SCATTERING PROPERTIES AND DISPERSION ESTIMATES FOR A
ONE-DIMENSIONAL DISCRETE DIRAC EQUATION

ELENA KOPYLOVA AND GERALD TESCHL

ABSTRACT. We derive dispersion estimates for solutions of a one-dimensional discrete Dirac
equations with a potential. In particular, we improve our previous result, weakening the con-
ditions on the potential. To this end we also provide new results concerning scattering for the
corresponding perturbed Dirac operators which are of independent interest. Most notably, we
show that the reflection and transmission coefficients belong to the Wiener algebra.

1. INTRODUCTION

We are concerned with the one-dimensional discrete Dirac equation
iw(t) :=Dw(t) = (Do + Q)w(t), Wy = (un,v,) €C? necZ. (1.1)
Here the discrete free Dirac operator Dy is defined by

DO:(Z;Z: —in)’ m > 0,

where (du), = uny1 — uy,. For the real potential ) we assume that

Q, = ( qO qO" ) , where ¢, 21, n € Z, (1.2)

is bounded, such that D gives rise to a bounded self-adjoint operator in 12(Z) = (*(Z) ® (*(Z).

In the first part of our article we show that the scattering matrix of the operator D is in the
Wiener algebra (i.e. its Fourier coefficients are summable) if the first moment of the potential is
summable. We use this result to establish dispersive decay estimates for equation under
weaker assumption than in our previous results [5].

Let us introduce the weighted spaces (2 = (2(Z), o € R, associated with the norm

fulle = { Cnez(+ P ual?) 7, p e [1,00)
" Lwea (L D) p=oo,

and the case o = 0 corresponds to the standard spaces £, = ¢ without weight. Denote 12, = (£ & (P
and 1P = /P @ (P.

We recall that under the condition ¢ € ¢1, the spectrum of D consists of a purely absolutely
continuous part I' = (—=v4 + m?2, —m) U (m, v4 + m?), plus a finite number of eigenvalues located
in R\T. In addition, there could be resonances at the edges w = +m, +v/4 + m? of the continuous
spectrum (see [5]).

As our first main result, we prove the following 1! — 1°° decay
e PP, 1 = O Y3), ¢ = o0, (1.3)

under the assumptions ¢ € ¢1. Here P, is the orthogonal projection in 12 onto the continuous
spectrum of D.

Secondly, we establish decay in 12 — 12 with o > 1/2:

He_itDPc”lg—)li = O(t_l/Q)a t — 0. (1'4)

Let us emphasize that we do not require additional decay of ¢ for (1.3)—(1.4) in the case when the
edges of the continuous spectrum are resonances.
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In the remaining results we restrict ourselves to the non-resonance case. In this case, for ¢ € £3,
we show that

e P Pellyp 100, = Ot™*%), t— oo, (1.5)
and
e PPl 2 = Ot™*?), t—oo, o>3/2 (1.6)

The dispersion estimates f have been established in our previous paper [5] under the
assumption ¢ € £3 in the non-resonance case, and under the more restrictive condition ¢ € £} in
the resonance case. Moreover, in [5], we required ¢ € £} for the asymptotics f to hold in
the non-resonance case.

To show that the extra decay of ¢ is not necessary, we extend the approach of [2] 8], introduced in
the context of discrete and continuous Schrédinger equations, which relies on a refined version of an
old result of Guseinov [4]. Namely, we prove that the transmission and reflection coefficients T'(6)
and R*(0) belong to the Wiener algebra A. Let us note that in the half-line case the analogous
result for the scattering data is well known (cf. Problem 3.2.1 in [6]) and was used by Weder [§] to
prove a corresponding result in the half-line case.

Our approach can be summarized as follows: To prove that T'(8), R*(6) € A, we first compute
the Fourier coefficients of the Jost solutions h*(8) = (hi(#), hf(6)). The main difficulty here
is the presence of the factors A + m, where A\ = vVm2 +2 —e® —e=19 in the Green function
(formula below). This implies that the Fourier series for h*(#) contain all powers of e
contrary to the Schrodinger case, where corresponding Fourier series contain nonnegative powers
only. Nevertheless, we obtain the Fourier series only with nonnegative powers of ' for (hljE 0), (m+
MRE(6)) in the case A > 0 (and for ((m — A\)hE(0), hE(6)) in the case A < 0), see formulas
and below.

Using these Fourier series, we then derive the Gelfand-Levitan—-Marchenko equations (4.9)—
for the Fourier coefficients F© of R*(#). The extra factors A +m cancel and do not appear
in these equations. Moreover, these equations have a standard form and provide estimates for F.-
similar to the estimates of [7, §10], (see also §3.5 in [6]).

To prove the decay estimates f we apply the spectral Fourier—Laplace representation

27
r

eirp _ L / e (R(A +10) — R(A — i0)) dA.

Expressing the kernels of the resolvents R(A=+i0) in terms of Jost solutions and using the scattering
relation , we get oscillatory integrals with amplitudes from the Wiener algebra A. This integral
representation implies f by a suitable version of the van der Corput lemma.

We remark that the derivation of the Gelfand-Levitan—-Marchenko equations for arbitrary self-
adjoint perturbations ) remains an open problem.

2. JOST SOLUTIONS

Here we recall some spectral properties of equation (1.1)) which we obtain in [5] using the Jost
solutions. Set I'y = (m,v4+m?2), and let 21 = {A € C\ T4, ReX > 0}. For any A € £, we
consider the Jost solutions w = (u,v) of

Dw = \w (2.1)
defined by the boundary conditions
wi(0) = ( Z;L;((g; > — ( (1)¢(9) )eiw", n — £oo, ay(0) = %. (2.2)
Here = 0(\) € X := {—7 < Ref < m, Imf > 0} is the solution to
2 —2cosf = \? —m?
These boundary condition arise naturally in with Q@ = 0. For nonzero Q with ¢ € £1, the

Jost solutions exists everywhere in =, , but for ¢ € ¢! they only exist away from the edges of the
continuous spectrum. Introduce

hi(h) = eT"'wE(9) (2.3)

n

and set

Yy ={0€X:Im0 < M}, Syps:={0€Tp: [ +1]>8), M>1, 0<35<V2
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Lemma 2.1. (see [5, Proposition 3.1]) -
(i) Let g € ¢} with s = 0,1,2. Then the functions hif () can be differentiated s times on X5,
and the following estimates hold:

) _
|;Wh:f(9)\ < C(M,6)max((Fn)[n[’~",1), neZ, 0<p<s, 6€Ins. (24)

(it) If additionally q € (., then hE(0) can be differentiated s times on Sy, and the following
estimates hold:

|—hE ()| < C(M)max((Fn)|n|P,1), ne€Z, 0<p<s, 60cXy. (2.5)
In the case q € ¢! Proposition (i) implies, in particular, that for any 6 € ¥\ {0; £7} we have

the estimate [|ht(0)| < C(0) for all n € Z, where C(6) can be chosen uniformly in compact subsets
of ¥ avoiding the band edges. Together with (2.3) this implies

lwE(0) < C(0)eT™O"  geT\{0;+x}, neZ (2.6)

Denote by W(w!, w?) the Wronskian determinant of any two solutions w! and w? to (2.1)):

L 1 w2
W(w",w?) := 5 (2.7)

2
vn—i— 1 Un+1

It is easy to check that W (w!, w?) is independent of n € Z for arbitrary solutions w' and w? of

. Denote
W (0) = W (w™(8),w™(6)).

Definition 2.2. For A € {m,v4+ m?} any nonzero solution w € 1°° of the equation Dw = Aw
18 called a resonance function, and in this case X is called a resonance.

Lemma 2.3. (see [5, Lemmas 4.1 and 4.4])

i) Let g € £*. Then W(#) # 0 for 6 € (—m,0) U (0, 7).

ii) Let ¢ € (1. Then X = m (or X = A+ m?2) is a resonance if and only if W(0) = 0 (or
W(r)=0).

Given the Jost solutions, we can express the resolvent R(\) := (D — A)~!. The method of
variation of parameters gives:

Lemma 2.4. Let q € (*. Then for any A\ € =, the operators R(\) : 12 — 12 can be represented
by the matriz elements as follows

(2.8)

where
1 2 U]lcui U’}:_,’_lu% > Uk
W @ Wy, = 1.2 1.2 |, R(A\)wn] = E [R(M]k.n .

ULv v v v
kYn k+1%n e —oo k+1

The representations (2.8), the fact that W (#) does not vanish for A € 'y, and the bound (2.6))
imply the limiting absorption principle for the perturbed Dirac equation.

Lemma 2.5. (see [5, Lemma 5.2]) Let ¢ € £*. Then the convergence
RO\ +ic) » R(A£i0), -0+, Nel, (2.9)
holds in L(12,12 ) with o > 1/2. Here

[R(A £ i0)]ns = (2.10)

with
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3. FOURIER PROPERTIES OF hi(f)
Green’s functions G*(n, 0) of equation ([2.1)) read:

(m+/\) eiien _ e:FiOn aieiiOn _ :Fe:FiGrL n -1
Gi (n’ 9) _ 2isin 6 a:Fe:I:ien _ aie$i¢9n (e:I:iGn e$10n) 214_”; ) = 4, (31)
0, Fn<-1,
and
0 0 0 -1
+ — - —
so that
m— A d 4 (10
("5 ey Jeseom=( 5 ] )on nez
Applying Green’s function representation, we obtain
+o0
1 iOn
wi0)= (L ) -Gt 00QwE0 - Y 60— k0@ 0)
a:':( ) k=n+1
Substituting wi (8) = ht(0)et ", we get
+oo
N A | At +
AFnE(9) = ( (o) ) * > GE(k—n,0)Qihi (0), (3.2)
k=n+1
where +2i01 +2i01
~ + ) e=20 1 aze=2% —
G0 = ™ . o - +>1
( ’ ) 2isind aiei219l —ag (ej:219l _ 1)7An+7z ) = 4,
1 0 _ 1—¢qg, O
4+ _ _ n
=(o 0ty ) - 1)
Representation (3.2)) implies
Proposition 3.1. Let q € ¢}. Then the Jost solutions h* are given by
1 = aik
+1,E _ A3 +iko
Anhn (0) - < a;,:(@) > +kZ ( bf_’k )e ) (33)
=F1 A+m
where
+oo qu‘
ek B <O DS (al+ ), (34)
I=n+1+[k/2] @
Moreover,
CE<C* if £n>0. (3.5)
Proof. Substituting (3.3)) into (3.2)) and setting z = €', we obtain, formally,
+oo aik oo 1 +oo at
()0 £ oot (L) B () o0
k=¥1 \ Xtm p=n+1 + r=—71 Nom
where
_ 0 ¢ ,, 0 ¢ ~ q
+\—1 _ p 1 _ P o p
QP(Ap) - ( a0 0 ) ’ Qp(Ap) - < dp 0 ) ) qp ‘= 1— qp' (37)
Step i) First we consider the 7+ case and represent Gt (n,#), n > 1, as the sum

é+(n,9)=§:(_1)j< >zﬂ+2nzl ( %mi(ﬁm Aom)z%‘—l.

§=0 j=1
Substituting this expression into and omitting the “+” sign, we obtain

> (445 {z S(5 ) TS ()

k=7F1 At+m p=n+1 7=0

+222j Lo O )G ) +




SCATTERING PROPERTIES AND DISPERSION ESTIMATES FOR A DISCRETE EQUATION 5

Using (A —m)(A+m) =2 — 2z — 271, we rewrite (3.8) for the first and second line separately:

0o o 00 2(p—n)—1
Z amkz’c = Z dp [1 + Z apmzr} Z (fl)jzj
k=—1 p=n+1 r=—1 j=1
o0 [e's) p—n
+ Z dp E -1+ Z bp,rzr} 221
p=n-+1 r=—1 j=1
o] o oo p—n
Z bnvkzk =(2- % —2) Z ap [1 + Z apvrzr} Z 2291
k=-—1 p=n+1 r=—1 j=1
00 1 ) 2(p—n) o
+ 3G [; L DENEL IS SECVED
p=n+1 r=—1 7=0

Equating the coefficients of equal powers of z, we obtain

Un,—1 =0, ano= Z @p(1+bp,—1), (3.9)
p=n-+1
bn,—1 = Z @p(1+bp—1), bno=— Z (gp[L + ap,0] + Gp[2 + bp,—1 — by0]), (3.10)
p=n+1 p=n-+1
and for k > 1,
[eS) k—1 [eS) [%] [eS)
Qnk = (_1)k Z (gp +dp) + Z(_l)kJrr Z Ipap,r + Z Z Qpbp, £1.(r) (3.11)
p=n-+1+[§] r=0 p=n+1+[457] r=l p=n—r e [5]
00 k—1 %S
o = (1) Z 2(gp + ap) + Oklntk + Z(*l)kﬂ“ﬂ Z 2qpap,r
pnr (41 = pnt (gt
k—1 k—1 0o
r+k ~
— D OktrQemtrrazmise Y (<1) S by (3.12)
r=0 r=-—1 p:n+[k7;+1]
where
0 for odd k, 2r for odd k,
o = fe(r) =
1 for even k, 2r +1 for even k.
These equations are solved by adapting the iteration of [I]:
Unk = Zaj,n,kn brk = ij,n,lm
§=0 j=0
where
aog,n,0 = *bo,n,—l = Z (ip, bO,n,O = - Z (qP + 2‘jp)a
p=n+1 p=n+1
awnk =D DT (Gp+d) bonk =DM YT 2g+dp) ks, k>,
p=n+1+[%] p=n+[E1]
and for j > 0,
Gjr1nd = —bit1n0= Y Gpbjpos biimi=— 3 (Gpip1+dplbipo = bipal),
p=n-+1 p=n-+1
k—1 oo %] 00
Ajy1nk = Z(—l)k“ Z QpQjpr + Z Z Gpbjp. sy, k2>1,
r=1 p:n+1+[%] r=0 p:n—r-&-[%]
k—1 [e%S) k—1 [eS)
bjstmk = Y (DMLY T 20050+ ) (CD)TE Y Gy, K21
r=1 _ k—r41 r=0 _ k—r41
p=n+[*—5"] p=n+[*—5"]
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Now we define the functions

n) =max{)_ laxl, Y e[},
k=n

It is obvious that |ag n k| + [bonk] < 2n(n + 1+ [k/2]). Moreover, one can show as in [I, Lemma

y(n) = max{) (k= n)lal, D (k —n)lxl}-
k=n k=n

3] that
2~(n))J
sl + il < E5 4 14 o),

Hence, (3.4) with C;t = > follows.
Step ii) It is easy to check that in the “—” case, we obtain similarly to (3.8]),

(B) - EUE v (§0) B (&)

> o
k=0 )\+m p=n—1  j=—1 0 4 =0
_ 0 (A +m) 1 ~—~{ r \ _
(0 G (L) ()
= (0w )T e

j=—1

This is equivalent to the system

ioa;kz’k: f sz[lJrZa;Tz*T} Z (=1)7 277
k=0 j

p=n—1 j=—1
o o p—n
an kz - Z (jp |:]- + Z CL;T,27T:| Z (2 — Zfl — Z)Zﬁ2j71
p=n—1 r=0 j=—1
= —0 2(p—n)+1
+ Z v [Z -1+ pr_,rz " Z (=1)7=7
r=0 j=—1

Equating the coefficients of equal powers of z, we obtain equations for a, , and b, , similar to the

equations (3.9)—(3.11). In particular, we get
(3.13)

o= —b,0= Z Gp[l +ay, ]
p=n—1
O

4. THE GELFAND—LEVITAN-MARCHENKO EQUATIONS

The following formula is obtained by means of simple calculations
ul o), w = (u2,02),

2) = —Wo(wh,w?) + W, (wh, w?),

z”:( (Dw) W

j:m
2y _ 1,2 2.1
and Wj(w', w?) = ujvi, | —ujvj, ;.

Lemma 4.1. For any w! = (

1, w2 —
where w; - W3 = u u +v]vj,

Let now w! and w? be solutions to (2.1]). Then

d d
D - D—\—wh—wh =1,2
d)\( Mwh = ( A)d)\w w'=0, k=12,
and (4.1]) implies
d d = d d =
1 2 1 2 1 2 1 2 1,2
—Wa(w T )+ W1 (w T ) :];L (Wj : (Daw ); — (Dw™); - ﬁwj) :J;nwj WS

Using this formula, we obtain
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Lemma 4.2. (c¢f [T, Lemma 2.4]) Let wt()\) be solutions to [2.1), square summable near +oc.
Then

Walwt (), wt () = D wiln)-wi(),
j=n-+1
Walw™ (N, 7w () = = 3wy () w; (), (1.2)

Let now )\; be an isolated eigenvalue of D. In this case W (w™(\;),w~()\;)) = 0, and hence
w()\) differ only by a (nonzero) constant multiple »: w=(\;) = sqw*();). Hence,

SO W )] = W (), o ) W (w0 aw ()
==Y Wi wy () =—sa Yy wi(A) - wl(\) (4.3)
JEL JEL

by (4.2). Thus the poles of the resolvent at isolated eigenvalues are simple. Denote z = . From

1— 2
2 — 2z — 271 = X2 —m? we obtain = ﬁ Therefore,

d —W(wT(A(z)),w (A(2))) ZW z21) wi(z), M= Az). (4.4)

2
dz z2=2z 2Zl )\l ez

Now we consider the Jost solution w*(6), 6 = 6()), defined in (2.2). Denote
WE(0) = W(w™(0), w=(~0)).
Recall that the quantities
2isinf M
(m 4+ \)W ()’ W)’

are known as the transmission and reflection coefficients. For these coefficients the following
scattering relations hold (see [5])

T(0) = RE(0) =+ AeTy, (4.5)

T(O)wWT(0) = RE(O)w(0) + wi(—0), 6¢[-m, 7] (4.6)
Denote T(z) = T(0(z)), R*(z) = R*(6(z)). Let F* be the Fourier coefficients of R*:
1 ~ dz
+ . _ - + +n 9~
Fr = o Jyis R¥(2)z — (4.7)

Since |[R*(2)| < 1 (see [I,[7, [5]), Parseval’s identity implies Y |FE|? = a2 |R*(2)[24 < 1.
nez

Hence, F* € (?(Z). Let \; > 0,1 =1,..., N, be the poles of the resolvent and let

271'1

N
2
=Ff+ EZE" where A = . 4.8
z_: L Eom+ ) Y wi(a) wi (=) (48)
jez
Now we derive the Gelfand-Levitan-Marchenko equations for F=.
Proposition 4.3. (c¢f. [7, Equations (10.71), (10.76)]) Let q € (1. Then
i) For any j > 0, the following equations hold:

N ot OO+
an,j 2n+J + Z 2n+p+] n,p T—qn 5] 05
+ + + + n
bnj1 T Fonj = Fangj1t Zl}—zn+p+j—1bn,p (4.9)
p=—

= (1=2) [TO)(1 + by 0)85-1,0 + (T (0) (b — 1) + T(O) (b, _y +1))d5-1,1].
it) For any j <0, the following equations hold:
g+ T+ 2 Pty = (L= a) O+ )l

T(0)(byo — 1)
1- dn

(4.10)

n +]:27n+ + Z 2n+ -+ b'r_Lp 7,0+
2J J p+Jj



8 E. KOPYLOVA AND G. TESCHL

i11) The following estimates hold

+o0
IFol < MiE > (gl + 1dn)), (4.11)

n

p=[%]
where MF are terms of order zero as n — +oc.

Proof. ). Consider (4.6) with upper signs:

{ Foir@ =) + i) (1.12)

where 4% (z) = u*(0(2)), W (2) = (m + A(2))vT(0(2)). We multiply the first equation by
(2mi)~1z"*J j = 0,1..., and integrate around the unit circle. Using (3.3)), we first evaluate the
right hand side:

1 dz 1 . dz >
St —1y n+i 45+ (Nt (o) i GF + +
o U, (27 7))z ]? =a, o R7(2)a, ()"0 — = Z it iOnpe (413)

|z]=1 |z]=1 p=0

Next we evaluate the left hand side. From (4.4)) and (4.5)) it follows that

res. T() i~ (2)2"T~1 = res (22 = )i (2)z"172
le( ) n( ) 2 (m 4+ MW (Wt (z),w(2))
= 2ty (21)5 = it (z)
S (m ) 3w (a) - wy (20) = ()

jez

Using (3.3)) and the residue theorem (take a contour inside the unit disk enclosing all poles and let
this contour approach the unit circle), we obtain

1 .

ot ) T(z)ay, (2) "” = —Z% 2+ T(0)(hy (001650

oo N —
n T(0)(1 + a,,)
- —Zaan Fa S T 2650, (4.14)

n

where T(0) < oo (see Appendlx ,and (h;; )1 is the first component of the vector h;'. Substituting

(4.13) and - ) into the first equatlon of ([#.12), we obtain the first equation of .
(4 12;

Now consider the second equation of (4. Similarly to (4.13)—(4.14)), we obtain for j =

—-1,0,1,...
+
1 u”)+(z_1)z"+jdi - ng
27 |z|=1 " z ]-_qn7
1 ~ dz > b
il RY ()T ntj 22 Ft P
1 ~ - n 2 —
el IO T > ,pzv 2 4 T(O)(1+ b )b
_ —1

+ (T(0)(br 0 — 1) + T(0) (b, 1 +1)) 051,

where T'(0),T"(0) < oo (see Appendix [Al). Then the second equation of (&.9) follows.
i1) Equation (4.6) with lower signs reads

{ T(z)at(z) =a (z7") + R (2)a (2),

Multiplying by (2mi)~12"*J, j = 0,—1,—2..., and integrating around the unit circle, we obtain
(14.10].

ii1) Note that |a,il’p| < 1 for sufficiently large £n by (3.4). Hence, equations (4.9)—(4.10) together
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with the estimates (3.4]) imply
+oo

+ + + +
‘]:277,+j| < |an,j| + E |]:2n+p+jan,p|
p=0

. +oo
<O (Q* =1+ [5) + X 1 Fhpps| Q£ 14 ). #5210,

2
p=0
+oo
where 9% (n) = Y (|¢i|+1G|). Then (#.11)) follows by arguments from [4] and [7, Section 10.3]. O
l=n

5. THE WIENER ALGEBRA

Recall that the Wiener algebra is the set of all integrable functions whose Fourier coefficients
are integrable:

A={10) =3 Fue™ |1l < o0}
We set "

1Fla = Fllers N F2)lla = 1A )l
Since A = A#) = V2 —2cosf +m? € C°°([—m,n]) we have A + m, ﬁ € A. Hence, the
representation (3.3) and the estimates (3.4) imply that

hi@),wr@) e A if qedl. (5.1)
Consequently, the Wronskians W (#) and W*(#) also belong to A.
Theorem 5.1. If ¢ € (1, then T(0), R*(0) € A.

Proof. Due to Lemma W(0) can vanish only at the edges of continuous spectra, i.e. when
6 = 0,7, which correspond to the resonant cases. (We identify the points 7 and —7 and consider
the Jost solutions as functions on the unit circle.) In the case W(0)W () # 0, W(0)~! € A by
Wiener’s lemma. Therefore, T(6), R*(0) € A. Tt remains to consider the case W (0)W () = 0.

Lemma 5.2. Let W(0) = 0. Then the following representations hold
(m+NW(0) = (1—e)®(0), (m+NWE(O) = (1-e9)DE(0), = \0),

where ®(0), ®*(0) € A. Moreover, if W(r) = 0 then ®(0) # 0 for 0 € (—n,7), and if W(x) # 0
then ®(0) # 0 for 0 € [—m,x].

Proof. Denote wr(6) := (m + A\)vE (). Since

wi (0)  wy(0)
2m 2m

w5 (0) = 0, (5.2)

+

we have two possible combinations (because the solutions w;:

points):

(0) cannot vanish at two consecutive

(@: wOuy©)#0 and () wi(0wr(0)£0.
We will only consider the case (a). The case (b) is treated similarly. By (2.7)) and (5.2]) we get

IO Vhe) V() )
WO =050 (G ~ o) o
where VE(0) := uZ (§)wE(0) — uf (0)wi ().
Step i) Let us prove that
VEG) = (1 - UE@B), VEG) = (1+9)0E(0) (5.4)
with
TE(9), UE0) € A. (5.5)
We consider the case ”+” and the first equality in only. Representation implies
ul(0) = Z &j;kzk, wt(0) = (m+ \v,t(0) = Z Z)j;kzk, z=elf, (5.6)
k=n k=n—1
where

_ - Sk,—1 — Ok + 05,
af = Ok + arf s bl = g UL (5.7)
n
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We will use summation by parts, i.e., the following identity,

o0

> (f(k) = f(k+1))g Zf —g(k—1))+ f(s)g(s — 1), (5.8)

k=s
which is valid for all f € ¢}(Z,), g € £>°(Z.) or vice versa. Introduce
=D at =D bk (5.9)
k=s

k=s
which are Well defined due to (3.4). Note, that a,(n) =} (0) and b,(n — 1) = w;5(0). Applying

(-8) to and using (5.9), we obtain

o0

u;f(H):Z(an(k:)—an (k+1))z —Zan 1= 27Y 4wt (0)2" 1,
k=n

wl(0) = i (b (k) — by (k +1))2* = i bn (k)28 (1 — 271 + wf (0)2" 2.
k=n—1 k=n—1

Abbreviate ((z) = (z — 1)/z, then
Zao 2F 1 ud(0), Zbl 2% 4w (0). (5.10)

Multiplying the first equation of (5.10)) by w; (0) and the second equation by ug (0), their difference
is equal to

VEH(0) = ug (O)wi (0) — wi (B)ud (0) = (1 — ) S g(k)el*?, (5.11)
k=0
where
g(k) = ao(k)wy" (0) — b (k)ug (0). (5.12)
Note that by (3.4) and (5.9)), we have g(-) € ¢*°(Z,). It remains to show that
o() € A(Zy). (5.13)

The Gelfand-Levitan—-Marchenko equations (4.9)) imply

o0 o0
doj+ Y Fprjiop =0, b+ Fpyjbip=0, j>2.

p=0 p=0

Summing both equalities from s > 2 to oo gives

“+00 +00
)+ DD Fpaslaop) —aolp+ 1)) = 0,
j=s p=0
+o0 400
s) + ZZ}-erj[bl(p) —bi(p+1)]=0.
j=s p=0
Applying (5.8), we obtain
“+oo  +oo
+3 (s = Foss)ao) + o0 (0)7-1) =0
+oo 4o

+Z(Z p+i — Fpti— 1)bi(p )+b1(0).7:j_1) =0.

Hence,

Z]:] I_ZG/O p+s 1—0
Z-F] 1*2171 p+9 1*0
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by (5.9). We multiply the first equation by w{ (0), the second by ug (0), subtract the second
equation from the first, and use (5.12)) to arrive at

“+oo
9(s) = > 9(p) Fprs1 = 0. (5.14)
p=0

Any bounded solution to (5.14)) with a kernel satisfying (4.11]) belongs to ¢1(Z, ) as proved in [6].
Hence, (5.13) follows.
Step i) Substituting (5.4]) into (5.3)), we obtain

Uo ud :
(m4+ MW () = (1 —e?) (ug Egi Tt — uziz; \1/—(9)) = (1-¢eo(0),

where ®(0) € A by and (5.1). We observe that if W(r) = 0 then ®(6) # 0 for 6 € (—m, ),
and if W (w) # 0 then ®(0) # 0 for 6 € [—7, 7]

Since W (0) = 0 implies W*(0) = 0 then we can also get similarly (m-+\)W=*(0) = (1—ei?)d*(0)
with ®*(0) € A. O

Analogously, W(xr) = 0 implies
(m+NW(0) = (1+c)DB), (m+NWEB) = (1+9)dE(0)

with ®, ®* € A and () # 0 for § € [—m,x] if W(0) # 0. Thus, if W vanishes at only one
endpoint, this finishes the proof. If W vanishes at both endpoints, we can use a smooth cut-
off function to combine both representations into (m 4+ \)W () = (1 — e??)®(f) (respectively,
(m+ W) = (1 — e29)dE(0)) with &, &= € A and B(0) # 0 for 6 € [, 7). 0

6. THE CcASE Re A <0.
In the case A € 2_ = {A € C\T_, Re\ <0}, where I'_ = (—v/4 +m2, —m), the Jost solutions
of (2.1)) are defined according the boundary conditions

e < , +i0 _

w(9) = ( gi((g)) ) — < ail(ﬂ) )ei‘(’", n — +oo, where a4 (f) = ¢ . (6.1)
Obviously, Lemmas [2.1] and [2.3| hold also for h () = w*(0)eTi" and W () = W (w*(6),w~ (0)).
Furthermore, for any A € Z_, the matrix elements of the resolvent R()\) := (D — A)~! : 12 — 12
are given by

RO = {WI<9<A>>®%(9(A>), k<n,

WOM) | Wy (0)) @ Wi (0(N), k =n.
For A € T'_, the following convergence

R(ALie) = R(ALi0), — 0+
holds in £(12,12 ) with o > 1/2. Here

Wl (01) @ W, (0+) for n <k,

. 1
[ROA£10)]nk = Wi
(6) wi(01) @ w, (04) for n> k.
Calculations similar to calculations in the Proposition lead to the representations
ar(®) ), R [
1) — ¥ ) ko
Anhn(e)_<1 >+Z <%i >e , (6.2)
k=F1 n,k
where
TPPTES a
sl Bkl <G >0 (ol + p=o0), (6:3)
I=n+1+[k/2] a
and
E<CF, if £n>0. (6.4)
Denote
. . 2isin - W0
W) = W(wF(0), wE(=0)), T(0) = — 2500 ey o VO op
(A =m)W(0) w(o)

Finally, (), R* () € A for q € £}. This follows similarly to Theoremusing the corresponding
Gelfand-Levitan—-Marchenko equations and estimates of type (4.11)) for its coefficients.
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7. DISPERSIVE DECAY
We will use the following variant of the van der Corput lemma.

Lemma 7.1. (see [2]) Consider the oscillatory integral
b
I(t) = / ett*©) £(6)de, —r<a<b<m, (7.1)

where ¢(6) is a real-valued smooth function and f € A. If |¢*)(0)| > 0 for some k > 2 and for
any 6 € [a,b] then

1(1)] < ck(tmg]l|¢<’f)<e>|)‘”’“|\f||A, £>1,

[a,

where Cy, is a universal constant.
Theorem 7.2. Let g € (1. Then the asymptotics (1.3)) and (1.4) hold.

Proof. We split e P P, as follows

1

e PP, —e PPt PP oTUPpE_ / e TNR(A410) — R(A —10))dN,  (7.2)

2mi
Iy

and prove asymptotics (1.3) and (1.4) for the first summand only. Using (2.10]), we express the
matrix elements of e *P P in terms of the Jost solutions, (cf. [5, Formula 6.5]):

17 RIS Wi (9) @ wy (6)
mk 2w /2 — 2cos0 + m2 w(o)
o= PR, forn b

Step i) We first prove asymptotics of type (1.3)) for e *P P}t It is enough to check that

[e PP} sinfdf, n <k, (7.3)

and by symmetry [e’itDPc]n

sup| [e PP | <CtT b oo (7.4)
n,k ’
We suppose n < k for notational simplicity. Using (4.5)), we rewrite (7.3)) as
—itD p+ T O ot (6) @ (6) 6 75
[e A _F(m+ )T (0)h;7(0) @ h,, (0)do), (7.5)

where g() := v/2 — 2cos + m?. We also apply the scattering relations (4.6]) to get the represen-
tations

_ R™(0)h;, () ® hy (0)e** + h (6) @ by (=0), n <k <0,
TOh (@) ©h, () =1 " e s o (7.6)
RT(0)h, (0) @ hif (0)e™ +h () @ hi(—0), 0<n<k
Using the facts
k—n—-2k=—(k+n)=]k+n|, n<k<O0, (7.7)
k—n+2n=k+n=|k+n|, 0<n<k, (7.8)
and abbreviating v := k*T" >0,0:= Mtﬂ > 0, we finally rewrite (7.5 as
] 1 T o—it®,(0) 1 T o—it®,(0)
—HPpr :_7/ — Y} 9d0——/ ————Y2,(0)do .
[e c ]HJC Ar . g(e) n,k( ) Ar . g(e) n,k( ) ) (7 9)
where
+ —
X Y T£9)hk (9)_® h (0), n<0<k,
Yn,k(o) = 0 h (0) ® hk <_9)a n<k<O0,
90 | nf () o hi(=0), 0<n <k,
— 0, n <0<k,
Vo) = == B (O)h, (0) @by (6), n <k <0,
90) | r+@)nt(o) @h(h), 0<n <k,
and

B,(0) = g(0) — v0, B,(0) = g(0) — 6. (7.10)
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We observe that the matrix functions er . (0) belong to A, and the £; -norm of its Fourier coefficients
can be estimated by a value, which does not depend on n and k. Indeed, (3.4)—(3.5) imply that

+o0 +oo
S0P, 2 Il + pup 3 sl < € < o
Hence,
[hE|p <C, for £n>0, (7.11)
and Theorem [5.1] implies that
V7, ()la < C. (7.12)

Denote 3 := (2+m?—+/4m?2 + m?*)/2, 0 < 5c < 1. It is easy to check that if v # /3 then the phase
function ®,(6) has at most two non-degenerate stationary points. In the case v = /5 there exists
a unique degenerate stationary point 8y = arccos s, 0 < 6y < /2, such that &' (6y) = /> # 0.
The function @, (0) has the same properties.

We split the domain of integration in (|7.9) into regions where either the second or third derivative
of the phases is nonzero and apply Lem together with to obtain the asymptotics .

Step i) Now we prove the asymptotics of type 1) for e"*PPF. Denote G = max |¢g"”(6)| and

oe[—m,m]
set
Jo=1{0: 0560l <vlfol}, I =[-mm]\ (3, UT), (7.13)
where v = min{%, ??(\;/e;é }. We represent e P P} as the sum
e PP — KE(t) + K(t), (7.14)
where
1 ; g de
+ - _ —it®, (0)y 1 —i®,(6)y2 av
(Ol =5 | [e Axl6) + OV 0)] G,
1 —it®,(0)y 1 —id, (0)y, 2 g
——— @y, @y, .
[Ic(t)]",k A7 3 |:e n,k(e) +e n,k(a):| 9(9)

The van der Corput Lemma [7.1] with k = 2 together with (7.12) imply

sup K]kl <Ct7Y2 t>1.
n,kEZ

Hence, the asymptotics of type (1.4)) for IC(¢) follow. It remains to prove the asymptotics for K+ (t).
Since W () # 0 for 0 € J, then

d d .
R < i
ZTO) [ ZREO) <C. 0Ty (7.15)

by Proposition 2.1] (i). Hence, ([2.4) and (7.15) imply

d
Yol + g Yokl <C, 0 €dg, j=1,2. (7.16)
Moreover,
— sin(# 0 in(6 0 in(6y/2
(b £0)| = |0 T ST ) s g
V2 —2cos(fp = 0) +m? Va4 +m2 Va4 +m2

Therefore, applying integration by parts, we obtain

sup |[K™(O)]nxl <Ot t>1,
n,k€Z

which implies asymptotics of type (1.4) for K~ (¢). Finally, the asymptotics for K+ (¢) follow by
Lemma 6.3 from [5] (with p = 0) due to (7.16)). O
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8. THE NON-RESONANT CASE
Theorem 8.1. Let q € £3. Then in the non-resonant case the asymptotics hold.
Proof. Tt suffices to show that
[[e7PR], I <CO+[n)(1+ k)i t>1. (8.1)
For n < k and w € I'y we represent the jump of the resolvent as (cf. [2] p.13])

(m + N)|T(0)[*

RA+i0) = R(\ —i0) = =)

[wi (0) @ wii (=0) +w;, () ® wy, (—0)].
Inserting this into (|7.2]) and integrating by parts, we get

[efimpj]n,k — [P*(t)]n,k + [P-],x -

where
+ T g 4 (m +XONITO) Lioh—n)yt e
PO = 1 | de[ — e hif(0) ® ht(—0)]do
R T AT ey B cd .\ (m+XO)ITO), + +
= o) ° (F(k n)+1d9) o h; (6) @ h;; (—0). (8.2)
First, note that T(6)h(6) € A if ¢ € ¢], and
IT()hE()|a<C, VpeZ (8.3)

Indeed, for +p > 0 it follows from (7.11)) and Theorem and for +p < 0 from the scattering
relation

T(0)h(0) = R (0)hT (0)eT>7 + hF (—0) (8.4)
(see (4.6)). Further, representation (3.3)) and the bounds (3.4)—(3.5) imply
d
@hg(e) €A if ged}. (8.5)

Therefore, LW (0) := W'(#) € A. Since in the non-resonant case W~1(#) € A, we also infer
T'(9), (RE(0)) € A (8.6)
by Wiener’s lemma. For the derivatives of h;)t bounds of the type (7.11)) hold. Namely,

d
| ()l < C for +p>0. (8.7)

Denote

+oo +oo
ay(j) = lap |, br(i) = [bi,l
=J s=j

From (3.4) it follows that if ¢ € (3, then aif,, b, € (](Z<) for any fixed p. Hence,
a, (), by () € £(Zs). (8.8)
Based on this observation we prove the following

Lemma 8.2. Let q € {3 and W(0)W () # 0. Then

[
A

sin 6

<C(l+|pl), peZ. (8.9)

T 2i
Proof. Note that siilﬁ) = /\I)W(G) by (4.5). Hence, for p € Z4 U {0} the bound follows

from (7.11]) and Theorem Consider the case p € Z5U{0}. The scattering relations (4.6) imply

T(0)ht(0) = (R¥(0) + D)hF (0)e¥>7 — (hF () — hi (=6))e ™! + hi (=0)(1 — e¥2#%).  (8.10)
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Using (3.3)), (3.9), (3.10 3.10 , and m, we obtain
hzf,l(g) _ h$ ( e:FlsO ilsQ

p,1 :F § : a
sin 0 © sing
s=F1

— 2t Z ol { (e 110 1 o720 11 420 4 4 el719) for odd s

:Fl e =00 4 e el 4 467D for even s
S=

F ij0
= F2isg Z ( piiFL T O FiEs T O s T )e ;
j=—o00
where st = (AN =1, 37 = (A7)} =1/(1 - ¢,). Similarly,

h’,(0) —hi,(-0) sy
P2 P2 _
- m+/\|::F21:|:2lbpi1 + § bps

e:FlsG j:lse]

sin 0 sin 0
2isf
B e ij0
“ T [1 bpr + Z ( P,FliIF1 +b:DFF|J|:F3 +o; FlilFs T ) }

j=—00
Property (8.8) then implies

P
sin 0

HMHASC, pEZn. (8.11)

In particular,
ug (0)—ug (—0) _ hg,(6)—hg,(=0) vF (0)— vF (=0) _ eTh{,(0)— e ¥hi,(-0)

sin 0 N sin 0 ’ sin @ N sin @ €A

which implies that

RT(0) +1 1 W)+ Wwt(0)
= . 8.12
sin 0 W (0) sin 6 €A (8.12)
Finally,
1— e:|:2i;z>0

_ < 2|p|. 8.13
‘ Sln 0 HA I ( )

Substituting (8.11] , and (| into we get . O

Now we return to the representation (8.2). Let |k| < |n| In this case |k —n| < 2|n|, and applying
and (8.9) to the factors T( 6)ht(— 9) and T(G) (0)/ sin 0, respectively, we obtain

H |2hi( ) ®h:|:
sin 0

The case |n| < |k| is handled similarly. Furthermore, applying (8.9) to both T'(—6)hX(—6)/sin6
and T(H)hi( )/ sin @ we obtain

H |7(9)1*hic (0 Ik by (—
sin” 0
To complete the proof we need one more property.

Lemma 8.3. Let q € {5 and W(0)W () # 0. Then

H < C(1+ |n|)(1+ |K]). (8.14)

H < C(1+ |n))(1 + |K]). (8.15)

Hda )hi(9))HA <C(+|p)), pez (8.16)

Proof. Since T’(f) are elements of A for ¢ € £} by (8.6), then for p € Z4 U {0} the statement of
the Lemma is evident in view of (8.7). To get it for p € Z¢ we use (8.6)), (8.7), and the formula

d d d

@(T(o)h;t(e)) =2 (RT(0)h] (0)) eT27  2ip e P R (0)hT (0) + deh;f( 9).
O
Now (8.9), (8-14), (8.15) and (8.16) imply
(5 =)+ 1) EO e ) s bty < Ot A+ k). (817)

Finally, we split the domain of integration in (8.2)) into regions where either the second or third
derivative of the phase is nonzero. Then Lemma together with (8.17)) imply (8.1).

Theorem 8.4. Let q € (3. Then in the non-resonant case the asymptotics (1.6)) hold.
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We consider the case n < k and obtain the asymptotics of type (1.6) for PT(¢) defined in (8.2).
Namely, we should prove that
[Pz <CE??), t—o00, o>3/2. (8.18)

As in the proof of Theorem (ii) we consider the integrals over J1 and over J separately. Namely,
taking into account the scattering relation (8.4)), we split P () according to

Pt +Z [Mi 1) + ME(t) + ME() + ME() +M5i(t)], (8.19)
where
1 it (0) _d .\ (m+N[TO) +
= v - iy I L ERAA btk SA B ht(—
MOk = 3 [ O = ki) P ) 9 1 (-0),
and
1 i )
MEWnp = — | e @zl (0)ds, j=1,..5. (8.20)
’ 4t ’
Here we set ®,,(0) = g(0) — v;0 with
v—v—k_n v_v_k+n U_ik—l—n U_n—k
1=V = £ ’ 2 — U3 — 1 ) 4 — 1 ) 5 — L )
and
(n—k+ i) AT O R+ gy @ bt (—0), 0<n <k,
Zpi(0) = (n—k+i%)EENTORE(9) @ hi (0), n<0<Ek,
(n—k+iL)22h, (—0) ® h, (), n<k<0,
0, 0<n<k,

72,0) =4 (—n—k+i%)NTO p—(_o)pf(0) @ by, (—0), n <0<k, |n| >k,

sin 6

(—n—k+iL) "N R=(_g)h, (—0) @ h; (—0), n<k<O0,

sin 6

0, 0<n<k and n<k<O,

ZZk(a):
(—n—k+id)E2HO R~ (—o)hf (0) @ hy (—0), n <0<k, |n| <k,
0, 0<n<k and n<0<k,
Zni(0) =
(k+n+il) @O p-9) @ b, (6), n<k<O0,
0, 0<n<k and n<0<k,
Zni(0) =

(k —n+iL) RO -(0) @ hy (—0), n <k <O0.

sin 6

Note, that the sign of each v; = v;(n,k) in the representation (8.20) for [Mji(t)]nk does not
depend on n, k. Namely, for ¢ > 0 one has

v; >0 for j7=1,3,4,
v; <0 for j=2,5.

Lemma [7.1| with s = 2 and (8.17)) imply
[MB)]n sl < CE2A+ [0+ |K), nkeZ, t>1.
Hence, the asymptotics of type 8.18 for M(t) follow. Further, Proposition ( ) implies

Respectively,

10,0 +1570,(0) < OO+ max{inl M), mkeZ, 0ede j=1..4 (321
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The operators /\/ljE (t) with j = 1, 3,4 and the operators Mf(t) with j = 2,5 are estimated in the
same way as the operators K*(¢) in the proof of Theorem Namely, applying integration by
parts, we obtain

M O]kl <C2A+ In)) A+ k), nkeZ, j=134, t>1
ME@as] < CE20+ )1+ K), nkeZ, j=25 t>1
Hence, asymptotics of type (8.18) for M (¢) with j = 1,3,4 and for /\/lj(t) with j = 2,5 follow.
Further, applying [5, Lemma 6.3] with p = 1, we obtain the asymptotics for ./\/l;' (t) with j = 1,3, 4.
The asymptotics for M (t) with j = 2,5 follow by the same lemma with J. replaced by J_. O
APPENDIX A. THE CALCULATION OF T'(0)
Representation (3.3) implies

on+qum:a;@mgﬂg)—mx@w;dwyz%ﬂ+§jqﬁ/ﬂp—1+§:g4h%ﬁ]
k=0 k=0

- - b 1 S k
(1_qn)(1_Qn+1) [1 + ;an’_kz ] [2 1+ kgl bn—i—l,kz ]

Ay
2

+Ag+ Az + ..., z—0,
where
A =1+ a:,o)(l + b;—‘rl,o) =(1+ a&o)(bf,o —-1)
does not depend on n. Assume that by, = 1. Then (3.13) implies that by 5 — go(byy — 1) = 1.
Hence, b, o = 1. Repeating this, we obtain that b, , = 1 for all n < 1, which contradicts (3.4)—(3.5)).

Similarly, if a(—{o = —1 then aj;o = —1 for all n > 0 by (3.9), which again contradicts (3.4)—(3.5)).
Therefore, A_; # 0. Moreover,

- 2isin @ 1—22

T(z) = ~ .
O =ow® " A A At 0
Hence,
- 1 - — A
T(0) = — T'(0) =
(0) 1 < 00, (0) Az, < 00
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