27)
(ii).  Gyri(z,2,t) = Fy(z,2,t)Hypy (2,2, 1) — Fu(z,2,t) Hyr (2, 7, 1). (4.28)
(iii).  Hyi1(z,2,t) = 2[Hpir (2, 2,6)Gy_y (2, 2,1) — Hopr (2,2, 1) Gry (2, 2, 1)]. (4.29)

Proof. By (Z17), (E19), and (123),
6u(P) — 64(P*) = —2iR}%, (P)F; 2 F,,
= 0u[F(6(P) = 6(P7))] = 2Ry, (P)(FyFro — Fy o B F, 2,
implying (4.27)). Similarly, by (2.17)) and (4.25)),
Ggfl,t = _%Fg,tx = FrGgfl,x - FgGArfl,z = Fg[j[?ﬂrl - FngJrl
Finally, [£.17), (£.25)-(%.23) yield

Hyiry=—Gyrpa— (V= 2)Fyy = ViFy = —Fy Hyoy — FyHop1 o+ FroHy + FoHy
— 2V = 2)(FyGry — Fy,Gyr) = ViFy = 2(Gy_1Hypy — 2G 1 Hyyy). O
As a consequence of one obtains the following time-dependence of y;(z,1t).
Corollary 4.3. Let (z,t) € R?, r € Ng. Then

9
luj,t<x7t) = _2iFT(Mj(x’t)7 ) g+1 ﬂj €, t H :uj Z, t :uk‘ z t)]
o (4.30)
s to) = i (x), 1<j<g,

T(fij(x, 1)) = pj(w,t) € [Eajon, Bnj], 1<j<yg. (4.31)

Proof. Take z = p;(z,t) in (4.27) and observe , , , and
Ryl (5. )) = Gy (g (. 0), 2, 8), g, 1) = (1), iGamn (py (1), 2, 1)), (432)
the latter fact following from (4.12) (as in (3.9)). O

One observes that the special case r = 0 (i.e., Fy = 1) in ([@.30) is equivalent to ([#.10)),
@11).
Next we record the remaining ¢-dependent analogs of Lemma [3.1] (vii)—(ix).
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Lemma 4.4. Let P = (2,0Ro011(2)?) = (7(P), Ry)2 (P)) € K\{Px}, (22,70, t,10) €
C xR* r e Ny. Then

(i). V(P x, x0,t,t0) V(P z,x0,t,t0) = Fy(z,2,t) ) Fy(z, zo, to).

(i1). Yo (P, o, t,t0) s (P*, 2, 20, t, to) = Hyr1(2, 2, 1)/ Fy(2, zo, to). (4.34)
(11i). (P, x,x0,t,ty) = [Fg(z,x,t)/Fg(z,xo,tO)]1/2o
t x
® exp {zRéﬁl(P)[/ dsFr(z,xo,s)Fg(z,xo,s)_l+/ dyFy(z,y,t)""]}. (4.35)

to o

Proof. (i). Combining (4.16)), (4.23)), and (4.27)) yields
¢(Pa%xoﬂfat0>¢(P*7$7$07t7t0)

t T
:exp[/ dngvs(z,mo,s)Fg(z,xO,s)_l+/ dyFy (2, y,t)Fy(z,y,0)7"]

to Zo

= [F9<va07t)/Fg(Zvx(]?tO)][Fg(Zvxvt)/Fg(szoﬂt)] = FQ(Z7$=t>/Fg(va07t0)’

(i). (22), [E33) and v, = Gv imply
¢x(P,l',.ﬂ?o,t,to)wx(P*,iL',LEo,t,to)
= [Hg+1(za I7t>/Fg(Zu (L‘,t)HFg<Z,[E, t)/Fg<z7x07t0)] = Hg+1<Z,ZL’, t)/Fg(Z’x()?tO)'

(iii). Follows from ({4.15)), (4.16)), and (4.27). O
Remark 4. 5 We emphasize that instead of taking (4.7]) and (| as our starting point for

solving (4.3)), and subsequently deriving the first- order dlfferentlal system 1- (4.30)), one
could have started directly with the system (4.10] - and derived (4.7, (4.8) and the

remaining facts of this section (cf. [5]).

Next, we turn to the t-dependent analog of —m and start by introducing

9
Kgﬁﬂ(z,x,t):HgH(z,x,t) 28G, 1(z,1,t) + B°Fy(z,,t) Hz—)\ﬁ:v t)], peR,
- (4.36)
with
Hyi(z,2,t) = K) (2, 2,1), vz, t) = A)(x,t), 0<0<yg. (4.37)
One then verifies in analogy to - - that
. 51/2 B .
gb(P,:E,t)—i—ﬁ: ZR29+1(P) G ((;(f)),)l’,t))—l—BFQ(TI'(P),Q},t)
(4.38)
) Kl (7(P). 2.1
EAP) + Gy (5Pt )— R (P) 1)
Rogi1(2) + [Gyi(z,2,t) — BF,(2,2,t))* = F (2,2 t)Kg+1(z,x,t), (4.39)

[G(P,t) + Bl[G(P*,x,t) + 8] = K\ (2,2, 1) [ Fy (2,2, 1), (4.40)



THE KDV HIERARCHY AND ASSOCIATED TRACE FORMULAS 17

[¢1‘(P X [L'mt,tg) +ﬁw(Pvx7x07t7t0)][¢1‘(P*7‘r7‘T07t7t0) +677Z)(P*)x7x07t7t0)]

(4.41)
Kg+1(27 L, t)/Fg(zv L0, t(]),
(¢<7 xz, t) + ﬁ) = Dﬂg(m,t)iﬁ(x,t) - DPOOE(:E,t% (442)
with
Ry2 (N (1)) = —iGyrn (N (2, 1), 2, ) + iBF, (N (x, 1), 2, 1) (4.43)
N (@, 1) = (A (1), —iGy 1 (N (2,1), 2,1) + iBF,(\] (2,1), 1), 0<{<g.
Eq. (4.36)) and Lemma |4.2| then yield
Kgua(2,0) = 6K (220G (2,2, = BFy (2,2, 0) 4
= Kj(z,2,0)[Groa (22, 0) = BE (2,2, 0)]}
and in analogy to Corollary one obtains from (4.44]),
g
Npy(,t) = =20K2 (N (. 8), 2, ) Ry (A (2, 8)) T] N () = A (e, 6)]
m=9 (4.45)

Mo to) =3V (@), 0<0<yg, (2.1) R,

T\ (1)) = Ao (x,t) < Eo, #(AJ(x,1)) = X (2,1) € [Farr, Ea], (x,t) € R?,  (4.46)

where {)\f ’(0)(y)}0§g§g are the corresponding eigenvalues of Hj (O (cf. (3.45), (3.54]), and
(3.56))) associated with the initial value V(@ (z) in ([{.1)).
In an analogous fashion one can analyze the behavior of )\f (x,t) as a function of 5 € R.

In fact, (4.36) yields

085 g+1(z, x,t) = =2[Gy_1(z,2,t) — BF,(z,2,1)] (4.47)
and hence
g
K (200 = — oo )] TN 8) = A a2

= —2[Gy 1 (N (2, 1), 2,t) — BF,(N (w, 1), ,1)] = —2i Ry, (N} (x, 1))

by (4.43). This implies for (3,z,t) € R?,

g
%A% t) = 2iRy) 5 (A () [TV (2. t) = Moz, 1)), 0< i<y (4.49)
m=0
m#£L

As in Section 3 we conclude with the #-function representation of (P, x,t), (P, z, xo, t, to),
and V' (z,t).
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Theorem 4.6. Let P = (2,0Ryy11(2)'/?) € K,\{Px}, (2,7, 20,t,t9) € CxR*, Py = (Ep,0).
Then

S(Pt) = —f + 0(Ep, — Ap,(Px) +Qp0(%(I,t))) .

0(Zp, — Ap,(Px) + QPO(A (z,1)))
0(Zp, — Apy(P) +ap (X (2,1))) P
) 0(Zp, — Ap,(P) + ap, (U, 1)) exp [ - /p w;o)wj\g(r t)} (4.50)

(4.51)
where (cf. (A.26))
QP = (25 + 1w, (4.52)
s=0
U(Z) U(Q)
ap, (fi(r,t)) = ap (i1(xo, to)) + 2—<9€ —x0) + _27r (t —to), (4.53)
U = U U2, U, = [ 98, 1<i<y (4.54)

J

The Its-Matveev formula ([26], [4], Ch. 3, [38], Ch. II) for V(x,t) reads (cf. (3.68)))

V(x,t) = Eo + Zg:(Ezj—l + Byj — 2))) — 20, n[0(Zp, — Ap, (Pw) + ap, ((x,1)))].  (4.55)

j=1
Sketch of Proof. Since (4.50|) follows directly from (| and , and (4.55) can be
inferred from (4.51)) and (4.20)) upon expanding all quantltles in near P, in a well-

known manner, we first concentrate on the proof of - Let 7,0 P x xo,t to) be defined
as in (4.16)) and denote the right-hand-side of (4.51)) by (P, z, x, t, to) In order to prove
that ¢» = W, one first observes from (4.10) and (4.30) that

E(7(P), o, 8) (P, xg, s) = 2 Infp;(xo, s) — 7(P)] + 0(1) for P near fi;(zo, s) (4.56)

and
o(P,y,t) = 8% In[p;(y,t) — 7(P)] + 0(1) for P near [1;(y,1t). (4.57)
Hence

exp{/ dS M] Zo, S ) (P))+0(1)]}

wi(xo,t) — w(P)]0(1) for P near fi;(zo,t) # f1;(xo, to) (4.58)
= ( ) for P near ﬂj(l’o, t) = ﬂj([[’o, to)
(1 (o, to) — T(P)]710(1)  for P near fi;(wo,to) # fi;(xo,t)
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and

exp { / dyl:2 n(yu;(y, £) — 7(P)) + 0(1)]}
) # fis a0, ) (4.59)

[pj(x,t) — 7(P)]0(1) for P near fi;(z,t
=< 0(1) for P near ji;(z,t) = fi;(xo,1) ,
[ (z0,t) — T(P)]710(1)  for P near fi;(xo,t) # fi;(z,1)

where 0(1) # 0 in (4.58) and (4.59). Consequently, all zeros and poles of 1) and ¥ on
K,\{Px} are simple and coincide. By an application of the Riemann-Roch theorem it

remains to identify the essential singularity of ¢ and ¥ at P,,. For that purpose we first
recall the known fact that the diagonal Green’s function G(z,z,z,t) of H(t) satisfies

G(Za xz,T, t) CjO (Z/2>C Z f](xv t)CQj7 C = 1/\/27 (460)

with f;(z,t) the homogeneous coefficients as introduced in the context of (2.12) satisfying
the recursion ([2.4) for all j € N. Combining

iFy(z, x,t)
(cf. (3.35)), (4.15)), (4.16]), and then yields
’ iRy (P) | .
/xo dyd(P,y,t) o /xo dym +0(¢%) o i(z — x) [T+ 0(1)], (4.62)

which coincides with the singularity at P., of the z-dependent term in the exponent of (4.51)
taking into account (3.69). Finally, in order to identify the ¢-dependent essential singularity
of ¢ and ¥, we may allude to (2.20]) and, without loss of generality, consider the homogeneous

case where ¢ =1, ¢, =0, 1 < ¢ <r. Invoking (4.27)) then yields from (4.15) and (4.61)

/ ds[F.(z, xo,8)0(P, xo, ) + Gr_1(2, 20, 5]

to

t
:/ ds{Fr(z,:UO,s)iRégil(P)Fg(z,xo,s)_l + 12 In[Fy(z, o, 5)] } (4.63)
to
o 2 ' " dsF. (2,70, 8)G(2, 0, 70,8) L +0(1), (=1/1/z
Comparing (2.14)) (in the homogeneous case) and (4.60|) implies
— 1 (2, 20, 8)G(2, w0, 30, 8) 74 = i¢"F L 40(1) (4.64)
¢—0
and hence
¢
/ ds[F.(z, xg, $)O(P, xo, s) + Gr_1(2, T, 5)] o i(t —to)[¢”* 1+ 0(1)], (4.65)
to

completing the proof of (4.51). The linearity of the Abel map with respect to = and ¢
in (4.53) then follows by a standard argument considering the differential Q(z, xo,t, %) =
dIn(., x, xo,t,t0). O
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5. GENERAL TRACE FORMULAS

Following a recent series of papers on new trace formulas for Schrodinger operators [16]—
[19], [22]-[24], [39], we first discuss appropriate Krein spectral shift functions, the key tool
for general higher-order trace formulas. Subsequently, we develop a new method for deriving
small-time heat kernel (respectively high-energy resolvent) expansion coefficients associated
with the general S-boundary conditions in . Interest in these types of trace formulas
stems from their crucial role in the solution of inverse spectral problems.

Unlike Sections 3 and 4, where we focused on the special case of stationary finite-gap
solutions of the KAV hierarchy (the natural extension of solitons as reflectionless potentials),
we now turn to the general situation and consider potentials of the type

Ve C®R), V(z) > ¢, x €R, V real-valued. (5.1)

As in Section 3 we introduce the differential expression 7 = —% + V(z), x € R and define
the self-adjoint operators H and H in L*(R),

Hf =1f, f € D(H) ={g € L*(R)|g,g' € ACioc(R); Tg € L*(R)} (5:2)

and for f € RU{o0}, 29 € R,
HP f=r1f, feDH.)={f € L*R)|g, g € AC([xo,£R]) for all R > 0,

13gl[gf(:co +e)+ Bglzg£e)] =0, g€ L*(R)}, (5.3)

with H® = HP (H2 = HY) the corresponding Dirichlet (Neumann) Schrédinger operator.
If G(z,z,2") denotes the Green’s function of H (as in (3.32)), (3.33)), formulas (3.47))—(3.49)
for the resolvent of Hfo apply without change in the present general situation. In particular,
defining

R
FB(Z7LL’> — (B+al)(ﬂ+a2)G(Zax>$)a ﬁ S (54)
G(z,z,x), b= o0
(cf. the notation introduction in (3.39)) one computes for § € R U {oc},
d
Tr[(H) = 2)7" = (H = 2)7] = = [[7(2,2)), 2 € C\{o(H]) Uo(H)}. (5.5)
Given hypothesis (5.1]), one can prove the existence of asymptotic expansions of the type
Te[(H? —2)' = (H-2)7'] = er(x)z_j, S €RU{o0} (5.6)
Z—100 ]:O

uniformly with respect to z € R (cf. [24]). In particular, one can derive the heat kernel
expansion

Tr[e ™ — ¢~ 7H] o Z s¥(x)r?, wz€R, (5.7)
=0
where .
55°(w) = (—1)3+1(j!)_17’;-’°(x), j €Ny (5.8)

and s%° (r3°) are the well-known invariants of the KdV hierarchy.

In the special case of finite-gap potentials the connection of I'?(z,s) in (5.4) with our
polynomial approach in Section 3 is clearly demonstrated by (3.35) for 5 = oo and ({3.53))
for g =R.
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Before describing a new constructive (i.e., recursive) approach to the coefficients Tf (x),
B € R, we recall the definition of Krein’s spectral shift function [30] associated with the

pair (H?, H) (cf. [19], [23], [24]). The rank-one resolvent difference of H? and H (cf. (3.47),
(3.48)) is intimately connected with the fact that for each x € R, 5 € RU {o0},

I'%(z,z) is Herglotz with respect to z (5.9)

(i.e., a holomorphic map C, — C,, where C; = {z € C|Im(z) > 0}). The exponential
Herglotz representation for I'?(z, x) (cf. [3]) then reads for each z € R,

IP(z,2) = exp {" + /R[()\ —2) 7 = AL+ A)TEP (N z) + 67 dA},

1, peR

0 5 oo (5.10)

& eR, peRU {0}, 562{

where, by Fatou’s lemma,

N z)=n" leiigl Im{In[3 + 0,)(B + )G\ +ie,z,2)]} —6°, BeRU{c0}  (5.11)

for a.e. A € R. Moreover,

—1<&(\x) <0, &°(\2) =0, A <info(H)), f R,

0<ex(\a) <1, €9\ x) =0, A < info(H) (5.12)
for a.e. A € R. As a consequence, one obtains (cf. [39])
tmﬂHb—ﬂHn:/}uﬂmﬁuﬂm BERU{x}, seR  (5.13)
R

for any f € C?(R) with (1 + A\?)fW € L?((0,00)), j = 1,2 and for f(\) = (A — 2)7!,
z € C\[info(H?),0). In particular, (5.13)) holds for traces of heat kernel and resolvent
differences, i.e., for any f € RU {0}, z € R,

Tr[e’THg —e ™ = -1 /B de ™ (N, 2), T>0, (5.14)

z,0

Te[(H —2)™ = (H = 2)7"] = - /:O dAA = 2)7%¢ (N 2), 2z € C\{o(H])Uo(H)},

(5.15)

where

_ [ info(HP), BeR
€0 = { info(H), B=o0 - (5.16)

Returning to a recursive approach for the expansion coefficients rf () in (5.6) we first
consider the expansion

o0

(z,2) = (i/2) Z yf(x)z_j_lﬂ, p € RU{oo}. (5.17)

Z—100
j=—08

(A comparison of (5.17) and (4.60) reveals that v5°(z) = fj(x), J € Ny in the case f = 00.)
In order to obtain a recursion relation for 7? (x) one can use the following result.
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Lemma 5.1. Let z € C\o(H), z € R.
(i). Assume 3 € R. Then T%(z,x) = (8 + 01)(B + 02)G(z, x, ) satisfies

2[V(z) = 8% = 2Ly, (2, )07 (2,2) = [V(2) — B2 — 2|5 (2, 2)° — 2V (2) T3 (2, 2)T7 (2, )
~H{[V(2) = ][V(2) = 7 = 2] = BVa(2)}17(2,2)* = = [V(2) — = = 5.

(5.18)
(i1). Assume [ = 0o. Then I'*°(z,x) = G(z,x,x) satisfies
e (z,x) =4[V (x) — 2|50 (2, 2) — 2V () (2,2) = 0 (5.19)
and
— 22 (2, 2)0°°(2, 1) + I2°(z,2)* + 4]V (z) — 2] (z,2)* = 1. (5.20)

While the results (5.19) and in the Dirichlet case § = oo are well-known, see,
e.g., [14], the result (5.18)) (with the exception of the Neumann case = 0 which was
first presented in [21]) is new. Unfortunately, we have no reasonably short derivation of
the differential equation . It can be verified (not without tears) after quite tedious
though straightforward calculations (we recommend additional help in the form of symbolic
computations).

Insertion of the expansion (5.17)) into (5.18)) and (5.20) in Lemma [5.1| yields

Lemma 5.2. The coefficients 7f(x) in (5.17) satisfy the following recursion relation.
(i). Assume 5 € R. Then

Wi=190 =5 =3V W = 582V + 38Ve — gV + Vs,
s = =16V + 807V 4 §Va4BV + Vo) + §Vaa(V = ) = §8Viww — g5 Vaase
T = § 220V = B0 00 e — (V= B0 107 s (5.21)
- 475’%@—“1 —4V(V — ﬁ2)7;—17f—e - QVrWB—l’YjB—e,x + 75—173@—@]
VY e = 200V e — B =2V =2
(7). Assume [ = oco. Then
o=t = 2V, ‘ (5.22)
Vir1 =~ e VWt 5 oV + 190 — 50 T2 L
The final result for 7“? () then reads

Theorem 5.3. The coefficients rf(x) in (5.6) satisfy the following recursion relations.
(i). Assume 3 € R. Then

ro() = =3, () = 52 = 3V (), 1} (2) = ju o (2) = S e (@)rf (@), 5= 2. (5.23)
(7). Assume [ = oco. Then

5 = L) = (), 1) = () — T ), G220 (5.24)
Proof. 1t suffices to combine (5.5)), (5.6), (5.17), and the following well-known fact on as-

ymptotic expansions: F(z) = Y- c¢;z7 implies In[l + F(z)] = >.°0, d;z77, where

|z]—o0 J=1 |z]—o0 J=1

dy = c1, dj = c; — 3071 (U/5)ci—edy, j > 2. D
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Theorem (i) has first been derived (by using a different strategy) in [24]. The current
derivation, based on the universal differential equation , is new. Combined with ,
Theorem (i) yields the most efficient algorithm to date for computing rf (x), B €R.

The connection between rf
Theorem 5.4. [24] Let 65,0 =info(H?), B €R, e = info(H).
(i). Assume 5 € R. Then

r(z) = —%(eg’o)j — lim fe?o dAITHN = 2) (=N s + €8N\ x)], j €N (5.25)

(z) and £°(\, x) is illustrated in the following result.

J 2—100
(ii). Assume 3 = oco. Then
2(@) = HeEP + lim 25 A0 — 2Ty - e (o), jEN. (520
Z—>100

J

We conclude with an example that yields the higher-order trace formulas for periodic
potentials which also applies to the (quasi-periodic) finite-gap potentials of Section 3.

Example 5.5. Assume V is periodic, i.e., for some Q >0, V(x4 Q) =V (z) for allz € R
in addition to (5.1)). Then Floquet theory implies

o(H) = | J[Eam-1), Ban-1], Eo < By < Ey < Ey < --- (5.27)
n=1
(i). Assume 5 € R. Then
o(HP) = {N3(2)Yneno U (H), Ny (x) < Eg, No(2) € [Bopi, Boy), n €N, (5.28)
0, A<M(x), By <A< XM(z), neN
P\ z) = —11, Ay (z) <A< By, M(2) <A< Ey,, neN (5.29)
—5 Eyn-1) <A< Ezyp1, n€eN
Inserting nto then yields the higher-order periodic trace formulas
rj (@) = 3B = M) +§ 20 (Bl + B3, — 2X)(2)], jEN. (5.30)
(7). Assume [ = oco. Then
o(H) = {pn(@)}nen U o (H), pn(z) € [Ezn-1, E2n], n €N, (5.31)
0, A< Ey, po(z) <A< FEs,, neN
£%(\, x) = 117 Eop 1 <A< pu(z), neN . (5.32)

, E2(n—1) <A< Egn_17 n € N.

Insertion of (5.32)) into (5.26)) then yields
r5(@) = 5By + 5 By + By = 2p(x)], €N (5.33)

J

The results (5.29) and (5.32) remain valid in the algebro-geometric finite-gap situation
discussed in Section 3 where

E2n+1 = )\g(l’) = E2n+27 n Z g + 1, ﬁ € RU {OO} (534)
Hence (j5.30) and (5.33)) apply to the stationary KdV solutions of Section 3 (e.g., (5.33|) for
*3.19

7 = 1 coincides with ) which, in general, are quasi-periodic with respect to . Moreover,
(5.30) and (5.33)) also extend to certain classes of almost-periodic V(z), see, e.g., [8], [28],
[31], [32], Chs. 9, 11.

\)
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The periodic Dirichlet trace formula for 5 = 1 has been noticed by Hochstadt
[25] and later on by Dubrovin [10]. The general case j = N appeared in McKean and van
Moerbeke [34] and Flaschka [13]. More recent accounts of (5.33]) can be found in [§], [28],
[31], [32], Chs. 9, 11, [40]. The Neumann case § = 0 in (5.30) is due to McKean and
Trubowitz [35]. The general case € R was first studied in [24]. Additional references on
the subject of trace formulas and their use in connection with the inverse spectral problem
can be found in the papers cited in this paragraph and in the ones listed at the beginning
of this section.

APPENDIX A. HYPERELLIPTIC CURVES OF THE KDV-TYPE AND THETA FUNCTIONS

We briefly summarize our basic notation for hyperelliptic KdV-type curves (i.e., those
branched at infinity) and their theta functions as employed in Sections 3 and 4. For details
on this standard material we refer, e.g., to [11], [12], [29], [37].

Consider the points {E, }o<n<g C R, Ey < By < -+ < Ey,, g € Ny and define the cut
plane IT = C\ U?;é [Esj, Eajt1] U [Eay, 00) with the holomorphic function

R0 e (&)
on it. Ryyy1(.)!/? is extended to all of C by
Roy (N2 = lim Ryy1(A+ie)'/?, X € C\I, (A.2)
with the sign of the square root chosen according to
O, A (B B, 12
Ry = ol (012, Xe (EyByer). 0<7<g-1° 49
| Rag1(A)'72], A € (B, 00)
Next we define the set
M = {(2,0Ry511(2)*)|z €C, 0 € {—,+}} U{Psx = (00,00)} (A4)
and
B = {(En,0)}on<ag U {Poo = (00,00)}, (A.5)

the set of branch points. M becomes a compact Riemann surface upon introducing the
charts (Up,, (p,) defined as follows

Py = (2o, 00R29+1(z)1/2) or Py = Pu,
/2

A6
P:(Z,O'Rgg+1(2)1 >€UPOCM, Vp0:<<Up0)CC. ( )

Py € M\B:
Up, = {P € M||z — 2| < C, 0Ry,41(2)"? the branch obtained by straight line analytic
continuation starting from z}, C' = min,, |z — E,|,

) UPO — Vpo -1 Vpo — Upo
o { P—(z—2) "’ Sry { ¢ = (20 + ¢, 0Rag11(20 + O)Y?) (A7)
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PO = (E'n,o, 0)

Up, ={P € M| |z — E,)| < Cpy}, Cpy =1 n#n0

Y

min |E,, — E,,|, g€N
00, g=20

Up, = V)
Ve, ={C € Cl[¢| < CrlzéQ}a Cpy { pPO_> U(ZPO_ B )2

(z— En0)1/2 — (> — Eno)1/2|e(i/2)arg(szno), arg(z — En,) € { [0,27), mng even ’

(—m, 7], ngodd
C_l ) VPO — UPO
F g - (Eno + C27 <[Hn7£n0 (Eno — EBn + <2>]1/2 ’

T B — B+ 3] = (10| [ T] (Bao — B[ 4+2723 Y (Bay — Ea) 7 +0(CY).

0

n#ng n#ng n#no
(A.8)
PO = PooZ
Up, = {P € M||z| > O}, Coo = max |E,|, Vi, = {¢ € C|[¢| < C1/?},
Up, = Vp, 1/2 1/2] ,(i/2) arg(z)
) 1/2 2% = 12%e ;
Gy g _>_>U(()1/Z ) 0 <arg(z) < 2m,
Vi, — Up, (A.9)
- 9 s_9g_ 1/2
Cry o 4 ¢ = (€22 I, B
0— Py
1/2 _
TIa - GE)] " =1-271¢Y Ea+0(¢h.
Upper and lower sheets 11 C M with associated charts (4 are defined by
Iy — 11
e = {(2,+Roy1(2)"?) € M|z € TT}, (s {P: . (A.10)

The compact Riemann surface (curve) resulting from (A.4)-(A.9) is denoted by K. Topo-
logically, K, is a sphere with g handles and hence has genus g.
Next, define the holomorphic sheet exchange map (involution)

po {Ba 7 By (A.11)
(220 Ragia (2)V2) = (2,0 Ragn (2)V2)" = (2, 0 Ragia (2)/2)
and the two meromorphic projection maps
K, - CU{oo} K, — CU{oo}

714 (2,0Ra1(2)2) = 2, Rylt1 i { (2,0Ra01(2)Y2) = 0Rogir ()2 . (A.12)
P, — Py — o0
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7 has a pole of order 2 at P, and two simple zeros at (0, =Ry 1(0)/2) if Ro,y1(0) # 0 or a
double zero at (0,0) if Ryy+1(0) = 0 (i.e., if 0 € {E}, }o<n<ay) and R;ﬁl has a pole of order
29+ 1 at Py, and 2¢g + 1 simple zeros at (E,,0), 0 < n < 2g. Moreover,

N 1/2 [ px 1/2

#(P7) = #(P), Ryfa(P) = —Ry)%,(P), PeK, (A.13)
Thus K, is a two-sheeted ramified covering of the Riemann sphere Co(= C U {o0}), in
particular, K, is compact and hyperelliptic.

Using our local charts one infers that for g € N, d7/ R;ﬁl is a holomorphic differential on
K, with a zero of order 2(g — 1) at Py and hence

;=7 R /Ry2 (), 1<ji<g (A.14)

form a basis for the space of holomorphic differentials on kK.

Next we introduce a canonical homology basis {a;, b;}1<;<, for K, as follows. The cycle
ay starts near Eoy_; on I, surrounds Fy, counterclockwise thereby changing to II_, and
returns to the starting point encircling Fs,_1, changing sheets again. The cycle b, surrounds
Ey, Ey 1 counterclockwise (once) on II,. The cycles are chosen such that their intersection
matrix reads a; o by = 9,1, 1 < j,k < g. Introducing the invertible matrix C' in C9,

Ear
C = (Cirh<jr<g Cir = / n; = 2/ 271 dz ) Ragy1(2)'? € iR,
ag Eor_1q <A15)

c(k) = (e1(k), ... co(k)),  cj(k) = Cy,
the normalized differentials w;, 1 < j < g,

g

wj = ch(é)m, / wj =0k, 1<jk<yg (A.16)

=1 Ak

form a canonical basis for the space of holomorphic differentials on K,;. The matrix 7 in CY
of b-periods,

T = (Tjk)1<jk<gr Tik :/ wj, 1<jk<yg (A17)
b
then satisfies
Tik =Tk, 1<, k<g, =4I, T>0. (A.18)

In the chart (Up,,(p.. = () induced by 1/7'/2 near P,, one infers

w=-2{d i)/ [T - B} ¢

n

(A.19)
— —2{c(g) + [2e(9) X2y Eu + c(g — 1)]¢2 +0(¢*) } dC.

Associated with the homology basis {a;, b; }1<;<, We also recall the canonical dissection of K

along its cycles yielding the simply connected interior K, of the fundamental polygon 0K,

given by 0f(g = aybiay by agboay Thy - - -a;lbgl. The Riemann theta function associated
with K is defined by

0(z) = Z exp[2mi(n, z) + mi(n, )], z=(z1,...,25) € CY, (A.20)

nez9
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where (u,v) = > 7

=1 4;v; denotes the scalar product in CY. It has the fundamental properties
9(21, ceey Rl TR R4l e ,Zg) = 9(@),

0(z +m+7n) = 0(z) exp[—2mi(n, z) — Ti(n,7n)], m,n € Z°. (A.21)

A divisor D on K|, is a map D : K, — Z, where D(P) # 0 for only finitely-many P € K.
The set of all divisors will be denoted by Div(/K,). With L, we denote the period lattice

Ly={z€C%z=m+1n, m,necZ% (A.22)
and the Jacobi variety J(K,) is defined by
J(K,) =CI/L,. (A.23)
The Abel maps Ap, (.), respectively ap (.) are defined by
Kyg—J(Kq) Div(Kg)—J(Ky)
P Posdp, (P P}; w mod (L) ' HR {pﬂpo ©)= % P(P)anP) (A.24)

with Py € K, a fixed base point. (In the main text we agree to fix Py = (E,0) for
convenience. )

Next, let M(K,) and M*(K,) denote the set of meromorphic functions (0-forms) and
meromorphic differentials (1-forms) on K,. The residue of a meromorphic differential v €
M (K,) at a point Qo € K, is defined by resg, (v) = (2mi)~* fvcz v, where 7, is a counter-
clockwise oriented smooth simple closed contour encircling ) but no other pole of v. Holo-
morphic differentials are also called (Abelian) differentials of the first kind (dfk); (Abelian)
differentials of the second kind (dsk) w® € M!(K,) are characterized by the property that
all their residues vanish. They are normalized, e.g., by demanding that all their a-periods
vanish, i.e.,

/ w? =0, 1<j<g (A.25)
If wgl)m is a dsk on K, whose only pole is P, € f(g with principal part (7""2d(, n € Ny near
Py and wj = (D djm(P1)¢™) d¢ near Py, then

/b W) = [2mi/(n + 1)]d;n(P). (A.26)

J

A basis for dsk’s on K, holomorphic on K \{P}, is provided by
w) =79 /RY? (), ne N (A.27)

Any meromorphic differential w® on K s not of the first or second kind is defined to be of
the third kind (dtk). A dtk w® € M!(K,) is usually normalized by the vanishing of its
a-periods, i.e.,

/ w® =0, 1<j<g (A.28)

A normal dtk wg’l)’ p, associated with two points P, P, € f(g, P, # P, by definition has
simple poles at P; and P, with residues +1 at P; and —1 at P, and vanishing a-periods. If
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wg)Q is a normal dtk associated with P, Q € K 4, holomorphic on K, \{P, @}, then

P
/bwgij :27m'/Q wi, 1<j<g, (A.29)
J

where the path from @) to P lies in Kg (i.e., does not touch any of the cycles a;, b;).

We shall always assume (without loss of generality) that all poles of dsk’s and dtk’s on
K, lie on K, (i.e., not on 9K,).

For f € M(K,)\{0}, w € M'(K,)\{0} the divisors of f and w are denoted by (f) and
(w), respectively. Two divisors D, £ € Div(K|) are called equivalent, denoted by D ~ &, if
and only if D — & = (f) for some f € M(K,)\{0}. The divisor class [D] of D is then given
by [D] = {€ € Div(K,)|E ~ D}. We recall that

deg((f)) =0, deg((w)) =2(g = 1), [ € M(K)\{0}, w € M (FK,)\{0}, (A.30)

where the degree deg(D) of D is given by deg(D) = > pc i, D(P). One calls (f) (respectively
(w)) a principal (respectively canonical) divisor.
Introducing the complex linear spaces

L(D) = {f € M(K,)|f =0 or (f) > D}, (D) = dimg L(D), (A.31)
LYD) = {we M (K,)|w=0or (w) > D}, i(D) = dimc L' (D) (A.32)

(¢(D) the index of speciality of D), one infers that deg(D), r(D), and i(D) only depend on
the divisor class [D] of D. Moreover, we recall the following fundamental facts.

Theorem A.1. Let D € Div(K,), w € M (K,)\{0}. Then

i).
Y i(D) =r(D - (w)), g€ No. (A.33)
(7). (Riemann-Roch theorem).
r(=D) =deg(D)+i(D) —g+1, g¢geN. (A.34)
(111).  (Abel’s theorem). D € Div(K,), g € N is principal if and only if
deg(D) = 0 and ap, (D) = 0. (A.35)

(iv).  (Jacobi’s inversion theorem). Assume g € N, then ap : Div(K,) — J(K,) is surjec-
tive.

For notational convenience we agree to abbreviate
K, —{0,1} K,—{0,1,...,9}

Dy : P 1, P=Q , Dqg: P m %f P occurs m-times in {Q1,...,Q,}
0, P#Q 0 if P {Q1,...,Q4}
(A.36)

for Q = (Q1,...,Qy) € 09K, (6"K, then n-th symmetric power of K,). Moreover, 0" K,

can be identified with the set of positive divisors 0 < D € Div(K)) of degree n.

Lemma A.2. Let Dg € 09K, Q = (Q1,...,Qy). Then 1 < i(Dq) = s(< g/2) if and only
if there are s pairs of the type (P, P*) € {Q1,...,Qq} (this includes, of course, branch points
for which P = P*).
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We emphasize that most results in this appendix immediately extend to the case where
{E) }o<n<ag C C. (In this case 7 is no longer purely imaginary as stated in (A.18)) but has a
positive definite imaginary part.)

APPENDIX B. AN EXPLICIT ILLUSTRATION OF THE RIEMANN-ROCH THEOREM

Finally, we give a brief illustration of the Riemann-Roch theorem in connection with
KdV-type hyperelliptic curves, i.e., hyperelliptic curves branched at infinity, and explicitly
determine a basis for the vector space L(—nDp,, — Dj(ay)), 7 € No.

We freely use the notation introduced in Appendix A and refer, in particular, to the
definition (A.31]) of £(D) and the Riemann-Roch theorem stated in Theorem |A.1] (ii). In

addition, we use the short-hand notation

n g
nDp, + Diw) = ¥ Dru + Y _Dian), 1 € No, julwo) = (fua(x0), .- -, fig(z0))  (B.1)
m=1 j=1

and recall that

L(~nDp.. — Diwy)) = {f € M(E,)|f =0 or (f) +nDp, + Diwe) =0}, neNy. (B.2)
With ¢(P, z), (P, z, ) defined as in (3.15)), we obtain the following
Theorem B.1. Assume Dj(z,) to be nonspecial (i.e., i(Dpay)) = 0) and of degree g € N.
For n € Ny, a basis for the vector space L(—nDp, — Dp(y)) is given by

{1}7 n = 0
{77} o<jcm-1)2 U{T70(., 10) Yo<jc(n-1)/2, n odd , (B.3)
{7 Yo<j<nsz U{T (., 0) o< j<(n-2)/2; n even

or equivalently,

oI
L(—nDp,, — Dj(xy)) = span {% (Lo, (B.4)

0) ‘x:l‘o }OSJ‘Sn'

Proof. The elements in (B.3)) easily seen to be linearly independent and belonging to £L(—nDp, —
Dis))- 1t remains to be shown that they are maximal. From 0 = i(Dy(y,)) = i(Dyp,. +

Dji(s)) and the Riemann-Roch theorem (A.34) one obtains r(—nDp,, — D)) = n + 1

proving (B.3]). In order to prove (B.4)), one repeatedly uses the Schrodinger equation (3.21])
to prove inductively that

82m+2
WWR%%) = (=)™ + Rops1 (P, ),
82m+1 8 (B5>
Ww(Pax7x0) = (_71—) %¢<P7I7x0) + R2m(P7 J}'),
where R,(.,70) € L(—nDp,, — Dj(a))- O
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